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Abstract
In this paper, we develop and present a comprehensive analysis of two opportunistic cooperative relaying
schemes for LTE-Advanced networks operating over Generalized-K and Nakagami-m fading channels. We present
and compare the performance of opportunistic relaying (OR) and opportunistic hybrid automatic repeat request
(Hybrid-ARQ) incremental relaying (OHIR). We analyse performance in terms of the average symbol error rate
(ASER) for both conventional OR and OHIR LTE-Advanced networks with the radio channel modelled as composite
Generalized-K fading (encompassing both fading and shadowing) and Nakagami-m fading channels. We also analyse
the outage probability for OR operating over these channels. Both the theoretical analysis and simulations confirm
that for conventional OR LTE-Advanced networks operating over composite Generalized-K fading channels, a
diversity order of k(N + 1) is achieved when shadowing is more severe than fading, and a diversity order of
m(N + 1) is achieved when fading is more severe than shadowing (where k and m represent the Generalized-K
distribution shape parameters and N represents the number of candidate relays for the OR selection). The simulation
results confirm the accuracy of the analytical expressions developed in this paper. It is evident from the theoretical
analysis and simulations that, for a similar quality of service as that for OR, OHIR not only reduces the amount
of required radio resources but also maintains the full diversity order.
Index Terms
Cooperative Relaying, Hybrid-ARQ, Opportunistic Relaying, amplify-and-forward, Generalized-K fading, LTEAdvanced, Heterogeneous Networks.
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I. I NTRODUCTION

C

OOPERATIVE relaying is one of the most promising techniques for extended coverage and
increased cellular capacity in future 4G LTE-Advanced Heterogeneous Networks (HETNETS) [1],

[2]. The relaying terminals may be either mobile devices or fixed terminals that extend the coverage while
avoiding the infrastructure and operational cost that the deployment of base stations (Evolved Node B or
eNB) entails [2]. Depending upon the ability of the relaying terminals to manage their radio resources,
relays can be divided into 2 categories according to the 3GPP specifications, i.e., Type-1 relay or Type-2
relay [1]. Cooperative relaying is robust against small-scale fading and offers resilience against attenuation
due to path loss and shadowing. The most common cooperative relaying protocols were introduced in [3]
and [4].
Scaling cooperation to accommodate multiple relays while maintaining high spectral efficiency and
simplifying radio resource management for HETNETS is of particular interest to researchers and 3GPP
standards bodies. One possible approach is the use of distributed space-time coding among participating
nodes [5]. However, distributed space-time code design is difficult to implement in practice owing to
the ad-hoc nature of the cooperative links and the varying number of relays, since coordination among
cooperative relays is required prior to their use such that a suitable space-time coding scheme may be
selected.
The opportunistic relaying protocol proposed in [6] and [7] is one approach to minimise the required
coordination overhead and simultaneously to realise the potential benefits of cooperation between multiple
relays. Opportunistic relaying protocols select the best relay between the source and destination based on
a maximum signal-to-noise ratio policy, and require minimal signalling overhead [6]. This opportunistic
relaying method requires no knowledge of the topology, simplifies the required space-time coding and
limits the number of orthogonal transmissions to two. The advantage of the conventional OR scheme
comes at the cost of spectral efficiency because of transmission from relays in orthogonal channels (e.g.
TDMA). Therefore, the attained spectral efficiency through this scheme is proportional to (1/N+1), where
N is the number of relays, and it is apparent that the spectral efficiency reduces as N increases. This is
not the optimal means of using scarce radio resources such as channel time slots. In order to increase
spectral efficiency, a number of cooperative relaying schemes have recently been proposed.
Among the cooperative relaying schemes, incremental relaying transmission protocols, prescribing
cooperation only upon erroneous decoding by the destination, emerged as promising techniques to achieve
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higher spectral efficiency [8]. This approach is an application of the Hybrid-ARQ incremental redundancy
principle to a cooperative relaying environment [8]. In contrast, retransmitted packets in the cooperative
Hybrid-ARQ scheme do not come from the original source node but could instead be retransmitted by
the relays that overhear the source transmission [8]. Cooperative Hybrid-ARQ incremental redundancy
protocol can be implemented by exploiting a limited feedback from the destination terminal, (e.g., a single
bit indicating the success or failure of the direct transmission) [9]. More specifically, if the source-todestination signal-to-noise ratio (SNR) is not sufficiently high for successful direct transmission, then
the feedback from the destination requests the relay to resend the data that it received. The authors
in [10] proposed a new approach called incremental-best-relay technique or opportunistic Hybrid-ARQ
incremental relay (OHIR). In OHIR networks, retransmission of the source signal, when the destination
provides a negative acknowledgment via feedback, is done by the best relay only (among the N candidate
relays) [9], [10].
Wireless signal propagation may be characterised by the joint effect of two independent random processes, namely, multipath fading and shadowing. In order to predict accurately the performance of a wireless network, composite channel models such as Rayleigh-lognormal, Rician-lognormal, and Nakagamilognormal distributions have been proposed, which encompass multipath-fading and shadowing. The
Generalized-K channel model has attracted considerable attention recently [11]: it is a general channel
model that can describe the combined effect of slow and fast fading of the signal in a single expression
[12]. This provides a convenient way of analysing link performance over a range of slow and fast fading
parameters in a single expression.
The average symbol error rate (ASER) and the ergodic capacity of conventional OR networks operating
over Nakagami-m fading radio channels have been presented in [13]. Recently, the authors in [9] presented
the ASER, outage analysis and the average channel capacity of OHIR networks operating over Rayleigh
radio channels. Yadav et al [16] derived the upper and lower bounds on the outage probability, and
obtained approximate expressions for average symbol error probability for amplify-and-forward (AF)
relaying scheme over cascaded Generalized-K fading channels. Bissias et al [17] analysed the performance
of dual-hop relaying with best relay selection over Generalized-K fading channels and obtained an upper
bound on end-to-end SNR to derive approximate expressions for the average symbol error and outage
probabilities. Moreover, Alouini et al., presented the average bit error rate and the outage analysis of
OHIR network with adaptive modulation over Rayleigh radio channels [10].
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Whilst these contributions are significant in their own right, their description in the literature has some
limitations, which are:
•

the conventional OR network considered in [13], [15],[17] does not cover the case of a spectrally
efficient OHIR network;

•

the analysis in [13] and [15] does not consider the diversity order of OR networks and the impact
of system parameters on the error performance;

•

the performance analysis of OHIR networks in [9] and [10] is restricted to Rayleigh radio channels
and does not cover the more realistic composite multipath fading channels, together with shadowing
scenarios such as Generalized-K and Nakagami-m radio channels, while the performance analysis in
[9] and [10] does not provide information relating to the diversity and coding gains; and

•

the outage probability and the ASER expressions in [10], [13], [15] result in multi-level summations
and the application of numerical techniques to solve the equations, which increase the computational
complexity. The analysis in [16] considers an AF relaying scheme over cascaded Generalized-K
fading channels, but does not apply to schemes with opportunistic relay selection.

Most of the previous work for scaling cooperation to multiple relays focuses on conventional OR networks
operating over multipath fading channels. This is not spectrally efficient owing to unconditional retransmission from the relay nodes, irrespective of the feedback from the destination terminal. On the other hand, the
performance analysis of conventional OR and spectrally efficient OHIR networks operating over realistic
multipath fading channels, together with shadowing scenarios (e.g. Generalized-K and Nakagami-m radio
channels) have never been addressed before to the best of our knowledge. Moreover, the diversity gain,
coding gain and the effect of system parameters of OHIR networks operating over realistic multipath
fading channels, together with shadowing, have never been taken into account either. References [19]
and [23] investigate the performance of cooperative multi-hop relay networks with the radio channel
modelled as a Generalized-K channel, but their analysis was limited to networks where a signal is relayed
unconditionally through a fixed chain of relay nodes, and cannot be applied or extended to OR or OHIR
networks.
To address these limitations we now present a comprehensive performance analysis of both conventional
OR and OHIR networks operating over Generalized-K and Nakagami-m radio channels in terms of ASER.
In addition, we develop the analysis of the outage probability for OR operating over these channels. More
specifically, we first derive the new closed-form expressions for the Cumulative Distribution Function
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(CDF) and the Probability Density Function (PDF) of the end-to-end SNR of conventional OR and
OHIR networks operating over Generalized-K and Nakagami-m radio channels. Our expressions are
approximations, which stem from approximations necesarily used in the relating literature in order to yield
tractable closed-form expressions. Thus, the search for tractable closed-form exact expressions remains
an open research question. We then utilise these results to derive closed-form expressions for the ASER
of both conventional OR and OHIR networks and the outage probability for OR networks. We verify the
analytical results against those obtained by Monte Carlo simulation. The performance metric is ASER
which has been determined in this paper for OR and OHIR in terms of SNR and N, where N in the
number of candidate relays. In addition, the outage probability, Pout , has been determined for OR in
terms of SNR and N. The expressions that have resulted from our analysis are 5, 17, 29, 30, 33 and 45
respectively. Spectral efficiency is not explicitly explored, but could subsequently be incorporated into
future work. The inherently higher spectral efficiency of OHIR compared to OR is, however, noted. The
utility of the resulting expressions are that they can be used to validate simulation platforms as well as
to provide a means of exploring performance without the need to develop a full simulator. Thus, they
provide a theoretical basis that underpins simulation results. The expressions have been validated against
results obtained from a very well established simulator, as detailed later. More specifically, the expressions
identified above allow ASER and Pout to be determined for the defined scenarios.
The rest of this paper is organised as follows. In section II, we describe the system and channel
model used throughout this paper. Closed-form expressions for the ASER of amplify-and-forward (AF)
conventional OR networks operating over Generalized-K and Nakagami-m radio channels are presented
in section III. Section IV give a comprehensive performance analysis of OHIR networks operating over
Generalized-K and Nakagami-m radio channels. Numerical and simulation results for the ASER and the
outage probabilities are presented in section V. Finally, section VI draws conclusions based upon the
analysis in the previous sections.
II. S YSTEM A ND C HANNEL M ODEL
We consider opportunistic relaying where an Evolved Node B (eNB) is communicating with the user
equipment (UE)1 through the best relay (Rb ) selected among the N candidate relays Ri , i∈ {1, · · · , N } ,
as shown in Figure 1.
1

Throughout this paper Evolved Node B (eNB) is represented as source node (S) and UE is also termed as destination (D).
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Figure 1. Illustration of an opportunistic cooperative relaying LTE-Advanced Heterogeneous Network. The best relay (Rb) amplifies and
forwards the signal to the destination, which combines it with the direct signal from the source.

The channel coefficients hi (between the source and relay Ri ), gi (between relay Ri and the destination)
and hsd (between the source and the destination) are independent and non-identical Generalized-K or
Nakagami-m fading coefficients. Each node operates in half-duplex mode. In the first time slot, the
source transmits the signal to the destination and relays (Ri ). In conventional OR, the best relay amplifies
the signal received from the source and forwards it to the destination in the second time slot, whereas in
OHIR, the destination first decides whether opportunistic relaying is required or not, and then for the case
of insufficient signal quality the best relay amplifies the signal received from the source and forwards it to
the destination in the second time slot. Note that (a) N0,i = N0 is the single-sided power spectral density of
p
the Additive White Gaussian Noise (AWGN) at the input of the relay Ri ; (b) Gi = Es / (|hi |2 Es + N0,i )
denotes the gain of the relay Ri . This definition of the gain may result in large values for low SNR
conditions. To keep our analysis general and to understand the performance of the system, we assumed
an ideal linear amplifier but acknowledge that in a practical implementation of such a scheme the gain of
the amplifier would be limited; (c) Es is the average radiated energy per symbol; (d) γsri = |hi |2 Es /N0
is the instantaneous SNR between the source and the relay Ri ; (e) γrdi = |gi |2 Es /N0 is the SNR between
the relay Ri and the destination; (f) γsd = |hsd |2 Es /N0 represents the SNR of the direct path between S
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and D; (g) γ̄sri = E {|hi |2 } Es /N0 is the average SNR between the source and the relay Ri (where E {.}
denotes the statistical expectation operator); (h) γ̄rdi = E {|gi |2 } Es /N0 is the average SNR between the
relay Ri and destination (i) γ̄sd = E {|hsd |2 } Es /N0 denotes the average SNR between S and D. For
Generalized-K radio channels, the PDF Phy (ϑ) of the fading amplitude hy is given as [12]:
(σy +1)/2 σy


 r
my
ϑ
K
2
Phy (ϑ) =
(σ +1)/2 αy
Υy
Γ (my ) Γ (ky ) Υy y
4my

ϑ

(1)

where y = {sri , rdi , sd}, αy = ky −my , σy = ky +my −1,Υy = E {|hy |2 } /ky , Γ (.) is the Gamma function
[15, eq. (6.1.1)], ky ,my are the distribution shape parameters and Kαy (.) is the modified Bessel function of
order αy [15, eq. (9.6.23)]. For Generalized-K radio channels [12] , the PDF Pγy (ρ) of the instantaneous
SNR γy is expressed as follows:
(σ +1)/2 (σy −1)/2
h p
i
2Ξy y
ρ
Pγy (ρ) =
Kαy 2 Ξy ρ
Γ (my ) Γ (ky )

(2)

where Ξy = (ky my /γ̄y ) . By considering channel state information (CSI)-assisted relays [19], the best relay,
Rb , is pro-actively (before the source transmission) selected from the N candidate relays, Ri , according
to the opportunistic protocol [6], then by applying Maximum Ratio Combining (MRC) diversity at the
destination, the SNR at the destination, γend , can be written as [9]:

γend = γsd + maxi∈{1 ,...,N } (γi )
Expression (3) is obtained by defining the gain of the ith relay (Ri ) as Gi =

(3)
p
Es / (|hi |2 Es + N0,i ) and

γi is the tight upper bound of the dual-hop SNR from the S-Ri -D combination, i.e. γS→Ri →D , which is
defined in [9] as γS→Ri →D ≤ γi = min (γsri , γrdi ).
III. P ERFORMANCE A NALYSIS OF C ONVENTIONAL OR N ETWORKS
A. Average Symbol Error Rate
The average symbol error rate probability, P̄se , is a useful measure for evaluating the performance of
wireless communication systems, and for a conventional OR network it may be evaluated for M-PSK,
M-FSK and M-QAM modulation schemes as follows [13][14]:
Z
P̄se =

∞

Pse (e|χ)Pγend (χ)dχ,
0

(4)
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where Pse (e|χ) is the conditional symbol error rate for AWGN and P γend (χ) is a PDF of SNR at the
R∞
√ 
2
destination. Now, Pse (e|χ) can be written as Pse (e|χ) = Aerfc Cχ , where erfc(x) = √2π x e−u du is
the complementary error function [18, eq. (7.1.2)], and A and C are constants depending upon the type
of modulation scheme used, where the values of A and C are detailed in Table 1 of reference [20] for a
range of spectrally and power efficient digital modulation schemes.
In this section, we present the comprehensive ASER analysis of conventional OR networks where the
radio channels are modelled as Generalized-K and Nakagami-m functions. In particular, we will consider
an analysis for medium to high SNR operating scenarios, which allows us to gain insights relating to the
impact which parameters such as the Generalized-K fading parameters m, k and the number of candidate
relays for the OR selection (N ) have on the system performance, and which enable the diversity gain and
coding gain of the network to be assessed.
Theorem 1. In a medium to high average SNR regime2 (γ̄  1), the ASER for a conventional OR
network with the radio channels modelled as independent and identical Generalized-K radio channels
can be derived to give an asymptotic expression as:

P̄se u

where a1 =




AΓN +1 (k−m)a1 β(m+1,mN )
C m(1+N ) γ̄ m(1+N )



AΓN +1 (m−k)a2 β(k+1,kN )
C k(1+N ) γ̄ k(1+N )

2N N m(m−1)N +m km(1+N ) Γ(m(1+N )+0.5)
√
,
ΓN +1 (m)ΓN +1 (k) π

a2 =

for m < k

(5)

for m > k

2N N k(k−1)N +k mk(1+N ) Γ(k(1+N )+0.5)
√
ΓN +1 (m)ΓN +1 (k) π

and β (.) is the beta

function [15, eq. (6.2.1)]. The remaining parameters have been described above. For a conventional OR
network operating over Generalized-K radio channels, the achieved diversity order is k(N+1) when the
shadowing is more severe than the fading, and the achieved diversity order is m(N+1) when the fading
is more severe than the shadowing.
Proof: The PDF of γi or any random variable which accepts a Maclaurin series expansion around
the origin can be approximated by a single term polynomial [21] as Pγi (χ) = τ χt + O[χ], where t is the
first non-zero derivative order of Pγi (χ) for χ = 0, τ = Pγti (0)/t!, and O[χ] is a higher order polynomial
function of χ. The motivation behind approximating the PDF of γi by a single term polynomial is the
fact [21] that for medium to high SNR the conditional symbol error rate, Pse (e|χ), behaves like a delta
function at the origin with decreasing amplitude. For a simplified analysis we will represent the PDF of
γy and γi in single term polynomial form. Representing Pγy (ρ) in single term polynomial form requires
2

We are using the fact that for independent and identically distributed Generalized-K random variables, my = m, ky = k, and γ̄y = γ̄.
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the first non-zero derivative order of Pγy (ρ) at ρ = 0 and the related coefficient for different combinations
of the values of m and k to be determined; and then generalising the findings, where this procedure has
been adopted from reference [22]. Pγy (ρ) is obtained as shown below:

Pγy (ρ) u

where φ1 =

mk Γ(m−k)
k1−k Γ(m)Γ(k)

and φ2 =




kφ1 k−1
ρ
γ̄ k



mφ2 m−1
ρ
γ̄ m

km Γ(k−m)
.
m1−m Γ(m)Γ(k)

for m > k

(6)

for m < k

The CDF Fγi (δ) is obtained by exploiting the indepen-

dence of fading gains in the dual-hop relay paths and solving [20, eq. (6.81)] as:
mk Γ (m − k) δ k
Fγi (δ) u 1 − 1 − k 1−k
γ̄ k Γ (m) Γ (k)


2
for m > k.

(7)

for m > k.

(8)

The PDF Pγi (δ) is derived by taking the derivative of Fγi (δ):
h
2Γ (m − k) 1 −
Pγi (δ) u

mk Γ(m−k)δ k
γ̄ k k1−k Γ(m)Γ(k)

δ 1−k (km/γ̄)−k Γ (m) Γ (k)

i

In order to obtain Pγi (δ) in single term polynomial form, we obtain the first non-zero derivative order
of Pγi (δ) at δ = 0 and the related coefficient for different combinations of the values of m and k and
then generalise the results:

Pγi (δ) u

(km)k 2Γ (m − k) δ k−1
for m > k.
γ̄ k Γ (m) Γ (k)

(9)

By exploiting the fact that the fading gains are independent in the OR paths and using the order statistic
theorem [[24], eq. (6.78)], the CDF Fγtot (δ) of γtot = maxi∈{1 ,...,N } (γi ) is derived as:

Fγtot (δ) u

(k)(k−1)N mkN ΓN (m − k) 2N δ kN
for m > k.
γ̄ kN ΓN (m) ΓN (k)

(10)

The PDF Pγtot (δ) is obtained from the derivative of Fγtot (δ):
(k)(k−1)N +1 mkN ΓN (m − k) 2N N δ kN −1
Pγtot (δ) u
for m > k.
γ̄ kN ΓN (m) ΓN (k)

(11)

In order to find the CDF of γend , we evaluate the following two-dimensional integral [20, eq. (6.44)]:
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Z

χ

Z

χ−δ

Fγend (χ) =

Pγtot (δ)Pγsd (ρ)dρdδ.
δ=0

(12)

ρ=0

By solving the integral in (12) for Pγtot (δ) in (11), Pγsd (ρ) in (6) and with the help of [21, eq. (3.191.1)],
the CDF Fγend (χ) is derived as:

Fγend (χ) u
where a3 =

a3 N β (k + 1, kN ) χk(1+N )
for m > k,
γ̄ k(1+N )

ΓN +1 (m−k)mk(1+N ) (k)(k−1)N +k 2N
.
ΓN +1 (m)ΓN +1 (k)

(13)

By repeating the steps from (6) to (12) for m < k, the CDF

Fγend (χ) is obtained as3 :

Fγend (χ) u
where a4 =

a4 N β (m + 1, mN ) χm(1+N )
for m < k
γ̄ m(1+N )

ΓN +1 (k−m)(m)(m−1)N +m km(1+N ) 2N
.
ΓN +1 (m)ΓN +1 (k)

(14)

Now, the PDF Pγend (χ) is derived through determining the

derivative of Fγend (χ) as:

Pγend (χ) u





a3 k(1+N )N β(k+1,kN )χk(1+N )−1
γ̄ k(1+N )
a4

m(1+N )N β(m+1,mN )χm(1+N )−1
γ̄ m(1+N )

for m > k

.

(15)

for m < k

Finally, the integral in (4) is evaluated by performing the change of variable, x =

√

χ, and then using

[21, eq. (6.281.1)] to yield the desired asymptotic ASER expression (5).
At high SNR, P̄se can also be represented as [21]:

P̄se u (Gc γ̄)−Gd

(16)

where Gc is the coding gain and Gd is the diversity order. Thus, if the ASER is plotted versus the average
SNR on a log-log scale then the diversity gain can be represented as the slope of this ASER curve. By
comparing P̄se in (5) with (16) we conclude that Gd for a conventional OR network operating over a
Generalized-K radio channel is m(N + 1) for m < k and Gd is k(N + 1) for m > k.
Theorem 2. In a medium to high average SNR regime4 (γ̄  1), the ASER for a conventional OR
network operating over independent and identical Nakagami-m radio channels can be derived to yield
3
While our analysis does not support the case when m = k, it can approximate it as m u k by choosing the relevant case that depends
on whether m is slightly larger or slightly smaller than k.
4
We make use of the fact that for independent and identically distributed Nakagami-m random variables, my = m, and γ̄y = γ̄.
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the asymptotic expression:

P̄se u
where e1 =

2N N m(m−1)N +m Γ(m(1+N )+0.5)
√
ΓN +1 (m) π

Aβ (m + 1, mN ) e1
C m(1+N ) γ̄ m(1+N )

(17)

and the remaining parameters have been described eariler. Also,

for a conventional OR network operating over independent and identical Nakagami-m radio channels,
the resulting diversity order is m(N + 1).
Proof: In a Nakagami-m fading environment, the CDF Fγy (ξ) of the per hop SNR γy, is represented
by:
Γ
Fγy (ξ) = 1 −



m, mξ
γ̄


(18)

Γ (m)

where Γ (.,.) is the upper incomplete Gamma function [18, eq. (6.5.3)]. The CDF of γi is obtained by
exploiting the fact that the fading gains in the dual-hop relay paths are independent and solving [20, eq.
(6.81)] as:
2

Γ
Fγi (γ) = 1 −



m, mγ
γ̄

Γ2 (m)


.

(19)

The PDF Pγi (.) is obtained by taking the derivative of Fγi (.) using [15, eq. (6.5.25)] as follows:
2
Pγi (γ) =

 m
m
γ̄


 

mγ
exp − mγ
Γ
m,
γ̄
γ̄
γ 1−m Γ2 (m)

.

(20)

The Maclaurin series of Pγi (γ) is derived by first finding the Maclaurin series of Γ (m,mγ/γ̄) and
exp (−mγ/γ̄), and then multiplying these together:

Pγi (γ) u



mγ
γ̄

m 

2/γ
2m/γ̄
2m2 γ
−
+
Γ2 (m) Γ2 (m) 2Γ2 (m) γ̄ 2

  m

× Γ (m)+γ m−

m
γ̄

m

 m
γ
m m
γ̄



 m 
γ2
m m
γ̄
 .
+
−
(1 + m) γ̄ 2 (2 + m) γ̄ 2
2

In a Nakagami-m fading environment, the PDF of γsd is given [21] as Pγsd (ψ) u

(21)
mm
ψ m−1 .
γ̄ m Γ(m)

To

obtain the first non-zero derivative order (t) and the related coefficient (τ ) of Pγi (.) we examine the
Maclaurin series of Pγi (.) in (21) for the smallest power term of γ using different combinations of the
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values of m and N . Then generalising these results for t and τ , Pγi (.) is obtained as:

Pγi (γ) u

mm 2 m−1
γ
.
γ̄ m Γ (m)

(22)

By exploiting the independence of the radio channel gains in the OR paths and using the order statistic
theorem [20, eq. (6.78)], the CDF Fγtot (δ) of γtot is derived as:

Fγtot (δ) u

m(m−1)N 2N δ mN
.
γ̄ mN ΓN (m)

(23)

The PDF Pγtot (δ) is found by taking the derivative of Fγtot (δ) in (23) as shown below:
m(m−1)N +1 2N N δ mN −1
Pγtot (δ) u
.
γ̄ mN ΓN (m)

(24)

To find the CDF Fγend (χ) of γend , we evaluate the following integral [20, eq. (6.44)]:
Z

χ

Z

χ−γ

Pγtot (γ)Pγsd (ψ)dψdγ.

Fγend (χ) =
γ=0

(25)

ψ=0

By solving (25) using Pγtot (.) in (24), Pγsd (.) defined above and with the help of [21, eq. (3.191.1)],
Fγend (.) is derived as follows:

Fγend (χ) u
where e2 =

2N β(m+1,mN )N
.
ΓN +1 (m)

m(m−1)N +m e2 χm(1+N )
γ̄ m(1+N )

(26)

Finally, the PDF Pγend (χ) is derived by solving the derivative of the CDF

Fγend (χ):

Pγend (χ) u

m(m−1)N +m+1 (1 + N )e2 χm(1+N )−1
.
γ̄ m(1+N )

(27)

Finally, the ASER is derived by substituting (27) in (4) and then performing the change of variable,
√
x = χ, and using [21, eq. (6.281.1)] to yield the expression for ASER (17). Note that, although Theorem
2 has been derived from fundamentals, the result for Nakagami-m channels can also be obtained from
Theorem 1 by applying the limit to expression (5) when k → ∞, which further validates our approach.

B. Outage Probability
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Outage probability (Pout ) is a standard performance criterion for wireless communication systems
operating over radio channels and is defined as the probability that the received SNR of a wireless
communication system falls below a certain specified threshold SNR (γth ). For a conventional OR network,
outage probability can be represented as:

Pout = P r[γend < γth ] = Fγend (γth ) .

(28)

Now, substituting Fγend (χ) from (13) and (14) into (28), and noting that χ = γth , we obtain the
asymptotic expression for the outage probability of a conventional OR network operating over GeneralizedK radio channels as:

Pout u





k(1+N )

2N ΓN +1 (m−k)mk(1+N ) N β(k+1,kN )(k)(k−1)N +k γth
for m > k
γ̄ k(1+N ) ΓN +1 (m)ΓN +1 (k)
m(1+N
)
(m−1)N
+m
2N ΓN +1 (k−m)km(1+N ) N β(m+1,mN )(m)
γth
for m < k
γ̄ m(1+N ) ΓN +1 (m)ΓN +1 (k)

.

(29)

Similarly, substituting (26) in (28), the asymptotic expression for the outage probability of a conventional
OR network operating over Nakagami-m radio channels is derived as:
m(1+N )

Pout u

2N m(m−1)N +m β (m + 1, mN ) N γth
γ̄ m(1+N ) ΓN +1 (m)

.

(30)

IV. P ERFORMANCE A NALYSIS OF O PPORTUNISTIC H YBRID -A RQ I NCREMENTAL R ELAYING
N ETWORKS
Average Symbol Error Rate
In OHIR, the source node transmits the signal, which is received by the destination and relays. The
destination evaluates the signal, and if necessary, requests the relays to retransmit the signal they received
from the source. The retransmitted signal is then combined at the destination using Maximum Ratio
Combining (MRC). As the destination evaluates a signal based on the instantaneous SNR, the ASER for
an AF OHIR network [9] can be written as:

P̄se = P r(γsd ≤ γth )P̄secombo + (1 − P r(γsd ≤ γth ))P̄sedirect

(31)

where P̄secombo is the average probability that an error occurs at the destination in the case of combined
signal transmission from the source and the opportunistic Hybrid-ARQ incremental cooperative relay.
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P̄sedirect is the ASER for direct transmission. For direct transmission only, γth is equal to 0; for conventional
OR, γth is equal to ∞. The ASER with direct transmission only can be written as:
Z
P̄sedirect =

∞

Pγsd (χ|(γsd > γth )) Pse (e|χ)dχ.

(32)

0

Theorem 3. In a medium to high average SNR range (γ̄  1), the ASER for an AF OHIR network
operating over independent and identical Generalized-K radio channels can be derived in an asymptotic
expression as shown below:

  
 

 √
√
k
γ
Pk
Aφ1 ( γ̄th )
erfc( Cγth )
erfc( Cγth )

Γ(k+0.5,Cγth )
w
Aφ1
l

√ k
−
+ γ̄ k(1+N )
+r4 r6 +N a3 l=0 ul γth ql for m > k
 γ̄ k
−k
πC
(r4 r5 )−1
γth





P̄se u  
√
√
m
γ
P
Aφ2 ( γ̄th )
erfc( Cγth )
erfc( Cγth )

m
Γ(m+0.5,Cγ
)
p
Aφ
th
l
2

√ m
− γ −m
+r1 r3 +N a4 l=0 cl γth ql for m < k
+ γ̄ m(1+N )
 γ̄ m
πC
(r1 r2 )−1
th

(33)
 (−1)k−l
 (−1)m−l
)
√ l th −
where pl = m(1 + N ) − l, wl = k(1 + N ) − l, ul = kl (k(1+N
, cl = ml (m(1+N
, ql = Γ(0.5+l,Cγ
)−l)
)−l)
πC
 l
√
√
+1, m)
, r1 = a4√β(mN
erfc Cγth γth
, r2 = (Cγth )m(1+N ) π, r3 = Γ(0.5+m(1+N ))−Γ(0.5+m(1+N ),Cγth ), r4 =
πC m(1+N )
k(1+N ) √
a3 β(kN +1, k)
√ k(1+N ) , r5 = (Cγth )
π, r6 = Γ(0.5+k(1+N ))−Γ(0.5+k(1+N ),Cγth ). All other parameters have been
πC
defined previously.
Proof: The probability that the instantaneous SNR of the direct path falls below the threshold SNR
is derived as follows:

P r(γsd ≤ γth ) = Fγsd (γth ) u

k
φ1 γth
for m > k.
γ̄ k

(34)

The conditional CDF that the instantaneous SNR of the direct path is greater than the threshold SNR
is derived as:

Fγsd (χ|(γsd


 0
for χ ≤ γth
> γth )) =
.
 Fγsd (γ)−Fγsd (γth ) for χ > γ
th
1−Fγ (γth )

(35)

sd

The conditional PDF that the instantaneous SNR of the direct path is greater than the threshold SNR
is derived by taking the derivative of the conditional CDF Fγsd (χ|(γsd > γth )):

Pγsd (χ|(γsd


 0

> γth )) =


kφ1
k
γ̄ k −φ1 γth

for χ ≤ γth


χk−1 for χ > γth

for m > k.

(36)

15

Finally, the ASER of OHIR network with direct transmission only is evaluated by first substituting
Pγsd (χ|(γsd > γth )) (36) in (32) and then solving the integral:

P̄sedirect =

Aφ1
k
γ̄ k − φ1 γth



p

Γ (k + 0.5, Cγth )
k
√ k
erfc
Cγth
− γth
πC


for m > k.

(37)

By using the same procedure from (34) to (37), the ASER P̄sedirect for m < k is derived as:

P̄sedirect =

Aφ2
m
m
γ̄ − φ2 γth



p

Γ (m + 0.5, Cγth )
m
√ m
− γth
erfc
Cγth
πC


for m < k.

(38)

The combined ASER of OHIR network can be written as:
Z

∞

Pγend (χ|(γsd ≤ γth )) Pse (e|χ).

P̄secombo =

(39)

0

The conditional CDF of the instantaneous SNR of the combined signal (from both the direct path and
OHIR), given that the instantaneous SNR of the direct path falls below the threshold SNR, can be derived
as:

Fγend (χ|(γsd

 R
 χ Pγ (ρ)Fγ (χ − ρ)dρ for χ ≤ γth
tot
sd
ρ=0
.
≤ γth )) =
 R γth P (ρ)F (χ − ρ)dρ for χ > γ
γsd
th
ρ=0 γtot

(40)

By solving the integral in (40) for Fγsd (.) in (34), Pγtot (.) in (11), Fγtot (.) in (10), Pγsd (.) in (6) and
with the help of [21, eq. (3.191.1)], the conditional CDF Fγend (χ|(γsd ≤ γth )) is derived as:

Fγend (χ|(γsd ≤ γth )) =









a3 β(kN +1, k)
γ̄ k(1+N )

N a3
γ̄ k (1 +N )

P



k
l=0

χk(1+N )
k (1 +N )−l

ul γth

for χ ≤ γth

for m > k.

(41)

χl for χ > γth

The conditional PDF of the instantaneous SNR of the combined signal, given that the instantaneous
SNR of the direct path falls below the threshold SNR, is derived by taking the derivative of the conditional
CDF Fγend (χ|(γsd ≤ γth )):

Pγend (χ|(γsd ≤ γth )) =





a3 (1+N )kβ(kN +1, k)χk(1+N )−1
γ̄ k(1+N )
Pk
k (1 +N )−l l−1
Na3 l=0 lul γth
χ
k
(1
+N
)
γ̄

for χ ≤ γth
for χ > γth

for m > k.

(42)
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By using the same procedure from (40) to (42), the PDF Pγend (χ|(γsd ≤ γth )) for m < k is derived as:
Pγend (χ|(γsd ≤ γth )) =





a4 (1+N )mβ(mN +1, m)χm(1+N )−1
γ̄ m(1+N )
Pm
m(1 +N )−l l−1
χ
Na4 l=0 lcl γth
γ̄ m(1 +N )

for χ ≤ γth

for m < k.

(43)

for χ > γth

Finally, the ASER in the case of combined transmission from both OHIR and the direct path is derived
by first substituting Pγend (.) (42) for m > k in (39) and Pγend (.) (43) for m < k in (39) and then solving
the integral as shown below:

P̄secombo =




A



γ̄ k(1+N )
A



γ̄ m(1+N )

√



P
wl
ql for m > k
Cγth + r4 r6 + N a3 kl=0 ul γth
.


P
√
pl
q
for
m
<
k
c
γ
r1 r2 erfc Cγth + r1 r3 + N a4 m
l=0 l th l

r4 r5 erfc

(44)

where all parameters have been defined previously.
Now, substituting (34), (37) and (44) in (31) yields the desired comprehensive asymptotic ASER
expression for an OHIR network operating over Generalized-K radio channels and completes the proof.
Theorem 4. In a medium to high average SNR range (γ̄  1), the ASER for an AF OHIR network operating over independent and identical Nakagami-m radio channels can be derived to yield an asymptotic
expression as shown below:
 m 
!
! 

√
√
γth
 
m
AΩ
X
erfc
Cγ
erfc
Cγ
γ̄
AΩ Γ (m + 0.5, Cγth )
th
th
pl
√ m
−
+b2 r3 +N b1
cl γth
ql
P̄se = m
+ m(1+N ) 
−m
−1
γ̄
γ̄
πC
γth
(b2 r2 )
l=0
(45)
where Ω =

mm−1
,
Γ(m)

b1 =

2N m(m−1)N +m
,
ΓN +1 (m)

b2 =

b1 β(mN +1, m)
√ m(1+N )
πC

and all other parameters have been defined

previously.
Proof: In a Nakagami-m fading environment, the probability that the instantaneous SNR of the direct
path falls below the threshold SNR is:

P r(γsd ≤ γth ) = Fγsd (γth ) u

m
Ωγth
.
γ̄ m

(46)

In a Nakagami-m fading environment, the conditional CDF that the instantaneous SNR of the direct
path is greater than the threshold SNR is:

Fγsd (χ|(γsd


 0
for χ ≤ γth
> γth )) =
 Fγsd (γ)−Fγsd (γth ) for χ > γ
1−Fγsd (γth )

th

.

(47)
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In a Nakagami-m fading environment, the conditional PDF for when the instantaneous SNR of the
direct path is greater than the threshold SNR is derived by taking the derivative of the conditional CDF
Fγsd (χ|(γsd > γth )):

Pγsd (χ|(γsd > γth )) =





for χ ≤ γth

0





mm
m
Γ(m)(γ̄ m −Ωγth
)



.

χm−1 for χ > γth

(48)

Finally, the ASER of OHIR network with direct transmission only is evaluated by first substituting
Pγsd (χ|(γsd > γth )) (48) in (32) and then solving the integral:

P̄sedirect =

AΩ
m
m
γ̄ − Ωγth




p
Γ (m + 0.5, Cγth )
m
√ m
Cγth
.
− γth erfc
πC

(49)

By solving the integral in (40) for Pγtot (.) in (24), Fγsd (.) in (46), Pγsd (ρ) defined in Theorem 2 and
Fγtot (.) in (23), and with the help of [21, eq. (3.191.1)], the conditional CDF Fγend (χ|(γsd ≤ γth )) is
derived as:

Fγend (χ|(γsd ≤ γth )) =





b1 χm(1 +N ) β(mN +1 , m)
γ̄ m(1 +N )
P
m(1 +N )−l l
Nb1 m
χ
l=0 cl γth
γ̄ m(1 +N )

for χ ≤ γth

.

(50)

for χ > γth

The conditional PDF of the instantaneous SNR of the combined signal given that the instantaneous
SNR of the direct path falls below the threshold SNR is derived by taking the derivative of the conditional
CDF Fγend (χ|(γsd ≤ γth )):

Pγend (χ|(γsd ≤ γth )) =





b1 m(1 +N )β(mN +1 , m)χm(1 +N )−1
for χ
γ̄ m(1 +N )
Pm
pl l−1
Nb1 l=0 lcl γth χ
for χ >
γ̄ m(1 +N )

≤ γth

.

(51)

γth

Finally, the ASER in the case of combined transmission from both OHIR and direct path is evaluated
by first substituting Pγend (.) (51) in (39) and then solving the integral:

P̄secombo =

A
γ̄ m(1+N )

m
p

X
pl
b2 r2 erfc
Cγth + b2 r3 + N b1
cl γth
ql

!
.

(52)

l=0

Now, substituting (46), (49) and (52) in (31) yields the desired asymptotic ASER expression (45) for
OHIR network operating over Nakagami-m radio channels and completes the proof.
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Figure 2. ASER of a conventional OR LTE-Advanced network operating over Generalized-K radio channels. Simulation parameters:
m = 0.6, k = 38.1, A = 1 and C = 1/2.

V. N UMERICAL AND S IMULATION R ESULTS
This section presents numerical and simulation results for the outage probability and the ASER of both
conventional OR and OHIR networks with the radio channel modelled as Generalized-K and Nakagami-m
random processes. We consider two shadowing scenarios that correspond to Loo’s model [26], i.e. frequent
heavy shadowing and average shadowing. The corresponding standard deviation (σ) of the lognormal
shadowing is equal to 0.806 and 0.161 [26], for each of the two scenarios. Using the moment matching
technique presented in [27], the parameter k of the Generalized-K distribution can be linked to σ as
k = 1/ (exp (σ 2 ) − 1), which equates to the following values for k, i.e. k=1.1 and 38.1 respectively. The
Technical University of Vienna’s LTE downlink link level simulator has been used to obtain the simulation
results [28]. The results are all obtained for uncoded QPSK, single antenna link configuration.
In Figs. 2 and 3, numerical and simulation results are plotted for the ASER of a conventional OR
LTE-Advanced network as described above and with the radio channel modelled as Generalized-K and
Nakagami-m random processes, respectively, and for different numbers of candidate relays (N ). The curve
for direct transmission is also plotted for comparison. The curves show very good comparison between
the numerical and simulation results.
In Figs. 4 and 5, a comparison is provided for the ASER performance of both conventional OR and
OHIR networks operating over Generalized-K and Nakagami-m radio channels, respectively, for different
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Figure 3. ASER of a conventional OR LTE-Advanced network operating over Nakagami-m radio channels. Simulation parameters: m = 0.6,
A = 1 and C = 1/2.

values of the threshold SNR (γth ). A good comparison is shown between the simulation and numerical
results, but the curves generated numerically are shown to discontinue for lower values of SNR. This
illustrates a limitation of the operational SNR range which the resulting expressions are able to cover.
In Fig. 6, numerical and simulation results are presented for the outage probability (Pout ) of a conventional OR LTE-Advanced network operating over Generalized-K radio channels for different values
of the threshold SNR (γth ) and the number of candidate relays (N ). The figure shows good comparison
between numerical and simulation results. They illustrate again the limitation of the numerical results at
lower SNR values, where the curves are shown to deviate from those resulting from simulations.
From Fig. 2 to Fig. 6, the following observations can be made:
(a) the derived asymptotic results are a good approximation of the outage probability and the ASER
for both conventional OR (Figs. 2-3) and OHIR (Figs. 4-5) networks operating over Generalized-K
and Nakagami-m radio channels, with the closest approximation being observed for medium to high
SNR.
(b) for a conventional OR network operating over Generalized-K radio channels, Pout and P̄se decrease
by a factor of γ̄ −m(N +1) when fading is more severe than shadowing, and by a factor of γ̄ −k(N +1)
when shadowing is more severe than fading.
(c) the performance of both conventional OR and OHIR networks improves when the number of
candidate relays (N ) is increased. Fig. 2 compares OR performance with respect to number of
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Figure 4. ASER of both conventional OR and OHIR LTE-Advanced networks operating over Generalized-k radio channels. Simulation
parameters: N = 2, m = 2.5, k = 1, A = 1 and C = 1/2.
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Figure 5. ASER of both conventional OR and OHIR LTE-Advanced networks operating over Nakagami-m radio channels. Simulation
parameters: N = 2, m = 1, A = 1 and C = 1/2.

relays operating over Generalized-K channels, (k=38.1, m = 0.6). At SNR = 25dB, the ASER for
direct transmission is 2 × 10−2 , whereas OR achieves 3 × 10−4 , 1 × 10−5, , 5 × 10−7 for 1, 2, 3 relay
nodes, respectively. Similarly, Fig. 5 compares OHIR performance with respect to number of relays
operating over Generalized-K channels (m = 2.5, k = 1, A = 1 and C = 1/2). At SNR = 25dB, the
ASER for direct transmission is 4 × 10−3 , whereas OHIR achieves 1.5 × 10−3 , 3 × 10−4, , 1.5 × 10−4
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Figure 7. ASER of both conventional OR and OHIR LTE-Advanced networks operating over Generalized-k radio channels. Simulation
parameters: N = 2, m = 2.5, k = 1, A = 1 and C = 1/2.

for 1, 2, 3 relay nodes, respectively.
(d) With reference to Figs. 4 and 5, the OHIR network achieves the same ASER performance as that
of the conventional OR network at low to medium SNR (for γ̄ < γth ). However, at high SNR
(for γ̄ > γth ) the ASER performance of the OHIR network deviates from the ASER performance
of a conventional OR network, but it is much better than the ASER performance of the direct
transmission with no relaying. The OR average symbol error rate is lower than that of OHIR. This
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is to be expected as OR relays the signal from the source unconditionally, whereas OHIR relays
only if the direct SNR at the destination is below the threshold. Therefore, the SNR of the combined
signal in the OR system will always be equal or higher than the combined SNR for OHIR. The
higher performance, however, comes at a cost of lower spectral efficiency, as the signal is relayed
even if it is not required. The advantage of OHIR is that it is more spectrally efficient than OR
while providing a performance better than the baseline, i.e., that for direct transmission from source
to destination.
(e) We can see in Figs. 4 and 5 that the ASER performance of the OHIR network improves by increasing
the value of the threshold SNR (γth ). Higher values of threshold make retransmissions more likely
because OHIR relays retransmit the signal only if the direct SNR is below the given threshold. The
relayed signal is then MRC combined with the direct signal, thus improving an overall ASER.
(f) the outage probability of a conventional OR network degrades with an increase in the threshold
SNR. This is due to the fact that as γth increases, the probability that the SNR of the combined
signal (from source and the best relay) is less than γth will also increase.
VI. C ONCLUSIONS
In this paper, simplified asymptotic expressions for the ASER for both conventional OR and OHIR
networks operating over Generalized-K and Nakagami-m radio channels have been presented, as well as
an expression for the outage probability for OR operating over these channels. The novel expressions are
5, 17, 29, 30, 33 and 45 respectively. The expressions have been validated against results obtained from
an established simulator platform. Both theoretical analysis and simulations show that the performance of
both conventional OR and OHIR networks improves as the number of candidate relays (N ) is increased.
The theoretical analysis and simulations confirm that, for a conventional OR network operating over
Generalized-K radio channels, the achieved diversity order is k(N + 1) when shadowing is more severe
than fading, and the achieved diversity order is m(N + 1) when fading is more severe than shadowing.
The simulation results have also confirmed that OHIR maintains the same quality of service and diversity
order as OR while increasing spectral efficiency.
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