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Abstract 

 

The Black-Scholes (BS) or Black-Scholes-Merton (BSM) formula is the most popular model 

that is used to price vanilla options. However, some of the assumptions underpinning this 

formula have been found to be false (Dumas, 1998). One such assumption is stated below: 

“There are no transaction costs on the underlying asset” (Wilmott, 2006). 

This assumption advances the idea that markets are frictionless and therefore there are no 

transaction costs incurred in those markets. This in fact is not true. It is costly to carry out 

financial transactions in financial markets. Taxes are normally applied to transactions that take 

place in various financial jurisdictions (Wilmott, 2006). 

One other BS assumption says that “there is a single constant volatility for the stochastic pro-

cess followed by the spot” (Austing, 2014). If the world were truly BS in nature, the volatility 

quoted for each of the options with different strike prices in a liquid market would be the same 

(Austing, 2014), (Kwok, 2008). In other words, if the implied volatility quotes were plotted 

against the strike prices, a straight horizontal line would be obtained (Austing, 2014). 

However, after the financial crisis of October 1987, it was discovered that when the Implied 

Volatilities (IV) of a group of vanilla options of the same maturity were plotted against strike 

prices, the graph had the shape of a smile (Dupire, 1994). This is called the volatility smile. 

This was not expected. The shape of the graph that was expected was that of a straight hori-

zontal line.  

The above issues and others have resulted in the values of options that are calculated by the 

BS not being fully accurate. This has created a gap in the body of published literature which 

needs to be filled. 

In addition to the above issues, another of the inaccuracies in the BS has been attributed to 

the IV parameter. All the parameters that are input into the BS formula are observable except 

the IV (Kwok, 2008), (Wilmott, 2006), (Dupire, 1994). Therefore, those parameters that are 
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observable can have their values determined accurately from observable evidence whereas 

the value of the IV does not enjoy this privilege. 

In fact, the IV is normally determined by the sentiment of the financial markets. This is not very 

accurate. The quest of this research is to develop a mathematical model that would determine 

the values of the IVs more exactly which can be used to obtain more accurate results from the 

BS formula. 

This approach will be unique and has not been evidenced in literature. It will help to fill the gap 

that currently exists in the body of knowledge. The idea is to use this mathematical model to 

calculate more precise values of the IV which will be input into the BS formula in order to 

improve the accuracy of the BS formula. 

The secondary benefit from the approach taken by this research is being able to determine 

the strike prices that match the given IVs. Sometimes the strike prices agreed upon by the 

market participants can be out of kilter with the other parameters in the BS formula. This re-

search would be able to help resolve that. 
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Glossary of Abbreviations 

𝐾   strike (exercise) price 

𝑇  time of expiration (maturity) of the contingent claims 

𝑆  stock price 

𝑡0  initial time when the contract starts 

𝑡  current time 

𝜏  time to maturity, that is (𝑇 − 𝑡) 

𝜎  Volatility 

𝑟  risk-free interest rate 

𝑉  option value 

≠  Not equal to 

≥  greater than or equal to 

⊂  set is contained completely 

⊃  contains set completely 

⊆  contains or equal to set 

∩  Intersection of sets 

∪  Union of sets 

‖.‖  norm function 

∈  element belongs to 

∋  contains element 

∃  such that 
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≅  approximately equal to 

⇒  implies 

⇔  If and only if 

ℝ  set of real numbers 

ℕ  set of natural numbers 

ℂ  set of complex numbers 

ℚ  set of rational numbers 

𝔼  the mean operator 

ℙ  the probability function 

↛  does not imply 

𝑊𝑡   Brownian Motion 

𝑑𝑊𝑡  Brownian Motion Increment 
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Chapter One – Introduction 

1.1 Overview 

The Black-Scholes (BS) Option Pricing model hitherto referred to as the Black-Scholes-Merton 

(BSM) model is the most popular of all the option pricing models (Wilmott, et al., 1995), 

(Derman & Miller, 2016), (Teneng, 2011). In fact, it is considered by some to be “the greatest 

innovation in twentieth century finance,..” (Derman & Miller, 2016). The model is used on many 

trading platforms and by many trading organisations. In this thesis, the BSM model will be 

used to calculate the values of European plain Vanilla options. Further details on these options 

are discussed in sections 1.3.3 and 1.3.5.   

However, some of the assumptions that were used to develop this model have been found to 

be erroneous (Teneng, 2011), (Wilmott, 2006). The BSM assumptions are discussed in more 

details in section 1.3.12. This has resulted in the model being fundamentally at odds with the 

observed behaviour of the option markets. As a result, the option prices calculated by the 

model are not very accurate (Kwok, 2008), (Ehrhardt, 2008).   

This has been made worse by the fact that although the parameters that are input into the 

BSM formula can be determined with some degree of certainty as they are physically observ-

able, the Implied Volatility (IV) input parameter is not directly observable and therefore cannot 

be determined with certainty (Kwok, 2008), (Wilmott, 2006), (Derman & Miller, 2016). The 

value of the IV is normally determined from the sentiment of the market. Therefore, its values 

are not physically determined with certainty. This therefore contributes to the inaccuracies that 

are inherent in the values calculated by the BSM formula. 

 

On top of this, the oddity between the BSM model and the option markets is partly displayed 

by the fact that the BSM does not explain why a phenomenon called the Volatility Smile (VS) 

exists (Derman & Miller, 2016). In fact, some say that the lack of total agreement between the 

two is partly the cause of the VS (Kwok, 2008), (Derman & Miller, 2016). The VS is the graph 

that is obtained when BSM IVs of a group of options from the same underlying asset are 
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plotted against the strike prices (strikes). A curve in the shape of a smile or a smirk is dis-

played, thus the name. In other words, a plot of some IV quotes against the strikes would 

result in the IVs of far-in-the-money strikes being higher than those of either at-the-money or 

out-of-the-money strikes (Austing, 2014).  

In the BSM world, this should not be the case. Before the financial market crash of October 

1987, a horizontal straight line would have been expected to be the graph displayed instead 

of a smile shaped graph (Derman & Miller, 2016). The VS for a given financial asset and a 

given maturity is the function or graph obtained by plotting the IVs against Strike Prices of a 

group of options derived from that underlying asset. “This is a function that maps the strikes 

of options to their Black-Scholes model IVs (Derman & Miller, 2016).” These options must 

have the same expiration. 

In Foreign Exchange markets, this graph is in the shape of a smile or a smirk and thus the 

name. The shape is less so in markets such as Equity, Commodity and other markets. The 

shape of the graph that was expected was that of a horizontal straight line. As mentioned 

above, this changed after the financial markets crash of October 1987. This was when the 

smile shape was first evidenced in Foreign Exchange markets (Wilmott, 2006), (Kwok, 2008). 

There are further details on the VS in section 1.3.1.5 below. 

The fact that the BSM model is underpinned by erroneous assumptions has led to the failure 

of this model to explain the markets. This failure is exhibited by the VS as a symptom (Derman, 

2016). In other words, the VS is a symptom of the fact that the BSM is founded on erroneous 

assumptions and therefore does not agree with the markets (Thomsett, 2015). These assump-

tions are discussed in section 1.3.13. 

 

 

1.2 Option Theoretical Background 

This section sets out some of the terms that will be used in the research. These terms are 

some of the main important terms that will keep coming up in the course of the thesis.  
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1.2.1 Volatility 

Volatility is defined as “a tendency to change quickly and unpredictably…” by the Merriam-

Webster dictionary. In fact, the Economic Times defines volatility as “It is a rate at which the 

price of a security increases or decreases for a given set of returns. Volatility is measured by 

calculating the standard deviation of the annualized returns over a given period of time. It 

shows the range to which the price of a security may increase or decrease.” 

Volatility could best be described by an example. In 2008, the crude oil price started the year 

at $99 per barrel. It went on to reach a high of $144 in the middle of the year. That is an 

increase of 45.45%. Crude oil then finished the year at $45. That is a drop of almost 69%. This 

rate of change in the value of the price of crude oil what is called volatility. For our purposes, 

it will be a measure of the spread of prices of securities (Naternberg, 2015), (Wilmott, 2008), 

(Austing, 2014). If volatility is high, the spread will be high and vice versa.  

The main objective of this thesis is to develop a mathematical model that will be able to cal-

culate more accurate values of the Implied Volatility (IV). This will be discussed further in sec-

tions 1.4 and 1.5. There are many types of volatility and IV is just one of them. Some of the 

inaccuracies that are experienced by the BSM formula can be attributed to the IV. As pointed 

out in section 1.1, all the input parameters in the BS formula are observable and can therefore 

be determined accurately except for one, IV. Wilmott (2006) and Leoni (2014) identified the 

following flavours of volatility (Wilmott, 2006), (Leoni, 2014): 

1.2.1.1 Realised Volatility 

According to Wilmott (2006), realised volatility is the measure that describes the amount of 

randomness over a given period of time in the past. The period is required to be specified and 

so is the mathematical method used to calculate the realised volatility. There are normally two 

timescales that are associated with the realised volatility, one short and the other long. In other 

words, one can choose a given period in the past and the randomness over that particular 

period would be the historical volatility (Wilmott, 2006), (Leoni, 2014), (Grable & Wookjae, 

2017). 
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1.2.1.2 Historical Volatility 

In most cases, the terms ‘historical volatility’ and ‘realised volatility’ are used interchangeably. 

When a stock has been selected, a future date could be selected for the purposes of pricing 

the contracts involved. So, the volatility that will be used would not be the realised volatility as 

it would not have been observed. In this case, it will be the historical volatility. This is the 

volatility that would be plugged into the BS formula because it best match for the future data 

and therefore for the option price (Leoni, 2014). The historical volatility 𝜎ℎ𝑖𝑠𝑡(𝑡0, 𝑇) is the mean 

volatility over the projected time period in the future. This volatility is normally obtained from 

the time series of the market prices from the past (Chenxu, 2016). 

1.2.1.3 Instantaneous Volatility 

As can be gathered from the name, instantaneous volatility tells us how much volatility can be 

observed from the stock right now. This is purely theoretical and cannot be calculated  

in practice. 

The average volatility is normally referred to with regard to the variance space. There is a 

connection between historical volatility with the instantaneous volatility through the variance 

space: 

𝜎ℎ𝑖𝑠𝑡(𝑡0, 𝑇) = √
1

𝑇−𝑡0
∫ (𝜎𝑖𝑛𝑠𝑡

2 (𝑢)) 𝑑𝑢
𝑇

𝑡0
 , where 𝑡0 and 𝑇 stands for the initial time for the 

beginning of the contract and the expiry time of the contract (Wilmott, 2006), (Leoni, 

2014). 

1.2.1.4 Implied Volatility  

The IV is the volatility which is input into the BSM formula when calculating the price of an 

option. It is one of the input parameters of the BSM model (Kwok, 2008), (Austing, 2014). This 

parameter is the only one of the BSM’s input parameters that is not physically observable. 

Therefore, its value is not very accurately determined. As a result, it is thought to contribute to 

the inaccuracy of the BSM in pricing options (Kwok, 2008). This is the volatility that would be 
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obtained if the BSM was inverted numerically to solve for volatility given an option premium 

(Austing, 2014).   

 The value of the IV is normally determined from the sentiment of the market (Austing, 2014). 

The IV is the view that the market about the actual volatility over the life time of the particular 

option. There are other factors that influence it, such as the political stability in the country of 

the given financial market (Austing, 2014), (Wilmott, 2006). The IV is the volatility that this 

thesis will focus on. This is the volatility that is implied by the options that are observed in the 

market from the market prices and thus the term ‘Implied Volatility’ (Chenxu, 2016), (Leoni, 

2014). 

1.2.2 Volatility Smile  

The VS has already been referred to in section 1.1. When the IVs are plotted against the strike 

prices on a 2-dimensional graph, a curve which is in a shape of a smile is obtained. The shape 

of the graph (Figure 1.1) so obtained is roughly symmetric around the at-the-money volatility 

especially so in the Foreign Exchange markets. The graph is smile shaped and the plot is 

called volatility smile for this very reason. The graph is less symmetric in other markets such 

as Equity and Interest Rate markets. It is heavily skewed in one direction or the other in these 

markets. In these instances, the VS would be referred to as a skew or a smirk.  

It is clear that the IVs does depend on the strike prices. It should also be noted that in addition 

to this dependency, the IV also depends on its expiry date, 𝑇. This three-way dependency is 

what leads to the concept of the volatility surface  𝜎𝑖𝑚𝑝(𝐾, 𝑇),  where 𝐾 and 𝑇 stand for the 

strike price and expiry date respectively. Therefore, the volatility surface is 3 dimensional. On 

the other hand, with its dependency on IV and strike prices, the volatility smile is 2 dimensional. 

Simply put, the volatility surface is composed of a group of options which have different ma-

turities.  

It must be made very clear right from the start though that this research has focused on the 

volatility smile and not the volatility surface. As pointed out above, the volatility surface is 3 
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dimensional in nature whereas the volatility smile is a cross section of the volatility surface 

and therefore 2 dimensional. In other words, the volatility smile is composed of options of the 

same maturity but different strike prices and this is where the focus of the research is going  

to be. The data that will be used for this research will be a cross-sectional one compared to 

the complete options data that would be required in situations associated with the volatility 

surfaces. 

 

 

Figure 1.1 

 

Source: TheOptionsGuide.com, 2017 

1.2.3 Options 

There are many types of financial instruments. One type of financial instruments is called fi-

nancial assets. Examples of financial assets include stocks, commodities or an index such as 

the London Stock market index for the top 100 companies called the FTSE 100 (Hull, 1946), 

(Austing, 2014), (Leoni, 2014). These financial instruments have other financial assets that 

have been derived from them. The latter are called financial derivatives. Financial derivatives 
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are financial assets which have a pay-out function that is derived (dependent on) from another 

financial asset such as a stock, a commodity or an index level as pointed out above.  

In other words, a financial derivative is a financial product that has been derived from an un-

derlying asset such as a stock. The underlying assets tend to be simpler than their derivatives. 

The value of the derivative is dependent on this underlying asset (Hull, 1946). Therefore, the 

value is a function of that asset. There are many financial derivatives as pointed out earlier. 

One such derivative is an option.  

The financial instruments (assets) from which the financial derivatives are derived are sto-

chastic in nature because of the volatility in the markets in which they are traded. In other 

words, their values do change randomly depending on a lot of factors such as demand, supply 

and market sentiment (Hull, 1946), (Neftci & Hirsa, 2000), (White, 2012). For example, a com-

modity like crude oil can be determined by the amount of supply that the organisation of oil 

producing countries (OPEC) are putting on the market. So, the oil price can fluctuate partly 

due to this supply and demand. Another example of financial assets from which financial de-

rivatives are derived are stocks. 

The values of stocks are not constant. They fluctuate due to many factors. One such factor is 

the performance of the business in question. If the performance of that business in a given 

period is good, the values of its stocks will go up. On the contrary, if the performance of a 

given business is bad, then the stocks associated with that business will go down. This is 

normally reflected in the share price. The same affects the fortunes of an index (White, 2012), 

(Kwok, 2008). 

The return rate of an asset can be described by the following differential equation because of 

their stochastic movement (Guasoni, 2017):  

𝑑𝑆

𝑆
= 𝜇(𝑆, 𝑡)𝑑𝑡 + 𝜎(𝑆, 𝑡)𝑑𝑊, 

where: 
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𝑆 is the price of the given stock 

𝑡 is the time to maturity 

𝜇 is the drift 

𝜎 is the volatility of the given asset. 

𝑊 is the Brownian Motion (BM) 

𝑑𝑊 is an infinitesimal change in the BM 

The drift side 𝜇(𝑆, 𝑡)𝑑𝑡 of the above differential equation is deterministic in nature and therefore 

constant. The volatility side 𝜎(𝑆, 𝑡)𝑑𝑊 of the equation is the side that behaves stochastically. 

This is because of the Brownian Motion 𝑊 component of the equation. The BM is stochastic 

in nature. 

The financial derivatives are derived from the assets and therefore follow the stochastic move-

ments of their associated assets. There are many examples of financial derivatives such as 

forwards, futures, options etc. This thesis is going to focus on European vanilla options. The 

European vanilla options are discussed in more details in the subsequent sections. 

1.2.3.1 Definition of an Option 

An option is a contract that gives the holder an option, but not an obligation to buy a given 

quantity say N units of a given asset at a strike price K at a pre-determined expiry time T 

(White, 2012), (Austing, 2014). Therefore, the pay-out at expiry will be:  

𝑁(𝑆𝑇 − 𝐾)+ 

Put simply, an option gives the holder the right to trade in an underlying asset in the future at 

an already agreed price called the strike price but not an obligation to do so. So, if the holder 

feels they do not stand to profit from the trading, then they would not be obliged to do so. The 

holder can therefore either exercise that option or may decide not to do so if they do not stand 

to gain from exercising the option (Hull, 1946), (Kwok, 2008). Options are either call options 
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or put options. There are mainly two types of vanilla options. These are European and Amer-

ican options. These discussed further in sections 1.3.3 and 1.3.4 respectively. 

1.2.3.2 Call Options 

A call option gives the holder the right to buy a given asset for an amount (strike price) that 

was agreed previously at a specified time in the future (Wilmott, 2008), (Kwok, 2008). 

The holder of the option would want the price of the stock 𝑆𝑇 to go up so that they would buy 

for strike price (𝐾 ) which is lower than the stock price and then sell it in the market at the stock 

price and therefore make a profit of (𝑆𝑇 − 𝐾) (Wilmott, 2008). In other words, the holder of a 

call option is likely to exercise his right to buy the option if the price of its associated asset is 

higher than the strike price. The reason for this is that when the holder buys that asset at the 

strike price, they can then sell in the market at the value of 𝑆𝑇 which is higher than the strike 

price 𝐾. This would then make a profit of (𝑆𝑇 − 𝐾) as stated above (Griessler & Keller-Russel, 

2014). The payoff function of a call option at maturity is given by (𝑆𝑇 − 𝐾)+. The + refers to 

the positive value of the function. If the value were ever negative, the holder of the option 

would not exercise the option (Austing, 2014), (Paul Wilmott, 1995).  

1.2.3.3 Put Options 

A put option gives the holder the right but not an obligation to sell a given asset for a previously 

agreed amount 𝐾 at a specified time 𝑇 in the future. 

The option holder would want the price of the stock 𝑆𝑇 to fall below the agreed amount 𝐾 which 

is the strike price in this case. The reason for this is so that the holder can sell the asset at the 

strike price which will be higher than the stock price. Such a transaction will give the holder a 

profit of (𝐾 − 𝑆𝑇). In other words, the payoff function for a put option is (𝐾 − 𝑆𝑇)+. 

European options can only be exercised at expiration 𝑇 while American options can be exer-

cised at any time between the writing and the expiration of the contract (Neftci & Hirsa, 2000). 
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1.2.3.4 General Terminology on Options 

In an opening trade, when a trader buys a contract, that trader is long the contract. This is 

referred to as going long the contract. In other words, the trader has gone long. When the 

trader sells the contract, he is short the contract, that is he has gone short (Naternberg, 2015). 

The naming conversion suggests a trader who has taken a long position, for example in a one 

September crude oil futures contract at $80 per barrel, has exercised a crude oil September 

80 call. A trader who exercises an IBM January 40 put has taken a short position in 100 shares 

of IBM stock at $40 per share. 

The premium paid on an option can be broken down into two components, the intrinsic value 

and the time value (Naternberg, 2015). The intrinsic value of an option makes it possible for 

the holder to buy low and sell high or first sell high and then buy low later. 

For example, if an underlying contract was trading at $125, then the intrinsic value of a 100 

call is $25. Therefore, when the holder of this call exercises the option, he can buy at $100 

and then sell at the market price of $125. In other words, this trader can have $25 credited to 

his Profit and Loss account. 

If an underlying contract was trading for example at $43, the intrinsic value of a $50 put is $7. 

The intrinsic value of an option is equal to the payoff of that option. Therefore, the intrinsic 

value of an option is an absolute value, it can never be less than zero (Wilmott, et al., 1995), 

(Derman & Miller, 2016). 

The time value of an option, sometimes referred to as the time premium or extrinsic value is 

the amount of premium in addition to the premium value that traders are happy to pay for the 

insurance that an option offers as them (Naternberg, 2015). Options are normally bought as 

insurance for transactions on contracts that are being entered into by market participants. This 

commands a premium on top of the intrinsic value. This is what is referred to as the time value 

of an option.  
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1.2.4 European Options 

European options are those options that can only be exercised at the expiry date (Kwok, 

2008), (Kwok, 2008). These options cannot be exercised at any time. The holder has to wait 

until the maturity date before they can be exercised. This condition applies to both European 

calls and puts. 

European Call Option 

The value 𝑉(𝑆, 𝑡) of the European call option is the payoff meeting the terminal and boundary 

conditions outlined below: 

Condition one: 

𝑉(𝑆, 𝑇) = (𝑆 − 𝐾)+, for all 0 ≤ 𝑆 < ∞ 

This means that the value of this call option is the absolute value of the strike price being 

subtracted from the value of the underlying asset (Ehrhardt, 2008). More importantly, it means 

the option can only be exercised at time 𝑇, that is at maturity. 

Condition two: 

𝑉(0, 𝑡) = 0, for 0 ≤ 𝑡 ≤ 𝑇  

Condition two simply means that the option has no value before maturity and that it can only 

be exercised at maturity. 

Condition three: 

𝑉(𝑆, 𝑡)~𝑆 − 𝐾𝑒−𝑟(𝑇−𝑡), as 𝑆 → ∞  

This means that as the value of the underlying asset rises, the value of the European call 

option will approximate to the value of the discounted value of the strike price subtracted from 

the value of the asset. 

All the parameters in the three conditions above have the meanings below: 

𝐾 is the strike price of the option 
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𝑡 is the current time 

𝑇 is the time at expiration 

𝑉 is the value of the option, call or put 

𝑆 is the value of the underlying financial asset 

European Put Option  

The value 𝑉(𝑆, 𝑡) of the European put option 𝑆 is represented by the payoff function below. 

The following terminal and boundary conditions must also be met for the payoff function  

to hold (Ehrhardt, 2008), (Wilmott, et al., 1995): 

Condition one: 

𝑉(𝑆, 𝑇) = (𝐾 − 𝑆)+, for 0 ≤ 𝑆 < ∞ 

This is the value of the European put option at maturity, that is time 𝑇. 

Condition two: 

𝑉(0, 𝑡) = 𝐾𝑒−𝑟(𝑇−𝑡), for 0 ≤ 𝑡 ≤ 𝑇  

The second condition shows that the value of the European put option at any time before 

maturity is equivalent to the discounted value of the strike price.  

Condition three:  

𝑉(𝑆, 𝑡) → 0, as 𝑆 → ∞  

This means that as the value of the underlying asset rises, the value of the European put 

option will fall and lose value.  

The parameters in the three conditions above have the meanings below: 

𝐾 is the strike price of the option 

𝑡 is the current time 

𝑉 is the value of the option, call or put 
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𝑆 is the value of the underlying financial asset (Wilmott, et al., 1995) 

1.2.5 American Options 

American options are those options that can be exercised at any time until the expiry date. 

The privilege of exercising the American options before the date of expiration, gives the Amer-

ican options an additional premium. This premium is known as the early exercise premium 

(Kwok, 2008). 

America Call Options 

The American call option spatial domain is divided up into two regions of free boundary 𝑆𝑓(𝑡), 

the stopping region, that is: 𝑆𝑓(𝑡) < 𝑆 < ∞, 0 ≤ 𝑡 ≤ 𝑇 and the continuation region of 0 ≤ 𝑆 ≤

𝑆𝑓(𝑡), 0 ≤ 𝑡 ≤ 𝑇. The following terminal and boundary conditions must be valid for the option 

to be alive, so that it is worth of pricing: 

Condition one: 

𝑉(𝑆, 𝑇) = (𝑆 − 𝐾)+, for 0 ≤ 𝑆 ≤ 𝑆𝑓(𝑇) 

This means that the American call option has a payoff function of (𝑆 − 𝐾)+ at the date of 

expiration. 

Condition two: 

𝑉(0, 𝑡) = 0, for 0 ≤ 𝑡 ≤ 𝑇 

This means that the American call option will be valueless if it is not in the domains specified 

above, that is if the underlying asset is worthless. 

 𝑉(𝑆𝑓(𝑡), 𝑡) = 𝑆𝑓(𝑡) − 𝐾 for 0 ≤ 𝑡 ≤ 𝑇 

The payoff function for the American call option is normally equal to the 𝑆𝑓(𝑡) − 𝐾 . 

All the parameters in the three conditions above have the meanings below: 

𝐾 is the strike price of the option 
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𝑡 is the current time 

𝑇 is the time at expiration 

𝑉 is the value of the option, call or put 

𝑆 is the value of the underlying financial asset 

American Put Options  

The American put option is an option that can be exercised in the stopping region 0 ≤ 𝑆 <

𝑆𝑓(𝑡), 0 ≤ 𝑡 ≤ 𝑇 where it has the value of 𝑉(𝑆, 𝑡) = 𝐾 − 𝑆. It stays alive in the continuation 

region 𝑆𝑓(𝑡) ≤ 𝑆 < ∞, 0 ≤ 𝑡 ≤ 𝑇 and is valid under the following conditions: 

Condition one: 

𝑉(𝑆, 𝑇) = (𝐾 − 𝑆)+, for 𝑆𝑓(𝑇) ≤ 𝑆 < ∞ 

This is the value that the American put option has in the continuation region where it stays 

alive. 

Condition two: 

𝑙𝑖𝑚
𝑆→∞

𝑉(𝑆, 𝑡) = 0, for 0 ≤ 𝑡 ≤ 𝑇 

When the value of the asset rises too high and goes above the value of the strike price, then 

the value of (𝐾 − 𝑆)+ is zero. This is the reason why the payoff function in condition two is 

zero. 

Condition three: 

𝑉(𝑆𝑓(𝑡), 𝑡) = 𝐾 − 𝑆𝑓(𝑡) for 0 ≤ 𝑡 ≤ 𝑇  

The above condition emphasises the dependency of the value of the American put option on 

time. So, although the payoff function is close to condition three, the difference between the 

two is in the dependency of condition three on time.  

All the parameters in the three conditions above have the meanings below: 
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𝐾 is the strike price of the option 

𝑡 is the current time 

𝑇 is the time at expiration 

𝑉 is the value of the option, call or put 

𝑆 is the value of the underlying financial asset (Wilmott, et al., 1995) 

1.2.6 Plain Vanilla Options 

A vanilla option is a normal call or put option that has standardised terms and has no special 

or unusual features and terms. It is generally traded on an exchange such as the Chicago 

Board Options Exchange (CBOE). 

There are many other options which are more complicated than vanilla options. They are com-

monly known as exotic options. Examples of these include options like the Barrier options, 

Lookback options, Multi-Asset options etc. (Wilmott, 2006), (Kwok, 2008), (White, 2012). This 

research will focus on the vanilla options. In order to carry out all these transactions, these 

options need to be valued. The different option valuation techniques are discussed in section 

2.1.2. 

When a market participant is deciding whether to exercise the option or not, they would look 

at the price of the asset in the market and then look at the payoff function. Depending on 

whether the market participant concerned is a holder of a call or a put, they would then decide 

to either exercise the option or not by looking at the payoff function in relation to the asset 

price (Neftci, 2000).   

Exotic Options 

An exotic option is an option that is more complicated in structure and payoff arrangements 

than a plain vanilla option. In other words, this type of option is different in structure from 

common American or European options in terms of the underlying asset, and/or the payoff 

terms for the investor (Zhu, et al., 2013). 
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1.2.7 Option Valuation 

This is simply the process of calculating the value of options. It is also referred to as the pricing 

of options. There are many methods that are used to do this. This thesis is  

going to focus on the BSM method of pricing options and in particular on the BSM formula 

itself (Wilmott, 2008), (Derman & Miller, 2016). There are more details on option valuation in 

section 2.1.2. 

1.2.8 The Importance of Option Valuation 

 

There has been an explosion in the trading of financial derivatives in the past few decades. 

This has in turn led to an explosion in the pricing of these financial instruments in order to 

arrive at fair values so the transactions that are going on can be priced as accurately as pos-

sible. The volume of trade in options is enormous resulting in a lot of money being exchanged. 

It is imperative that the pricing of these options is as accurate as possible in order to prevent 

massive amounts of money being lost by some market participants through the mispricing of 

these options (Derman & Miller, 2016). The significance of option valuation is discussed in 

further details in section 2.1.1.  

1.2.9 The various Valuation Methods 

 

There are many different pricing methods that are used. They range from simple methods 

such as the Binomial pricing method to some very complicated financial engineering pricing 

techniques (Wilmott, et al., 1995), (Neftci, 2000). In the middle of this range are models like 

the Martingale pricing and various partial differential equation (PDE) methods. The details of 

some these methods are discussed in the literature review in section 2.1. 

As pointed out in the intervening paragraphs above, there are many methods and techniques 

that are used to price options such as the Binomial and the Trinomial options pricing methods 

etc (Wilmott, 2006), (Neftci, 2000), (Kwok, 2008). However, the most popular of all these meth-

ods is the BSM formula. The BSM framework is discussed below: 
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1.2.10 The Black-Scholes Framework 

 

The BSM (1973) model is used in the pricing of financial assets such as European plain vanilla 

options. This model was established based upon a number of assumptions which are dis-

cussed in section 1.3.12 (Wilmott, 2008), (Dupire, 1994), (Wilmott, et al., 1995), (Karjanto, et 

al., 2015). The BSM PDE is given below: 

 

Equation 1.1-The BSM Equation 

𝜕𝐶

𝜕𝑡
+ 𝑟𝑆

𝜕𝐶

𝜕𝑆
+

1

2
𝜎2𝑆2 𝜕2𝐶

𝜕𝑆2 − 𝑟𝐶 = 0, 

where the 𝐶 is the value of the option, 𝑆 is the value of the underlying asset, 𝜎 and 𝑟 are 

the IV and the interest rate values respectively. 

 

 

The solution for the BSM is given by the formulas below: 

When the initial condition at 𝑇 = 0, that is 𝐶(𝑆0, 𝑇 = 0) = 𝑚𝑎𝑥(𝑆0 − 𝐾, 0) and then to solve 

the PDE, the following is obtained: 

𝐶0 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(𝑑2) 

Where: 

𝑑1 =
𝑙𝑛 (

𝑆0
𝐾 ) + (𝑟 +

1
2 𝜎2) 𝑇

𝜎√𝑇
 

 

𝑑2 =
𝑙𝑛 (

𝑆0
𝐾 ) + (𝑟 −

1
2 𝜎2) 𝑇

𝜎√𝑇
=  𝑑1 −  𝜎√𝑇 
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The formula given by 𝐶0 above is the solution for a call option that is written on the non-

dividend paying security. 

  

Although this research will not focus on the dividend paying BSM formula, the BSM formula 

for a dividend paying asset will still be stated below: 

 

 

Equation 1.2-Dividend Paying BSM Equation 

𝜕𝐶

𝜕𝑡
+ (𝑟 − 𝜇)𝑆

𝜕𝐶

𝜕𝑆
+

1

2
𝜎2𝑆2 𝜕2𝐶

𝜕𝑆2 − 𝑟𝐶 = 0, 

 

 

where the 𝐶, 𝑆 are the same meaning as above. 𝜎, 𝑟, 𝜇 are the IV, the interest rate and the 

dividend yield respectively (Kwok, 2008), (Ehrhardt, 2008). The volatility 𝜎 in the formulas 

above is used with the BS to work out the values of the financial instruments is the IV 

(Ehrhardt, 2008). The IV is the focus of this research. 

The calculation of the values of options written on dividend paying securities is the same as 

the non-dividend paying ones. The only difference is that the dividend yield is subtracted 

from the interest rate. In other words, the resultant value of the interest rate used in the BSM 

formula must be the interest rate being used minus the value of the dividend yield (Wilmott, 

2006).  

1.2.11 Derivation of the BSM Formula 

 

Let ∏ denote the value of a portfolio of a long and a short position of an option in some 

quantity ∆ also known as delta. Then the value of the portfolio will be represented by: 
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∏ = 𝐶(𝑆, 𝑡) − ∆𝑆, 

𝐶(𝑆, 𝑡) is the value of the option and is dependent on the asset price and the time to maturity 

(Wilmott, 2006). The term −∆𝑆 is the short asset position. The quantity ∆ will be determined 

below. 

The assumption is that the underlying asset follows a lognormal random walk (Neftci & 

Hirsa, 2000): 

 

𝑑𝑆 = 𝜇𝑆𝑑𝑡 + 𝜎𝑑𝑊,  

 

𝑑𝑆 is the infinitesimal change in the value of the asset price and 𝑑𝑊 is an infinitesimal 

change in the Brownian Motion (BM). The 𝑑𝑊 is the part of the equation above that is re-

sponsible for the randomness in the process. Since we are dealing with very small changes, 

it would be interesting to see how the value of the portfolio changes from time 𝑡 to time (𝑡 +

∆𝑡). The quantity 𝜎 is the volatility in the market, 𝜇 is the riskless interest rate in the market. 

It is clear that the change in the portfolio is due to the infinitesimal changes 𝑑𝐶 in the option 

and the change −∆𝑑𝑆 in the underlying asset. Therefore, the value of the option is (Wilmott, 

2006), (Kwok, 2008): 

𝑑∏ = 𝑑𝐶 − ∆𝑑𝑆 

Using Ito’s calculus, we obtain: 

𝑑𝐶 =
𝜕𝐶

𝜕𝑡
𝑑𝑡 +

𝜕𝐶

𝜕𝑆
𝑑𝑆 +

1

2
𝜎2𝑆2 𝜕2𝐶

𝜕𝑆2 𝑑𝑡, (Kwok, 2008) 

So, the changes in the portfolio lead to: 

𝑑∏ =
𝜕𝐶

𝜕𝑡
𝑑𝑡 +

𝜕𝐶

𝜕𝑆
𝑑𝑆 +

1

2
𝜎2𝑆2 𝜕2𝐶

𝜕𝑆2 𝑑𝑡 − ∆𝑑𝑆, (Wilmott, 2008) 
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The right-hand side of the above term contains a term that leads to randomness. So, the 

term leading to this randomness needs to be eliminated. The random terms are those with 

𝑑𝑆, that is the changes in the underlying asset whereas the deterministic terms are those 

with 𝑑𝑡. So, in order to reduce the risk and eliminate the randomness in the value of the 

portfolio, we equate the terms with 𝑑𝑆 to zero (Neftci & Hirsa, 2000), (Kwok, 2008): 

𝜕𝐶

𝜕𝑆
𝑑𝑆 − ∆𝑑𝑆 = 0 

This implies that: 

(
𝜕𝐶

𝜕𝑆
− ∆) 𝑑𝑆 = 0 

Implying that: 

(
𝜕𝐶

𝜕𝑆
− ∆) = 0 

 

Therefore: 

∆=
𝜕𝐶

𝜕𝑆
 

So, we need to choose ∆ such that it is equal to 
𝜕𝐶

𝜕𝑆
 in order to reduce risk. This is called 

hedging: 

𝑑∏=(
𝜕𝐶

𝜕𝑡
+

1

2
𝜎2𝑆2 𝜕2

𝜕𝑆2) 𝑑𝑡. 

The change in the equation above is riskless because it is free of the 𝑑𝑆 terms. This growth 

in the portfolio would be riskless (Neftci, 2000). Therefore, this would be the same as putting 

an equivalent amount of cash in a risk-less interest-bearing account. Now using the no ar-

bitrage principle: 

𝑑∏=𝑟∏𝑑𝑡. 

Therefore: 
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(
𝜕𝐶

𝜕𝑡
+

1

2
𝜎2𝑆2

𝜕2

𝜕𝑆2) 𝑑𝑡 = 𝑟∏𝑑𝑡 

Which implies: 

(
𝜕𝐶

𝜕𝑡
+

1

2
𝜎2𝑆2

𝜕2

𝜕𝑆2) 𝑑𝑡 = 𝑟 (𝐶 − 𝑆
𝜕𝐶

𝜕𝑆
) 𝑑𝑡 

On rearranging this equation, we obtain the BS model: 

𝜕𝐶

𝜕𝑡
+

1

2
𝜎2𝑆2

𝜕2𝐶

𝜕𝑆2
+ 𝑟𝑆

𝜕𝐶

𝜕𝑆
− 𝑟𝐶 = 0 

Let the pay-off of a European call option be represented by 𝐶(𝑇) = max [𝑆(𝑇) − 𝐾, 0]. Also 

let 𝑇 be the date of maturity and 𝐾 the strike price with all these variables depending on 

𝑆(𝑇), the value of the underlying at maturity (Kwok, 2008). Then, the fair value of this call 

option will be given by the BSM (1973) model as the fair price of an option must be an 

arbitrage free price in the sense that a risk-less portfolio comprising of options and underly-

ing stocks must reward a risk-free return (Neftci, 2000). A portfolio is constructed which 

replicates the value of the call option. In other words, the value of the portfolio is supposed 

to be equal to that of the call option. By applying Ito’s Lemma, we obtain the corresponding 

stochastic process as the one followed by the underlying asset (Kwok, 2008). Using the 

idea of dynamic hedging and ignoring the dependency of variables on time, the following 

PDE below is obtained:  

 

𝜕𝐶

𝜕𝑡
+ 𝑟𝑆

𝜕𝐶

𝜕𝑆
+

1

2
𝜎2𝑆2 𝜕2𝐶

𝜕𝑆2 − 𝑟𝐶 = 0,  

where the 𝐶, 𝑆 are the same meaning as above, 𝜎 and 𝑟 are the IV and the interest rate 

respectively. 

The solution for a non-dividend yielding European call option is given in the formulas below. 

When the initial condition at 𝑇 = 0, that is 𝐶(𝑆0, 𝑇 = 0) = 𝑚𝑎𝑥(𝑆0 − 𝐾, 0) and then to solve 

the PDE, the following is obtained (Kwok, 2008): 
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𝐶0 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(𝑑2) 

Where: 

𝑑1 =
𝑙𝑛 (

𝑆0
𝐾 ) + (𝑟 +

1
2 𝜎2) 𝑇

𝜎√𝑇
 

 

𝑑2 =
𝑙𝑛 (

𝑆0
𝐾

) + (𝑟 −
1
2

𝜎2) 𝑇

𝜎√𝑇
 

  

The formula given by 𝐶0 above is the solution for a call option that does not pay dividends. 

The volatility 𝜎 in the formulas above, which used in conjunction with the BSM to work out 

the values of the financial instruments, is the IV. The IV is the sole focus of this research.  

1.2.12 An Example of the Application of the BSM Option Valuation 

This is an example of how the BSM is used to manually calculate the values of options. The 

value of a call with the following data is calculated here as an example: 

𝑟 = 0.05, 𝑇 = 1, 𝑆 = 5, 𝜎 = 0.1, 𝐾 = 0.8. 

Here, 𝑟 stands for the interest rate,  𝑇 is the time to expiration, 𝑆 is the value of the security, 

𝐾 is the strike price and 𝜎 is the IV. The values of the options discussed in this thesis will 

be calculated by using the C# program that has been developed for this purpose. However, 

the value of the option here will be calculated manually in order to demonstrate the use of 

the BSM formula in the calculation of option values.  

𝑑1 =
𝑙𝑜𝑔 (

𝑆0
𝐾 ) + (𝑟 +

1
2 𝜎2) 𝑇

𝜎√𝑇
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=
𝑙𝑜𝑔 (

5
0.8

) + (0.05 + (0.5 ∗ 0.1 ∗ 0.1) ∗ 1)

(0.1 ∗ (√1))
 

=
(1.8258 + 0.055)

0.1
 

=
(1.88758)

0.1
 

18.8758 

 

𝑑2 =
𝑙𝑜𝑔 (

𝑆0
𝐾

) + (𝑟 −
1
2

𝜎2) 𝑇

𝜎√𝑇
=  𝑑1 −  𝜎√𝑇 

=
𝑙𝑜𝑔 (

5
0.8

) + (0.05 − (0.5 ∗ 0.1 ∗ 0.1) ∗ 1)

(0.1 ∗ (√1))
 

= 18.8758 − (0.1 ∗ (√1)) 

= 18.8758 − 0.1 

= 18.7758 

𝐶0 = 𝑆0𝑁(𝑑1) − 𝐾𝑒−𝑟𝑇𝑁(𝑑2) 

Using the mean to be to equal zero, and then inputting the parameters into the above for-

mula, 𝐶0, the price of the call was found to be 3.9952. 

1.2.13 The Black-Scholes Assumptions 

The BSM framework was developed using a number of assumptions as foundational pillars. 

These assumptions underpin the BSM model. They therefore act as the foundation of the 

BSM framework. Here is an outline of some those assumptions: 
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Assumption 1 

The IV of an option is constant over the span of its life. In the BSM world, there is a 

single constant volatility for the stochastic process that is followed by the spot. So, the 

volatility quoted for the various options on the underlying asset, is identical. In the 

BSM world, there is only one volatility across all the options with the same maturity. 

So when pricing such options using the BSM formula, the same volatility value is used 

for all the options (Kwok, 2008), (Leoni, 2014), (Austing, 2014), (Thomsett, 2015).  

In fact, Dumas et al (1998)   go on to state that: 

“The BSM (1973) model, for example assumes that the asset price follows geometric 

Brownian motion with constant volatility. Consequently, all options on the same as-

set should provide the same IV” (Dumas, et al., 1998). 

This assumption is erroneous. Volatility is clearly not constant. The IV can change over the 

span of an option, sometimes, significantly (Thomsett, 2015). In fact, the volatility of the 

securities on financial markets does change over time, sometimes day by day or week by 

week or month by month etc. depending on the terms of the contract. This is clearly shown 

in the changes in how volatile the prices of the contracts again observed according to the 

time period being used (Naternberg, 2015). Volatility in any shape or form fluctuates and 

this can be measured statistically in statistical examinations (Wilmott, 2006). This is again 

supported by Dumas et al (1998): 

“The failure of the BSM model to describe the structure of the reported options prices 

is thought to arise from its constant volatility assumption. It has been observed that 

when stock prices go up, the volatility goes down and vice versa” (Dumas, et al., 

1998). 

Assumption 2 

The next assumption states there are no transaction costs on the underlying (Wilmott, 

2006), (Swidler & Diltz, 1992).  
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This assumption advances the idea that markets are frictionless and therefore there are no 

transaction costs incurred in those markets This assumption proposes that there are no 

transactions in the financial markets in which the options are traded. Of course, this is not 

true. Firstly, there is continuous trading which takes place on the portfolios that are being 

traded (Wilmott, et al., 1995), (Austing, 2014). In fact, it is a core feature of the options to 

hedge because options themselves are an insurance against trading losses in financial mar-

kets. Now, hedging is costly. 

 Hedging costs money. On top of that, all trading is subject to taxes and commissions de-

pending on the jurisdiction where the trading is taking place (Wilmott, et al., 1995). Secondly, 

it is almost impossible to avoid brokerage fees for entry and exit out of any trade and not of 

course, to mention commission again (Thomsett, 2015).  

This assumption claims that markets are frictionless and that there are no transaction costs. 

Clearly, markets do have taxes, commissions etc. in them. Therefore, this assumption is 

also false (Dolinsky, 2013). The transaction costs must therefore be taken into account 

when pricing the options. It is suspected that the transaction costs among other things are 

part of the reasons why the volatility smile arises. This suspicion is discussed further in 

section 2.2.  

The implications of these assumptions are very key to this research. The errors in these 

assumptions are at the very centre of this thesis. The fact that these BSM assumptions and 

more are flawed implies that the BSM framework some of whose foundations, cannot be 

relied on (Thomsett, 2015). In fact, the belief is that the inaccuracies that are inherent in the 

BSM model are a result of these fatal flaws. One of the reasons why this research is even 

being made possible is because of these flawed assumptions.                

The reason for this is outlined here. Assumption one implies that if the world was truly BSM, 

the volatility quoted for each of these options would be identical (Austing, 2014). In other 

words, if an experiment was done in which the IVs of these options were plotted on the 
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vertical axis against the strike prices on the horizontal, a straight horizontal line should be 

obtained. 

This is clearly not the case. Instead, the graph that is normally obtained in these situations 

is shaped in form of a smile or a skew or even a smirk. This is the reason why this graph is 

normally referred to as the Volatility Smile (VS). This obviously should not be the graph that 

is obtained when the IVs are plotted against the strike prices. A straight horizontal line is 

expected to be obtained (Wilmott, 2006), (Austing, 2014).  

It can only be that one of the reasons why the volatility smile is obtained is that the assump-

tions that underpin the BSM framework are not correct. Clearly, the assumptions that were 

made while developing the BSM framework do stand up in the real world. It is not clearly 

known why the volatility smile exists (Austing, 2014). Therefore, this research will focus on 

how the research can incorporate the volatility smile into the pricing of options.  

The following are some of the rest of the assumptions that underpin the BSM formula that 

have been found to be false: 

Assumption 3 

There are no arbitrage opportunities (Wilmott, 2006). 

This is clearly not true because arbitrage opportunities do exist from time to time (Wilmott, 

2006), (Kwok, 2008). In the real world, arbitrage opportunities do exist. Therefore, this as-

sumption is false. 

Assumption 4 

Delta hedging is done continuously (Wilmott, 2006). 

This assumption is also not correct because in practical terms, hedging only takes place at 

discrete time intervals and not continuously (Wilmott, 2006). 

Assumption 5 

There are no dividends paid on the underlying asset (Wilmott, 2006). 
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Some assets do pay dividends (Wilmott, 2006), (Wilmott, 2006). In fact the dividend yield is 

one of the reasons for the popularity of some stocks today (Thomsett, 2015). Therefore, this 

does affect option pricing. 

Assumption 6 

The celebrated BSM also assumes that the capital markets are perfect and that an 

option payoff can be replicated by constructing a trading strategy that is self-financing 

and dynamic (Zakamouline, 2006). 

It is clear that capital markets are not perfect and frictionless (Wilmott, 2006). 

The above assumptions do clearly show that the BSM framework is based upon flawed 

foundations. This fact does in part at least explain why the formula is at odds with the ex-

pected behaviour in the markets (Derman & Miller, 2016). One of the symptoms of its flaws 

is displayed in its failure to calculate accurate values of options (Wilmott, 2006). This re-

search work will therefore endeavour to improve the accuracy of the values that are calcu-

lated by the BSM formula. In other words, the research has as an objective, to find a way of 

using the BSM formula to price options more accurately. 

Calculating the IVs more accurately is important in the improvement of the accuracy of the 

BSM model. As mentioned in section 1.2.1.4, the reason for this is that the IV’s values can-

not be determined very accurately (Kwok, 2008).  In fact, it is the only parameter of the BSM 

formula that is not physically observable. All the other input parameters that are input into 

the BSM formula are observable and therefore, their values can be accurately determined 

(Kwok, 2008), (Wilmott, 2008).  

The value of the IV is normally determined from observing the market sentiment. This is not 

an exact science and therefore not accurate. As the value of the IV is not determined accu-

rately, its use in the BSM formula as an input parameter can introduce inaccuracies when 
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calculating option values. This is just one of the reasons why the volatility smile exists as 

will be discussed in the next section (Kwok, 2008), (Wilmott, 2008).  

1.2.14 Why the Volatility Smile (VS)? 

The false assumptions which form the foundations of the BSM framework have led to the 

disagreement between BSM model with the financial markets (Derman & Miller, 2016). 

These disagreements became pronounced after the financial crash in October 1987. Prior 

to the crash, “…a plot of BSM IVs for options with the same expiration over a range of strikes 

would be a horizontal flat line” (Derman & Miller, 2016). However, after the crash and ever 

since, the options markets have exhibited a VS. This is an anomaly which blatantly disa-

grees with the BSM framework (Derman & Miller, 2016). 

The cause of the VS is not completely and fully known (Austing, 2014). However, it is clear 

that there is a link between the VS and the oddity that the BSM framework has exhibited 

against the financial markets (Kwok, 2008), (Derman & Miller, 2016). Therefore, the false 

assumptions that underpin the BSM model do contribute to the VS. At the very least, these 

assumptions do help cause the VS. Therefore, the flawed assumptions of the BSM do help 

cause the disagreement between the framework and the financial markets (Kwok, 2008).  

This research work is aiming to improve the accuracy of the BSM model. In other words, 

this work is endeavouring to make the BSM calculate more accurate values of options. Since 

the BSM framework is at odds with the financial markets, the values of options that it calcu-

lates are not very accurate (Ehrhardt, 2008), (Wilmott, 2006), (Derman & Miller, 2016). This 

research work intends to develop a mathematical model that can help with this situation. 

This is discussed further in the literature review section below. The research would like to 

make a contribution to the body of knowledge in this area. 

Given the fact that the phenomenon of the VS is linked to the inaccuracies in the BSM 

model, one way to improve its accuracy in calculating more accurate values of options is by 

addressing the VS phenomenon. As in fact pointed out in section 1.1, the thesis overview, 
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the VS is a visual symptom of the flaws in the BSM assumptions (Derman & Miller, 2016), 

(Naternberg, 2015).  

In an ideal BSM world which is based on the BSM assumptions, a graph of IVs plotted 

against strike prices should not result in a volatility smile. The graph that is obtained by 

plotting IVs against strike prices of options written on the same underlying asset with the 

same expiration, should be a flat horizontal line and not a VS as mentioned in the preceding 

paragraphs (Derman & Miller, 2016).  

Therefore, part of the solution to this predicament of the smile phenomenon could be 

achieved by reducing or eliminating the impact of the effects of the VS phenomenon on the 

BSM model. In other words, the IVs need to be calculated in a more accurate way that when 

they are plotted against the strikes, a flat horizontal line would be obtained, replacing a smile 

or a smirk etc. (Austing, 2014), (Derman & Miller, 2016). This kind of graph could be ob-

tained by using a formula that would be able to calculate the same IV values across the 

different quotes of the strike. 

The scenario in the paragraph immediately above, could be achieved by letting the IVs in 

the graph have the same value across all the strike prices. In other words, instead of the 

IVs of the at-the-money options being lower than the IVs of the out-of-the-money and in-

the-money options, all the IVs would have the same value (Austing, 2014). This would lead 

to a horizontal flat line (Derman & Miller, 2016). 

Therefore, in simple terms, the aim of the of this of thesis is to develop a mathematical 

formula that would achieve this correctly. This not just about making all the IVs across all 

the strikes, it is about taking all the factors into consideration and achieving this correctly. 

This thesis is going to use Convex Functions from the theory of functions in mathematics 

(Muscat, 2014), (Montesinos, et al., 2015), (Dshalalow, 2013), (McDonald & Weiss, 2013). 

These functions will then be used to develop a mathematical model that will achieve what 

has just been discussed in the last few paragraphs.   
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Therefore, the research is going to use mathematical methods to be able to convert volatility 

smiles or volatility skews (smirks) whatever they might be into flat horizontal straight lines. 

This will be achieved by developing a model that will be able to modify the IV in order to 

achieve that horizontal straight line. The research is aiming to develop mathematical model 

that will convert a volatility smile into a flat horizontal line. This will be achieved by keeping 

all the values of IVs the same across all the strike prices in the VS graph.  

The model that this thesis is aiming to develop will focus on the IV. The development of this 

model will target the modification of the IV so that the IV can be a more accurate BSM input 

parameter.  This will in turn improve the accuracy of the BSM model so that it can calculate 

more accurate option values. The modified IV will then become the new IV which will be 

input into the BSM model. The idea is to develop a mathematical model that will be able to 

incorporate the effects of the VS into the IV. This model will be a mathematical function. The 

idea is for this mathematical function to take into account the effects that lead to the volatility 

smile. 

 

1.3 Research Questions 

This research has been prompted by a number of questions. The questions that need to be 

answered in this thesis are stated below: 

• Can a mathematical formula be developed that can compute more accurate values of 

the IVs in order to improve the accuracy of the BSM model so that it can calculate more 

accurate values of European vanilla options? 

• Can a mathematical formula be developed that addresses the smile phenomenon dis-

cussed above? 

• How sensitive is the BSM formula to the changes in each of its input parameters ceteri 

paribus? How does each of these changes affect the option values that are being cal-

culated by the BSM formula?  
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1.4 Objectives 

The objective of this research work is to develop a mathematical model that would be used to 

calculate more accurate values of IVs that would be used in the BSM model to value European 

Vanilla Options more accurately. As pointed out in sections 1.2.10 and 1.2.11, due to the 

flawed assumptions upon which the BSM is based, the values of options that it calculates are 

not very accurate. This is made worse by the fact that the IV cannot be physically determined 

accurately. Therefore, other ways of determining the IV more accurately are needed. This 

thesis endeavours to develop one such technique. 

This will be a mathematical model that will use the patterns of IVs and strikes from historical 

data. The model will be estimated from this historical data. This model will then be used in 

estimating the IVs.  

 

1.5 Scope of Study 

This thesis is going to focus on valuing of European vanilla options using the BSM formula. It 

is not going to concern itself with non-European options. Neither is it going to consider exotic 

and options written on dividend paying securities in any more details. Its focus from now on 

will be on non-dividend paying European Vanilla options only.  
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Chapter Two – Literature Review 

2.1 Introduction 

This chapter evaluates the literature that will form the foundation for this research work. The 

review of literature adopted in this thesis is the funnel approach. Naturally, the review starts 

by looking broadly at the general pricing formulae that are used and the debates raging around 

these methods. After the evaluation of the different pricing methods, the review will then be 

divided into two broad categories of BSM models. The review will then drill down into these 

BSM models. 

The first category will deal with the BSM models that are relaxed about the assumptions that 

underpin the foundations of the BSM framework. In other words, the restrictions from the as-

sumptions in section 1.2.13 will be relaxed concerning this category of BSM formulae. These 

models have relaxed some assumptions that underpin the foundations of the BSM model such 

as constant volatility, no transaction costs, continuous trading etc. The second category deals 

with the estimation of BSM parameters. These models do take into account the assumptions 

in section 1.2.13. This research falls into the latter. 

The review of literature will then continue to drill down all the way to the gap in the literature 

that this work seeks to fill. This review will seek to clearly show the gap that exists in the 

literature and the body of knowledge which this research will attempt to address.  

2.1.1 The Significance of the Valuation of Options 

Carrying on from section 1.2.8, the discussion on the significance of option valuation is con-

tinued in this section. To carry out their transactions, the participants in the options market will 

need to know the factors that impact on the values of the options. More importantly, these 

participants need to know the fair values of the options they are trading in (Neftci & Hirsa, 

2000), (Wilmott, 2008). Knowing the theoretical values of the options enables the investors to 

adjust their trading strategies and portfolios. More importantly, these market professionals 
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need to know the values in order to carry out the trading in the first place (Kwok, 2008), (Paul 

Wilmott, 1995), (Cox, et al., 1979). 

The options market is composed of astronomical sums of money (Wilmott, 2008). Therefore, 

any mispricing of any options could potentially result in huge losses and massive unfair trades 

for the participants concerned (Wilmott, 2006), (Austing, 2014). 

2.1.2 General Option Valuation Methods  

The valuation or pricing of options is a massive topic. There are many methods that are used 

to price options (Wilmott, et al., 1995), (Hull, 1946), (Austing, 2014). These techniques depend 

on many different factors such as the type of option (Black & Scholes, 1973). Debate does 

rage as to which of these is the best technique to use to value a given set of options. The 

trading in financial derivatives would not be possible without the financial assets pricing indus-

try (Wilmott, 2008). The participants in the options markets need to know the values of the 

options contracts in order to trade in them. For example, the market participants would need 

to determine the strike prices of their options contracts in order to complete their transactions 

(Wilmott, 2006), (Kwok, 2008), (Neftci, 2000).  

The knowledge of the theoretical values helps the market participants make bids to their coun-

terparts in the market (Naternberg, 2015). Therefore, this knowledge would help traders com-

plete their contracts. The options contracts need to be valued before they can be traded. This 

involves the use of many different valuation methods that exist out there.  Only some of these 

pricing techniques will be reviewed here (White, 2012), (Kwok, 2008), (Neftci & Hirsa, 2000).  

Although the importance of pricing options is well understood, it is less clear as to which tech-

nique should be used to do so. There are debates raging about which the best method to use 

is (Neftci & Hirsa, 2000), (Wilmott, 2006). Partly, the method used should be dependent on 

the situation being dealt with. 

The pricing of options can be divided into two main approaches (Crack, 2014). The first one 

is analytical pricing and the second is numerical pricing. Analytical pricing is the type of option 
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pricing that involves a lot of mathematics (Neftci & Hirsa, 2000), (Neftci, 2000), (Crack, 2014). 

In most cases, analytical uses mathematics in great quantity.  

So, this pricing technique serves those situations that favour highly mathematical academic 

rigor.  An example of an analytical pricing method is the BSM formula. The BSM formula is a 

partial differential equation (PDE). Arriving at PDE solutions involves a lot of mathematics. 

Numerical pricing on the other hand is a type of option pricing that involves the use of numer-

ical computer programs. Computer programs that use a lot of iterations are normally employed 

in numerical pricing (Kwok, 2008), (Wilmott, et al., 1995), (Austing, 2014). An example of nu-

merical pricing techniques is the Monte-Carlo. Some examples these approaches are now 

considered below:  

The Binomial Pricing Technique 

The first of the analytical pricing methods to be considered is the Binomial Tree Option Pricing 

technique (Neftci, 2000), (Kwok, 2008). It is a numerical iterative method that is based on 

probabilities of the option contract’s underlying asset price going either up or down at each 

stage in the life of the contract (Neftci & Hirsa, 2000), (Paul Wilmott, 1995). It is one of the 

most basic pricing techniques. The Binomial technique assumes a perfectly efficient market. 

This technique is normally used when there are no complications involved.  It is practical for 

some uses such as the pricing of vanilla call options. However, the Binomial method is too 

simplistic a method because it does not incorporate into the values of the underlying assets, 

the impact of factors such as the interest rates, volatilities, dividends etc. (Naternberg, 2015),  

In most cases, a method of higher quality would be needed to give a truer reflection of the true 

value of an option.   

The Binomial pricing technique has not been covered in detail by a good number of writers 

who have discussed pricing methods and techniques. Wilmott (2006) has written a lot on op-

tion valuation methods and yet has not written in great details about this pricing technique. 

Many other writers have not done justice to the Binomial pricing method either. One of the 
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more modern writers who has done some justice to this pricing method is Neftci (Neftci, 2000). 

He has gone in a bit more details to discuss how and where it can be used. 

Neftci (2000) has given a good disposition of the Binomial method (Neftci, 2000). He has par-

ticularly discussed how it can be applied in option pricing. His discussion is clear enough for 

the beginner to intermediate audience. In spite of this, he has not emphasised enough on the 

limitations that come with this technique. This is something that is lacking in Neftci’s treatment 

of this subject. On top of this, Neftci (2000) could have also given a detailed practical example 

of the way the Binomial method is applied. 

However, older literature does have writers such as Cox et al (1979) who have taken time to 

discuss the usefulness of this method in simple situations (Cox, et al., 1979). Cox et al (1979) 

have provided a nice treatment of the Binomial option pricing method compared to some mod-

ern writers. This could be due to the fact that techniques such as the BSM were not yet very 

popular at that time. On top of that, methods such as BSM would prove to be a bit more 

complex to use in this sort of situations where the Binomial is applicable. In these situations, 

the Binomial formula would prove to be very useful. Practical examples given by these writers, 

of how the method is used would have been very beneficial though. 

In summary, the Binomial pricing technique is only for less complicated pricing scenarios 

where factors such as interest rates, volatility etc. can be ignored. It is not appropriate for more 

complicated situations. Other pricing techniques should be used where these factors must be 

taken into account (Neftci, 2000), (Cox, et al., 1979).   

The Binomial pricing technique will not be discussed any further because there is not that 

much that can be learned as a link to the BSM framework which is the subject of this thesis. 

Therefore, this method of pricing options will not be part of the discussion in this thesis. How-

ever, some of the principles of option pricing with the Binomial method are applicable in the 

discussions in this thesis and may therefore be referred to later.  
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The Trinomial Method 

The Trinomial Tree method improves upon the Binomial Tree method by allowing for the third 

possibility of the price of the underlying asset to stay the same at each node (Clifford & 

Zaboronski, 2008). This third possibility is added to the other two possibilities that are in the 

Binomial method. It is a bit of an improvement on the Binomial method. It is normally used in 

option pricing situations which are not complex, but where the less complicated Binomial tech-

nique is nevertheless too simplistic to be useful.  

The Trinomial pricing method is probably even rarer in literature than the Binomial method. 

Many writers who have discussed methods used in option pricing have hardly mentioned let 

alone dealt with the Trinomial model in details. However, Clifford and Zaboronski (2008) have 

made a good effort discuss the use of this technique. They have endeavoured to explain how 

it is used and the circumstances where it can be used such as situations where the Binomial 

method is a bit more limited but do not need complicated techniques such as the BSM (Clifford 

& Zaboronski, 2008). Many recent writers have not really addressed this model. 

 

Clifford and Zaboronski (2008) have suggested that the Trinomial method was developed in 

response to the outdated Binomial method (Clifford & Zaboronski, 2008). In other words, the 

Trinomial method was supposed to improve upon the too simplistic Binomial method. The 

Trinomial method incorporated more features into its pricing than the Binomial technique and 

was therefore meant to be better. However, it is clear that the Trinomial method too, just deals 

with less complicated pricing situations, albeit, a bit more complex situation than those dealt 

with by the Binomial method.   

It is clear though, that the Trinomial Tree method suffers from some of the same shortcomings 

as the Binomial tree technique. The method is limited and not flexible enough. It does not 

incorporate the factors such as interest rates, dividends etc. into the values of the options 

being priced. Clifford and Zaboronski should have emphasised on these shortcomings a bit 
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more in order to give a truer picture. The Trinomial option pricing method will not be part of 

the techniques that will be discussed in this thesis. Therefore, for the same reasons as the 

Binomial method, the discussion on the Trinomial method will be left here. 

Martingale Pricing Model 

Martingale Pricing is a pricing of option contracts in which the price arrived at provides no 

arbitrage-free opportunities. Using a real-world stochastic process, a new process is con-

structed by adhering to a risk-neutral process (Neftci & Hirsa, 2000), (Austing, 2014). This 

involves selecting a correct numeraire (measure) as the benchmark for measuring the values 

of the other financial assets in a given portfolio. This also involves the change of measure in 

order to arrive at the correct option price (Neftci, 2000). 

Dufresne et al (1979) discussed in simple and easy to understand way how the Martingale 

approach could be used to value exotic options. They went on to also discuss the closed form 

solutions to several classes of these exotic options. 

Recent literature has also presented very good discussions on the martingale pricing model. 

Austing (2014) has discussed how and where this model can be used. Again, practical exam-

ples of how this model can be used would have been very beneficial (Austing, 2014). Neftci 

(2000) has also explained how this model works in easy to understand terms and how it can 

be used.  He has also discussed the situations in which it is more effective to use this model 

(Neftci, 2000). 

Although this technique is sometimes used, it does not work for some of the more complicated 

contracts. In fact, this method is not practical in some pricing cases where the Partial Differ-

ential Equations (PDE) would need to be used. One such PDE method is the Black-Scholes 

formula, the subject of this thesis (Crack, 2014), (Gan, et al., 2014). It is more applicable com-

pared to the Binomial technique in certain situations which involve measure theory from math-

ematics. Clearly, this technique is limited. In fact, Martingale pricing is not the focus of this 

thesis and therefore will not be discussed further. 
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There also pricing techniques that are purely numerical in nature. Some examples of such 

option pricing methods are the Monte Carlo and the Lattice Pricing methods. These option 

pricing methods use a lot of iterative computer programs. They are discussed in the next sec-

tions. 

The Monte Carlo Pricing Model 

The Monte Carlo uses computer program iterations in order to arrive at the price of an option. 

These iterations are repetitive until convergence is achieved (Wang & Wang, 2011). Conver-

gence results in the price of an option. The Monte-Carlo uses the process below in order to 

do this. 

Firstly, the potential future prices of the underlying asset or assets are calculated. These are 

then considered each in turn. Secondly, the values of options of each of these underlying 

assets are then calculated. This calculates potential future prices of the underlying assets 

(Austing, 2014). Thirdly, the pricing process ends with the calculation of the payoff of the option 

for each of the potential underlying price paths. This is then followed by the discounting of the 

payoffs back to the current time and then they are averaged to determine the expected price 

of the option under consideration (Austing, 2014). 

The Monte Carlo is more useful in cases where computational brute force is of much help. It 

is normally used to calculate the prices of exotic options such as Barrier options. In their report, 

Wang and Wang (2011) discussed the benefits of using the Monte-Carlo in the pricing of Bar-

rier options. This would be in scenarios where there is a lot of need for repetitive calculations 

that need massive computational power and loads of iterations.  

The Monte Carlo depends on the convergence of the its computer program iterations in order 

to achieve the option prices being sought (Crack, 2014). In other words, the conditions of 

convergence must exist in order to arrive at the price. So, the Monte-Carlo needs these con-

ditions to be met in order to be effective (Crack, 2014). The focus of this work however, is on 
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the BSM framework. The discussion on the Monte Carlo will therefore not feature much in this 

thesis from now on.  

Lattice Option Pricing 

In Lattice option pricing methods, the life of an option is broken up into clear discrete similar 

time steps. At every step, the value of the underlying asset can take on a number of possible 

values, usually two or three (Crack, 2014), (Liu & Zhao, 2013). 

In his book entitled “Basic Black-Scholes: Option Pricing and Trading”, Crack (2014) describes 

lattice valuation methods as normally building a tree of possible stock prices from 𝑡 to 𝑇. This 

is based on using risk neutral valuation, supported by riskless valuation (Crack, 2014). The 

price of a stock is modelled in discrete time steps. In addition to a stock, there is a risk-free 

asset. Crack describes how this process evolves into the Binomial valuation technique. How-

ever, there are many types of Lattice valuation methods apart from the Binomial. This all de-

pends on the number of new possible values at each time step. In the journal entry by Primbs 

et al (2007), a very good treatment of a Pentanomial Lattice Model is given (Primbs, et al., 

2007). This model deals with five new possible values at each time step. There seems to be 

more on the treatment of Lattice Options pricing in older literature than in newer literature.  

One is left with the sense that this pricing method is suitable in situations where the Binomial 

or the Trinomial techniques would be useful but find themselves limited. This could be in cases 

where there are more than two or three new possible price values at each step (Crack, 2014). 

Lattice valuation techniques such as the Pentanomial one would be of much help here. The 

discussion of Lattice valuation methods in this thesis will be left here since the focus of this 

thesis is on the BSM framework.  

2.1.3 Black-Scholes Models  

Drilling down further into the different option valuation methods, the Black-Scholes model is 

the next one to be considered. The review of literature on the BSM models is analysed in this 

section. The Black-Scholes model is one of the most researched and discussed models in 
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finance (Wilmott, 2008). There is certainly no shortage of literature on this model.  Central to 

the study of the BSM model are the questions “What is the BSM model?” and “What is it used 

for?”. These questions have been partially answered in section 1.1, 1.2.10 and 1.2.11. How-

ever, this research intends to use pre-existing literature to shed more light on the BSM frame-

work as an option pricing framework. It is an analytical option pricing formula (Crack, 2014) 

(Austing, 2014), (Wilmott, 2008), (Neftci, 2000). The BSM is the subject of this research. It 

comes in many guises.  

The BSM model will be broken down into two broad categories. The first category consists of 

models that are extensions of the existing BSM models by incorporating transaction costs, the 

constant volatility assumption, dividends, etc. Some of these assumptions are flawed. This is 

going to form a major part of the discussion on the BSM models for the rest of this thesis. 

The second category consists of BSM models that have a relaxed approach to the assump-

tions in section 1.2.13. The focus of the second category of models is on the estimation of 

BSM parameters. 

Extension of the Existing BSM models 

This section drills down into the first category of the BSM models. This category of BSM mod-

els are the models that incorporate the BSM assumptions (see section 1.2.13) in them. In 

these models, the restrictions of the BSM assumptions are not relaxed. The BSM models 

incorporate the impact of the assumptions on the BSM framework. The review will drill down 

on the general impact of some of these erroneous assumptions on the BSM framework 

(Wilmott, 2006), (Thomsett, 2015). 

The central question for the review of literature in this section in which the existing models 

have been extended is ‘What is the impact on the reliability and functionality of extending the 

existing models of the BSM model?’ This section will try and provide answers to this question 

by using pre-existing literature. It must be noted though that the review of literature in this 
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section will not be able to review all the BSM assumptions. It will only look at a few assump-

tions. 

As mentioned above, some of the assumptions upon which the BSM model was founded are 

false (Kwok, 2008), (Derman & Miller, 2016), (Yalincak , 2015). This has led to some of the 

expectations concerning the results produced by the BSM formula not being met (Naternberg, 

2015). The erroneous nature of some of these assumptions may be partially to blame as one 

of the causes of the VS. This is analysed later. It is however a fact that the inaccuracy of the 

BSM formula can be attributed to more than just the few erroneous assumptions referred to in 

section 1.2.13. These assumptions include the one on lack of transaction costs, the constant 

volatility assumption, no arbitrage opportunities etc. 

The paper entitled ‘Optimal Replication of Contingent Claims’ by Hodges and Neuberger 

(1989) discusses the transaction costs that arise as a result of hedging the contingent claims 

(options). The paper focusses on the general problem of finding the best way in terms of cost 

to hedge these financial derivatives. A financial intermediary will always have a strategy of 

hedging these which tends to be expensive. So, this strategy will be all about mitigating the 

expenses involved. The replication function is normally defined relative to the loss involved in 

the hedging strategy (Hodges & Neuberger, 1989). 

As alluded to earlier in section 1.2.13, the impact of the above transaction costs on the BSM 

model is that it contradicts the no transaction assumption. This therefore puts the BSM world 

at odds with the real-world financial markets (Derman & Miller, 2016). In other words, this 

could result in the BSM model not meeting its expected functionality (Kwok, 2008). This could 

in fact have an impact on the values of options calculated by the BSM formula. 

The paper is too focused on the cost of hedging though. It needed to have carried out a proper 

cost-benefit analysis of hedging. This would have helped bring out the benefits of hedging and 

its key positive contributions to trading in general. This paper is very important though to this 
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research in terms of helping with understanding of how the transaction costs impact the pricing 

of these financial instruments by the BSM model.  

Therefore, any assumption suggesting that there is an absence of such costs is false (Wilmott, 

2006), (Thomsett, 2015).  The most important point here though is that the transaction costs 

do exist and therefore, they do have an impact on the valuation of options by the BSM model. 

This is a clear example of the fact that the BSM model is founded on untrue considerations. 

Therefore, this does have an impact on the functionality of the BSM framework. By implication, 

this throws up question marks on the reliability of the BSM framework itself (Kwok, 2008), 

(Ehrhardt, 2008), (Thomsett, 2015).  

In the journal article by Dolinsky (2013), there is a clear acceptance that the transaction costs 

are part and parcel of pricing of options. In other words, it is an accepted fact that transaction 

costs do exist and therefore must be taken into account when dealing with options. This fact 

contradicts the assumption of zero transaction costs that was made when the BSM was being 

developed (Dolinsky, 2013).  However, Dolinsky (2013) does not provide much clarity on how 

these transaction costs should be incorporated into the option pricing framework in order to 

produce more accurate prices. More specific clarifications are needed in discussing how these 

transaction costs could be taken into account in the option pricing process. 

Leland was one of the first to work on how nonlinear PDEs would incorporate the transaction 

costs. In his paper entitled ‘Option Pricing and Replication with Transaction Costs’ (Leland, 

1985), Leland suggested a nonlinear model that was supposed to take into account these 

costs. The model itself is a forbearer to the ones that are currently being worked on.  

The paper by Kabanov and Safarian (1997) focuses on the pricing of options in the presence 

of transaction costs (Kabanov & Safarian, 1997).  However, Kabanov and Safarian (1997) 

found inconsistencies in Leland’s treatment of transaction costs. In fact, they discovered that 

there were limiting errors when options were priced in the presence of transaction costs 

(Kabanov & Safarian, 1997). This again supports the assertion that the transaction costs do 
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have an impact on the pricing of options by the BSM model. In other words, their impact will 

skew the expectations from the BSM model. This will affect the accuracy of the model. 

In his search for a solution to the above situation, Leland suggested a trading strategy based 

on the nice idea of a periodic revision of a hedging portfolio using modified Black–Scholes 

betas. He assumed that the level of transaction costs is a constant and claimed that the ter-

minal value of the portfolio approximates the payoff as the length of a revision interval tends 

to zero (Leland, 1985).  

However, Kabanov and Safarian (1997) computed the limiting hedging error of the Leland 

strategy for the approximate pricing of the European call option in a market with transaction 

costs. It is not equal to zero in the case when the level of transaction costs is a constant, in 

contradiction with the claim in Leland (1985). In other words, they found inconsistencies in the 

model that Leland arrived at when pricing options in the presence of transaction costs. 

It is clear that the presence of transaction costs does put the theoretical BSM world at odds 

with the financial markets. In other words, even the theoretical BSM parameters may not meet 

the expectations of the real-world. The point being made here is the IV should be recalculated. 

In other words, the IV should be modified. The recalculated IV should then input into the BSM 

formula in order to price options. Put another way, the IV itself, should be treated as a small 

mathematical expression and not just a number. In order to calculate more correct values from 

the BSM formula emphasis needs to be placed on the IV. This has thrown another light on the 

IV as one of the culprits of the inaccuracies that beset the BSM framework. However, the 

transaction costs are not the only source of inaccuracy for the BSM model, constant volatility 

is considered below. 

In the journal article by Dumas et al (1998), the writers directly ascribe the inaccuracy of the 

BSM model to among other things, the erroneous constant volatility assumption (see assump-

tion 1 in section 1.2.13). This, according to them, is one of the flaws that has led to the BSM 

arriving at less accurate values of options. This is one of the confirmations of the fact that the 
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constant volatility assumption in the foundations of the BSM model is false (Dumas, et al., 

1998).  

However, this thesis considers that the erroneous assumptions do play a part in the inaccuracy 

of the values that are calculated using the BSM formula (Thomsett, 2015). In his article, Thom-

sett (2015) questions the reliability of a model that has significant flaws in its underpinning 

assumptions. These assumptions do play a part in the accuracy of the model. The expected 

behaviour of the model has been impacted by these assumptions (Thomsett, 2015). In fact, 

Thomsett (2015) does go as far as narrowing down by singling out the IV as the main culprit 

of the inaccuracies in the BSM model. This thesis agrees with Thomsett’s assertion the IV has 

got a part to play in the inaccuracies that plague the BSM model. The thesis will continue to 

drill down and isolate the IV as a parameter of great importance in the search for the solution 

of the more accurate values being calculated by the BSM formula. 

 ‘Using data that contain bid and ask quotes for both options and stocks, the analysis investi-

gates the constant volatility assumption of the Black-Scholes model. The analysis adjusts for 

bid-ask spreads and finds evidence that is inconsistent with the constant volatility assumption. 

Instead, the results reveal a strong negative correlation between volatility and stock price, and 

they suggest that using a non-constant volatility model such as the CEV model would be more 

appropriate to price long-term options. Finally, transaction costs associated with the dynamic 

hedge tend to increase with an option's maturity but decrease as a percentage of the option's 

price’ (Swidler & Diltz, 1992).  

Swidler and Dlitz (1992) seem to be laying a finger of blame for the divergency of the BSM 

model from real market expectation at the foot of constant volatility assumption. In fact, they 

are suggesting that a non-constant volatility would be more appropriate to use. Clearly, this 

assumption is one of the problems that the BSM model possesses. Despite the fact that 

Swidler and Dlitz’s quoted literature above is from the mid-1990s, it can be seen that even 

from then, the constant volatility assumption was being questioned. 
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In fact, Thomsett (2015) went on to state that the constant volatility assumption is one of the 

most troubling of the flawed assumptions (Thomsett, 2015). Thomsett goes on to state that 

volatility is a factor that is independent of the price of the underlying security. Therefore, its 

value is not fixed over the life span of an option. Thomsett even went further by suggesting 

that volatility changes daily, sometimes significantly. 

The evidence above contradicts the constant IV assumption. It is clear that IV is not constant 

over the lifespan a financial derivative (Kwok, 2008). The fact that some of the assumptions 

that underpin the BSM framework are flawed has implications for the way the BSM model 

works, in particular its accuracy. 

The journal article by Horan et al (2004) clearly shows the IV is not constant (Horan, et al., 

2004). The IV from options of crude oil futures was shown to rise before information announce-

ments and it would fall after these information announcements. This clearly shows the sto-

chastic nature of the IV. This again continues to highlight the short comings of the assumptions 

in the BSM world. 

There is enough evidence that the assumption of constant volatility is flawed (Kwok, 2008), 

(Austing, 2014). This is one of the assumptions on which the BSM model was developed. This 

assumptions forms part of the foundations of the BSM model. It is one of the pillars of the BSM 

framework. The fact that it is flawed should raise yet another reliability question concerning 

the BSM model (Kwok, 2008), (Thomsett, 2015).  

Another assumption on which the derivation of the formula was based was the fact that if 

options were correctly priced, there would not be a possibility and chance to make sure profits. 

In other words, arbitrage opportunities should not be created by taking certain positions in 

trades of underlying securities and their options when there is correct pricing of options (Black 

& Scholes, 1973). Using this as one of the principles, the BSM formula was derived. It was 

developed to be an option valuation formula and it has proved to be very popular indeed. 

However, it is not a perfect formula as has already been pointed out. 
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It can be debated whether the lack of arbitrage opportunities principle is always achievable. In 

the real world, this may not always be true. In fact, this is not always achievable. These op-

portunities do exist from time to time (Wilmott, 2008), (Neftci & Hirsa, 2000). However, the 

markets do have mechanisms to close these opportunities out as soon as they avail them-

selves (Austing, 2014), (Naternberg, 2015). In the real world, it may seem as though these 

opportunities do not exist whereas they actually do. Therefore, this assumption is flawed. This 

is yet another question being raised about the reliability of the BSM model. 

The accumulation of all these flaws in the BSM assumptions coupled with other things have 

led to the disagreement between the BSM and the real financial markets. This build-up of the 

flawed assumptions above seems to result in the volatility smile phenomenon (Kwok, 2008), 

(Wilmott, 2006), (Derman & Miller, 2016). One of the ways this is displayed is through the VS. 

The VS shows the disagreement of the BSM world compared to the real world (Derman & 

Miller, 2016). One of the objectives of this thesis is to incorporate the impact of the VS phe-

nomenon into the BSM model.  

Before the global stock market crash in 1987, the BSM valuation framework seemed at least 

able to account for the option financial relatively well. This changed after October 1987 

(Derman & Miller, 2016). When a quote of IVs of traded options with the same maturity are 

plotted against their strike prices, the graph that is obtained is in a typical convex shape which 

resembles a smile (Kwok, 2008), (Austing, 2014), (Derman & Miller, 2016). In fact, this graph 

is referred to as a Volatility Smile for this very reason (Wilmott, et al., 1995). This has persisted 

since that financial crash of 1987 (Derman & Miller, 2016). This behaviour is not the expected 

behaviour. It is a horizontal straight line that is expected in when the graph above is plotted 

(Naternberg, 2015), (Crack, 2014), (Dupire, 1994).  

Dupire has gone into more detail concerning the use of the volatility smile as an option pricing 

tool. Dupire has used the Fokker-Planck equation and hedging techniques to develop a unique 

way to price financial derivatives. This has been useful in addressing options pricing in general 

(Dupire, 1994). However, this has not resolved the issue that the dependency of the IV on 
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strike prices and maturity suggests that the IV is not constant because of the VS that is nor-

mally obtained when graphing this relationship. 

 The main objective of this thesis is to try and mitigate the VS phenomenon effect by simulating 

a constant IV. The result of this effort would lead to a flat horizontal line as the graph obtained 

when the IVs are plotted against the strikes of options of similar expirations (Derman & Miller, 

2016), (Naternberg, 2015). 

Austing (2014) has sought to explain smile pricing by using the models that focus on the vol-

atility smile such as Heston’s stochastic volatility and Dupire’s local volatility models. He has 

endeavoured to explain and make volatility smile accessible by delving into the practical work-

ings of smile pricing in the financial industry (Austing, 2014). The criticality of this resource is 

its acknowledgement of the errors in the assumptions that were made by Black and Scholes 

in the development of the BSM framework. The questions posed by Austing help with the 

development of a clear set of research questions but also the definitive and robust treatment 

of the volatility smile and numerical methods. As mentioned earlier, Austing acknowledges 

that the cause of the smile is not clearly understood (Austing, 2014).  

Although Austing (2014) has sought to explain the causes of the VS, it is clear that there is no 

one reason that this is the case. There are many factors that contribute to the causes of the 

VS. It is evident that some of the factors mentioned in the preceding paragraphs do have a 

part to play in its existence. This thesis mentioned earlier that the flaws found in the BSM 

assumptions are some of the contributing factors to the VS phenomenon (Wilmott, 2006). 

Clearly, the fact that some of the underpinnings on which the BSM framework is founded are 

fatally flawed should result in the BSM behaving in an unexpected manner. This in fact is one 

of the reasons why the smile phenomenon exists (Kwok, 2008). This thesis disagrees with 

Austing’s assertion that the cause of the VS is unknown. In as much as the full reason why 

the VS exists is not known, it can be asserted that at least, the flawed assumptions do have 

something to do with it. 
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Another reason is the difficulty in determining accurate values of the IV. As mentioned earlier 

in section 1.1, the overview, all the BSM input parameters are observable except the IV. The 

observable input parameters can be physically determined with accuracy. However, the IV 

which is not physically observable is normally determined from the sentiment of the market. 

Therefore, its values are not accurately determined (Kwok, 2008).    

As pointed out above in this section, the impact of erroneous assumptions may have a part to 

play in giving rise to the VS. This is further aggravated by the fact that the IV is not accurately 

determined. This does contribute to the lack of accuracy of the option values calculated by the 

BSM model. Therefore, Austing (2014) could have focused more on the calculation of more 

accurate values of the IVs used in the BSM formula. 

In the conference article by Abdulla et al (2014) there is a clear acknowledgement that in order 

to obtain more accurate values of options, the IV functions need to be adjusted (Abdullah, et 

al., 2014). Therefore, this article constituted the investigation of the IV smile patterns of the 

Australian index options by using the dividend adjusted BSM option pricing model. The objec-

tive was to arrive at a better understanding of the IV smile phenomena.  

Estimation of Black-Scholes Parameters  

These group of models have taken a relaxed approach to the assumptions in section 1.2.13. 

In other words, unlike the models in the preceding section, they have ignored the effects of 

these assumptions. The models do not accord special treatment to these assumptions. The 

assumptions are treated as though they did not have any impact on the BSM model. The 

literature addressing these BSM models will now be reviewed.  

The central question that must be answered in this section should be ‘why has the IV been 

singled out as one the most important BSM parameters for estimation?’ The last section 

seemed to have narrowed down onto the IV as one of the BSM parameters to focus on when 

seeking solutions to the lack of accuracy that is inherent in the BSM framework (Abdullah, et 

al., 2014).    
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The model followed by European options is the BSM model. In other words, these options are 

modelled according the BSM formula which is in form of a stochastic differential equation 

(SDE) (Teka, 2013), ( Bayram, et al., 2017). This SE depends on unknown parameters. The 

derivation to achieve a solution to this SDE leads into the Geometric Brownian Motion (GBM) 

itself. According to Teka (2013), one way to estimate the parameters of the BSM PDE that is 

in the form of the GBM is to use the maximum likelihood estimation (Teka, 2013), ( Bayram, 

et al., 2017).   

This thesis will stick to the classical BSM model approach. Therefore, the thesis will not take 

the approach taken in the last paragraph. The thesis will follow the literature discussed in the 

following paragraphs below. In other words, the research will not concern itself too much with 

the various forms of the BSM formulas apart from the ones discussed in sections 1.2.10 

through to 1.2.11.         

The BSM is constituted of the different parameters such as the underlying asset price, the IV, 

time to expiration etc. These key BSM parameters and their functionalities are discussed in 

good details in sections 1.2.10 and 1.2.11 above. The parameters are normally input into the 

BSM model in order to calculate the values of options (Ehrhardt, 2008), (White, 2012), 

(Austing, 2014). Therefore, essentially, the accuracy of the values of options calculated will 

depend on the quality in terms of accuracy of these parameters. In fact, it can be argued that 

the more accurate these parameters are, the more accurate will be the values of the options 

being calculated. 

Wilmott (2006) has published a lot of literature on the BSM model (Wilmott, et al., 1995), 

(Wilmott, 2006). His treatment of the BSM model has been general for the most part. In the 

book entitled “Paul Wilmott Introduces Quantitative Finance”, Wilmott (2006) discusses the 

basics of the general form of the BSM model and its application to option pricing (Wilmott, 

2006). The model is firstly presented in its constituent parts. Its input parameters are discussed 

one at a time. Wilmott then proceeds to discuss how the model is used. In his three-part vol-

ume on Finance, Wilmott (2006) does an excellent and elaborate treatment of the BSM model. 
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However, he does not go into as much details to discuss the limitations of the assumptions 

upon which the model is based. He just discusses the way the BSM is used to price options 

(Wilmott, 2008).  

This could be considered a limitation. To produce a balanced treatment of the BSM models, it 

is key that both categories, that is the extension to the existing BSM models, and the models 

in which the focus is on the estimation of parameters of these models are given a thorough 

treatise. Therefore, Wilmott (2006) needed to give a balanced emphasis to both. 

However, his treatise of the BSM models has been very informative. In fact, few writers can 

claim to have produced more work on the BSM model than Wilmott (2006). His treatment of 

the BSM estimation of parameters BSM models has been very enlightening. Wilmott (2006) 

has discussed the constituent parts of these models of the BSM in greater details (Wilmott, et 

al., 1995), (Wilmott, 2006). More importantly, Wilmott (2006) has analysed the application of 

the BSM model to the pricing of both plain vanilla and exotic options of almost any type 

(Wilmott, et al., 1995), (Wilmott, 2006). In fact, his publications tend to be the go-to materials 

for anyone who needed to get enlightened on the BSM framework. 

In this literature, the BSM is used to calculate the values of options by inputting the values of 

the underlying assets, the interest rate, time to maturity and the IV (Wilmott, 2008), (Crack, 

2014), (Gonz´alez-Gaxiola & Santiago, 2012). These constituent parts, that is the BSM input 

parameters, are dealt with in greater details in sections 1.2.10 and 1.2.11. The calculation of 

the values of options are clearly laid bare in an introductory and understandable manner. The 

little emphasis in this literature on the impact of the BSM assumptions on the BSM models 

shows the relaxation of the assumption on this category of BSM models. 

Wilmott’s approach is aimed at introducing beginners to the theory. His papers, conferences 

and books have been used by a lot of people to understand the BSM theory. As mentioned 

earlier, his discussions have mainly focused on the BSM models with relaxed assumptions 

and how they are applied. There is a clear contrast between this approach with that of older 
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writers such as Merton (1973). The older literature tends to address the needs of more mature 

audience and not beginners.  

By pitching his writing towards the beginner to intermediate audiences, Wilmott (2006) has 

managed to focus on the BSM framework with its assumptions relaxed. This has led to a 

detailed discussion of this group of models (Wilmott, et al., 1995), (Wilmott, 2006), (Wilmott, 

2008). Wilmott has managed to show that this category of BSM models tend to be more 

straight forward to apply compared to the ones that are extended to incorporate BSM assump-

tions. They do not come with the complexities that are involved in taking care of the different 

assumptions and their side effects on the BSM framework that come with the second category 

of BSM models that incorporate the BSM assumptions.  

The limitation of this approach is that not all options are this basic. The complexity even in 

vanilla option considered in this thesis can increase steadily. When the use of the BSM is 

extended from this basic use to the next level, the dividend paying BSM formula will be one of 

the next (Crack, 2014). Weatherall (2017) has discussed the oddity that is found in the ex-

pected output of the BSM analysis apparently contradicting one of the core BSM assumptions 

of the BSM model on which the analysis is based, of constant volatility assumption by display-

ing the VS (Weatherall, 2017). This is clearly a limitation. 

The focus of this thesis is on the non-dividend paying BSM model. The limitations of the dis-

cussion above are firstly that it does not reflect the real-world scenarios in which the underlying 

assets do actually pay dividends (Wilmott, et al., 1995), (Kwok, 2008). The consideration of 

only options that do not pay dividends is a limitation and does not take into account the real 

world picture (Austing, 2014), (Crack, 2014).   

On top of considering the dividends, further relaxation to the BSM option valuation model could 

incorporate transaction costs when transacting in financial markets (Naternberg), (Crack). The 

discussion does not address the inadequacy of the IV. Continuing with the discussion of the 

dividend paying BSM formula, on top of the dividends payed to the markets participants that 
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own the respective securities, these is also the case of transaction costs that are incurred by 

these market participants (Naternberg, 2015). In this exposition, the volatility is the market one 

which is set by the sentiment of the market. It has its shortcomings and leads to values of 

options that are not very accurate (Wilmott, 2006). 

In the conference article by Edeki (2016), a modified version of the famous BSM option pricing 

model is presented (Edeki, et al., 2016). This modified BSM model uses a non-constant vola-

tility unlike the classic BSM model. This has been achieved by using the Constant Elasticity of 

Variance for Stock Options Valuation approach. In other words, this approach uses a non-

constant IV in the BSM model to price the options. The benefit of this journal article for this 

thesis is that it clearly shows that the IV needs to be modified and adjusted in order to achieve 

more accuracy from the BSM model.  

This conference article by Edeki et al (2016) continues to describe the transformation of the 

classical BSM PDE into an ordinary differential equation (ODE) (Edeki, 2016). This is key to 

this thesis as it discusses the various methods that have been researched in order to find the 

best technique for calculating more accurate values of options. The most important here is 

that point is that this is narrowing down on IV as the key to resolving the inaccuracy issue in 

the BSM model. 

The question that needs to be resolved is “what the solution to the lack of accuracy that is 

inherent in the BSM model?” 

It is becoming clearer from the literature above that as the search for the solution to the prob-

lem of lack of accuracy inherent in the BSM continues, volatility is becoming more prominent 

as part of that solution (Ehrhardt, 2008), (Austing, 2014), (Edeki, et al., 2016). In fact, as dis-

cussed towards the end of the last section, the literature seems to be rounding onto the IV as 

the one that needs adjusted to address the inaccuracy of the BSM lack of accuracy (Abdullah, 

et al., 2014). The next level in this search led to the stochastic volatility models (Austing, 2014), 

(Edeki, et al., 2016).  
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This article would be one of the articles that emphasise on nonlinear models as the new trend 

in the finding of solution to the problem in the lack of accuracy of the BSM model (Ehrhardt, 

2008). These nonlinear models of the BSM emphasise on the modified IV. This concept has 

already been referred to in the paragraphs above. The origins of the modified IV came from 

the knowledge that all the input parameters of the BSM can be determined accurately apart 

from the IV. Therefore, to calculate correct values of options, the value of the IV needed to be 

modified to suit the other input parameters (Leland, 1985), (Ehrhardt, 2008), (Ehrardt & 

Ankudinova, 2009). 

Michael Monoyois of Oxford University looked at how the indifference in price for a finite num-

ber of claims can lead to a nonlinear pricing rule (Monoyios, 2009). This work complements 

the models on which this research is based. A lot of insight has been drawn from Monoyois’s 

work. 

In his paper entitled ‘Calibration Problems in Option Pricing’, Düring (2009) of the University 

of Technology in Vienna discussed different approaches to calibrating volatility functions in 

the nonlinear BSM frameworks that are in the markets with frictions (Düring, 2009). This has 

been useful to the research as there has been focus on calibration of the models. 

The emphasis of Julia Ankudinova above and Michael Monoyios is should be on the nonlinear 

pricing model. In other words, the IV can be represented as a mathematical formula inside the 

BSM formula. This needs to be emphasised because this is the approach that this thesis is 

taking. However, both writers have not exactly suggested developing a mathematical formula, 

but this research is going to take the approach of developing a mathematical formula for cal-

culating a more accurate value of the IV. This formula can be presented inside the BSM for-

mula thus making it nonlinear. 

These nonlinear models are the central theme of the work by Matthias Ehrhardt et al in their 

book entitled Nonlinear Models in Mathematical Finance-New Research Trends in Option Pric-

ing (Ehrhardt, 2008), (Ehrardt & Ankudinova, 2009). They have gone to great lengths to 
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discuss the fact that extension of the BSM model by say, incorporating transaction cost, divi-

dends and relaxing the constant volatility etc, leads to nonlinear BSM models. The expressions 

that Ehrhardt and company arrived are clearly work in progress as they explicitly acknowl-

edged in their work (Zakamouline, 2006), (Ehrardt & Ankudinova, 2009). 

The evidence from the literature is narrowing down onto the volatility parameter of the BSM 

model (Leland, 1985), (Ehrhardt, 2008). The view of Leland (1985) was that to improve the 

accuracy of the BSM model, the volatility parameter, the IV, needed to be modified to suit the 

problem under consideration. After all, as mentioned above, the IV is the only parameter of 

the BSM formula that was not physical evidenced. It could not be determined with certainty 

(Kwok, 2008). It could only be determined from the sentiment of the market. 

This introduced a degree of inaccuracy in the values that BSM was able to calculate. It is clear 

therefore that if the accuracy of the values being calculated by the BSM were to be improved, 

there needed to be a way to calculate more accurate values of the IV parameter (Ehrhardt, 

2008),   

 

The work that Leland (1985) carried out on the BSM framework pin pointed the IV as the centre 

of focus (Leland, 1985), (Li & Abdullah, 2012). Leland developed a strategy for hedging in 

which the call option price was to be calculated by the BSM model using an adjusted volatility. 

His focus on the volatility brought the IV into sharp focus. In fact, Leland was of the first writers 

to identify the IV as the parameter to focus on when dealing with the failure of the BSM to 

accurately explain the financial option values. The Leland's strategy, exceeded the accuracy 

of the BSM model, contrary to the views of his critiques.  

The key point in the previous paragraph is the phrase “the IV functions need to be adjusted”. 

This term clearly shows that the IV needs to be modified to suit the BSM model and its other 

parameters in order to obtain more accurate options values. In other words, one of the solu-

tions to the predicament of the inaccuracies that are inherent in the BSM model could lie in 
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the adjustment of the IV. The review of literature seems to be narrowing down onto the IV.  

This is in fact one of the goals of what this thesis is endeavouring to achieve.  

Abdul et al (2014) seem to have come up with the right analysis on emphasising on the IV. 

The calculation of the correct IV could remedy some of the issues that cause the inaccuracies 

in the BSM formula. The fact that the IV is not determined physically always introduces some 

form of inaccuracy in the values of IVs used and also makes it one the key parameters to 

focus on when making improvements to the BSM model (Leland, 1985).   

2.1.4 The Gap 

The review of the literature above has identified the IV as the quantity to focus on when en-

deavouring to find the solution to the lack of accuracy that has plagued the BSM model when 

valuing options (Leland, 1985), (Ehrhardt, 2008), (Austing, 2014). This lack of accuracy has 

partly been attributed to the erroneous assumptions on which the BSM was founded (Paul 

Wilmott, 1995), (Thomsett, 2015).  

There are many attempted solutions that have been put forward to solve the volatility smile 

conundrum. None of those solutions has taken the approach taken in this thesis. The approach 

taken in this thesis is unique and has involved the combination of the use of convex functions 

and differential calculus. There is no clear evidence in literature of the approach taken in this 

thesis ever being used in other work. 

Therefore, this research work will set out to address this and fill in that gap in the body of 

literature and knowledge. In the ideal BSM world, the VS is not supposed to exist. Its existence 

owes much to do with the flaws in the BSM assumptions as other contributing factors (Edeki, 

et al., 2016). In fact, the VS is associated with the inaccuracies inherent in the BSM framework 

(Kwok, 2008), (Derman & Miller, 2016). The rationale behind the approach taken here is that 

of the reducing if not elimination of the VS. Therefore, as pointed out in earlier sections, this 

work will endeavour to calculate more accurate values of the IV.  
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As discussed above, sections, the visual evidence of that will be a flat horizontal line that will 

be obtained when IVs are plotted against the strikes. 

The Research Significance  

The options pricing market is a huge industry and attracts significant amounts of transactions 

and money (Wilmott, 2008), (Ehrhardt, 2008). Any mispricing of the trades can therefore result 

in huge amounts of transactions being mispriced. This could lead to a large proportion of mar-

ket participants incurring enormous losses at the hands of their counterparts.  

This therefore calls for more accurate option pricing techniques to be developed. As discussed 

before, the BSM formula is one of the most used methods in many trading floors for pricing 

options (Kwok, 2008), (Ehrhardt, 2008), (Wilmott, 2006), (Wilmott, et al., 1995).  

However, just to recap, it has been discovered that the BS formula has flaws in the assump-

tions that underpin its foundations (Wilmott, 2008). Therefore, it is not an accurate option pric-

ing model (Dupire, 1994), (Ehrhardt, 2008). Apart from the flaws in the assumptions that un-

derpin it, another flaw with the BS formula is that although most of its input parameters are 

physically observable, the IV is not. Therefore, they can be physically observed, and their 

values accurately determined. However, the IV is not physically observable and so its value 

cannot be accurately determined. This leads to errors in the values that are calculated by the 

BS formula (Kwok, 2008).  

These problems associated with the BSM framework are significant enough to warrant re-

searchers into looking at the solutions. It is just right that the solutions to these problems are 

sought. Therefore, this research will endeavour to develop a mathematical model that will 

calculate more accurate values of the IV. This is to try and reduce the amount of mispricing of 

the options and create fairness amongst the market participants. 
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Chapter Three – Methodology  

3.1 Introduction 

This section introduces the philosophy behind the methods and the procedures that show how 

the study has been carried out, the way data has been collected and the development of the 

theory.  

The methodology describes the design and philosophical underpinning of the research. The 

perception and conception of any research is based on the paradigm of the methodology, the 

strategy used, and the instruments employed in its execution. The aforementioned, will de-

pend on the objectives being pursued. These objectives will be the quest to discover a solution 

to a problem. The objectives of this research are outlined above in section 1.4 in chapter one.  

The aim of this chapter is to expound on the philosophy behind the research with respect to 

other philosophies, then discuss the strategy employed that is the methodologies that have 

been used and then present the instruments that have been used in order to achieve the goals 

being pursued (Mingers, 2001), (Thompson & Khamler, 2006). 

 

3.1.1 Research Philosophy 

Research philosophy is the belief about how the research on a given phenomenon should be 

conducted. This is about how the data should be collected, manipulated and how the findings 

will be used. The various research philosophies embodied by the terms epistemology and 

doxology. Epistemology means what is perceived (known) to be true. Whereas doxology 

means that which is believed to be true. Positivism and Interpretivism are two major philoso-

phies that are employed in conducting research (Aliyu, et al., 2014). 

Creswell (2003) suggested several philosophical approaches to research inquiry (Creswell, 

2003): 
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• Mixed Methods- There are many approaches to research. Including only Qualitative 

and Quantitative approaches would be very restricting indeed. The research under-

taken can either one or the other.  

• Critical, Advocacy Perspectives etc, have also emerged to the fore. These research 

perspectives are now influencing research design and must therefore be considered 

in any work of practice (Guba & Lincoln, 1994), (Tashakkori & Teddlie, 1998). The work 

by Tashakkori and Teddlie advocates the use of mixed methods. A lot of researchers 

like to choose one methodological philosophy and then stick with that for their entire 

work. However, Tashakkori and Teddlie recommended that mixed methodologies be 

used in order to enrich the research work to which the approach is applied (Tashakkori 

& Teddlie, 1998). 

• Qualitative and Quantitative- Research inquiry is much less qualitative or quantitative 

and more or less somewhere in the middle (Newman & Benz, 1998). That being the 

case, some research practice can still be tribal and belong to one or the other of the 

two approaches. There are some research scenarios that only subscribe to either a 

qualitative approach or a quantitative approach.  

It must be emphasised though that the art of research practice is above these labels discussed 

here. It is much more than the philosophical ideas. The research design must be combined 

with broad strategies and adapted to the requirements of the inquiry being pursued for them 

to be effective and efficient (Creswell, 2003). 

In her journal article Morrow (2005) emphasised the fact that the approaches taken must meet 

the standards of quality, known variously as validity, credibility, rigor, or trustworthiness 

(Morrow, 2005). 

In Croft’s (1998), Information Retrieval and Management: Concepts, Methodologies, Tools, 

and Applications, the following research design questions were conceptualised: 

• What will be the knowledge content the researcher will use (including a theoretical 

perspective)? 
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• What will be the strategies for the procedures? 

• How will the data be collected and what analytical techniques will be used? 

In answer to the questions above, two approaches have emerged above all the others. The 

first one is the quantitative approach and the second one is the qualitative approach. The 

former is also referred to as the Positivism approach whereas the latter is referred to the In-

terpretivism approach.  

3.1.1.1 Positivism 

Positivism contends that observations should be made in isolation from phenomenon and that 

findings be made objectively free of assumptions about the phenomenon being studied. This 

may involve putting reality through repeated observations (empirical experiments) by varying 

certain parameters and variables until findings are arrived at based purely on these observa-

tions without regard to reality or perceptions about the phenomenon (Collier, 1994), (Weber, 

2004). The findings will then be established as fact and used in other work as such. So, this 

sort of study will favour observations that are based on fact. This is the approach used in 

scientific research work and quantitative work. 

Positivism is logically connected to pure scientific laws and based on facts in order to satisfy 

the four requirements of falsifiability, logical consistency, relative explanatory power, and sur-

vival (Kura, 2012). Observations must satisfy the facts of scientific laws. Positivists believe 

that there is stability in reality and that facts are facts and cannot be altered. On top of this, 

positivists also believe that facts are quantifiable. There is a perception in society that claims 

that are not founded on positivism are not grounded enough and can be questionable and 

could therefore be treated as unscientific. Positivism seeks to measure the variables of a social 

phenomenon by using quantification (Kura, 2012). This might involve using statistical methods 

and mathematical manipulations before inference is made from the results so obtained. Some 

of the shortcomings of this paradigm is that it lends best to those things that are measurable 

and therefore those that are thought to be unmeasurable may be left unresearched. 
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3.1.1.2 Interpretivism 

Interpretivism on the other hand contends that observations cannot be done independent of 

reality. There are many philosophies that come under this paradigm, generally known as  

anti-positivism such as Phenomenology, Ethnomethodology etc. In other words, it is only 

through reality that subjective conclusions can be drawn. The observations must be guided by 

what is happening to the phenomenon in reality. So even the findings must be in line with what 

reality is saying. There is no way that inductions can be arrived at independent of reality. 

Findings are therefore subjective but take into account the real phenomenon and are not just 

based on empirical evidence through observations and experiments (Collier, 1994), (Creswell, 

2003). 

This is the approach taken by research in social sciences. Whereas positivists can investigate 

and document non-observable quantities such as the intelligence of individuals in a quantita-

tive way, interpretivists tend to use objectivity. There is less reliance on quantitative analysis 

and more on objective inductions. In fact, the observations used in this case are not scientific 

experiments, they are normally based on facts observed from reality (Creswell, 2003). The 

choice of the philosophy adopted as to be suited to the objectives espoused by the research. 

3.1.1.3 Mixed Methods 

A mixed methods approach is one where a researcher would use both the positivism and the 

interpretivism approaches (Creswell, 2003), (Collier, 1994). The rationale in doing so is to 

benefit from both, since each of these methods has got its advantages. In using a combination 

of the two, a researcher tends to base their knowledge assertions on pragmatic grounds 

(Creswell, 2003).  This approach deploys strategies of inquiry that involve data collection of 

both numeric information and also text information. Therefore, in the end, the researcher is 

left the final database represents both quantitative and qualitative data (Creswell, 2003).  

3.1.1.4 The Philosophy of this Thesis 

The review of literature above clearly identified the research will be calculating more accurate 

values of IV. This will need mathematical calculations. This thesis will heavily depend on 
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observed as well as mathematically calculated data and results. The table below will be used 

to arrive at the approach that is adopted in this work: 

 

Table 1.0-1-The Methodology Table 

Area Definition This Thesis 

Research Techniques The processes, procedures 

and methods used to do re-

search 

Mathematical calculations 

Research Methods Technique for data acquisi-

tion 

Simulation. Data almost all 

numerical 

Research Methodology Approach to the process of 

research encompassing a 

body of methods 

Mathematical and Quantita-

tive 

Research Paradigm Philosophical framework 

governing how scientific re-

search should be conducted 

(Positivism/Interpretivism) 

Positivism 

 

 

 

The research techniques, that is the research processes and procedures will be mainly math-

ematical calculations. In fact, even the theory that will be used will be mathematical, the con-

vex functions. The research will involve enough mathematics in it. The data for the research 

will be numerical. It will be composed of simulated numerical data. Therefore, the research 

will be almost purely quantitative in nature. 
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As can be concluded from the above table, the research philosophy that clearly suits this work 

is positivism (Collier, 1994), (Creswell, 2003), (Kura, 2012).  

 

3.2 Focus on the Data (Reliability and Transformation) 

The data that will be used in this research is going to be simulated instead of being gathered 

from other sources. Simulated data expected to behave like real data. Therefore, this simu-

lated data will replicate real options data from the financial markets.  

It has proved difficult to acquire the relevant and appropriate data from the financial markets. 

The second reason is that it will be easier to generate a lot more data than would otherwise 

be the case, by simply simulating it. This will help to improve the accuracy and reliability of the 

results obtained from the research. The third reason is that the data would be simulated under 

the assumptions that meet the reliability that is being sought in the data for this work. 

The assumptions that need to be met about the quality and reliability of the data are discussed 

below. 

3.2.1 Data Reliability Confirmation 

The data will have to meet the following assumptions and criterion in order to ensure that the 

simulated data is reliable enough to meet the requirements of this research work: 

(i) The data must be simulated using a mathematical formula that will be calculated 

from the historical market data. This mathematical function will then be used to 

generate this simulated data. It will be a predictive formula developed by using real 

world financial markets data. Although the simulated data is a time series one, the 

emphasis will be on the cross-sectional counterpart.  

(ii) The historical data from which this mathematical function will be calculated, will be 

gathered from similar options in the same industry as the options under consider-

ation. 
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(iii) The strike prices will have to be similar to the strike prices of similar options in that 

industry. 

(iv) The interest rates values will be based on the prevailing rates in the industry at the 

time of consideration.  

The historical data for this work will be taken from the Euro-Dollar Foreign Exchange options 

market. This industry was chosen because the VSs that are plotted from this industry tend to 

be more symmetric. This feature is important for this work because it generates a good op-

portunity to study some very representative VS data. The VS generated from this al data is 

key in this process. 

Calculating the Best Fitting Curve (Mathematical Function 𝒇(𝒙)) 

The mathematical function that will be calculated here is the one that will be used in the sim-

ulation of the data. The historical data from the market will be input into a C# program devel-

oped for this very purpose. This C# program will then process the historical data. The mathe-

matical function will then be calculated from this process. 

This function will then be used to simulate the data that is needed for the research. The reason 

for using the historical data to generate the function, is to ensure that the simulated data from 

this function should mimic the real market data as much as possible. More importantly, the 

simulated data must be able to generate the same VS as the market (historical) data that is 

being used to generate the function. This data must satisfy the assumptions in section 3.2.1 

above. 

The diagram below will be used to show the steps that will be used in the calculation of the 

mathematical function: 
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Steps in the calculation of the function 

First Step- Plot the Volatility Smile (VS) of a given Asset  

The first thing in each option valuation case will be to pick a number of 2-dimensional coordi-

nate points from historical data. These should be cross-sectional data of ordered pairs of the 

strike prices versus IVs cartesian products from the historical. This is the data that would be 

used to plot the VS of the underlying asset whose options are being priced. 

Each coordinate point (ordered pair) will be composed of an IV and a strike price. The IV is 

the first constituent of the coordinate point and therefore represents the dependent variable 

on the vertical axis of the VS. The strike price on the other hand is the second part and repre-

sents the independent variable on the horizontal axis (Naternberg, 2015) (Derman & Miller, 

2016).  

 

 

First Step 

The cross-sectional data of ordered pairs of the Strike Prices 

versus IVs cartesian products from the historical should be 

isolated. This is the data that would be used to plot the VS for 

the Historical Data for any options  

Second Step 

These ordered pairs will then be processed by the C# program 

in step one of the model development section in section 4.2 to 

calculate the mathematical function  
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Second Step- Use the Coordinate Points in the Mathematical Function  

These ordered pairs will then be processed by the C# program in step one of the model de-

velopment section in section 4.2 to calculate the mathematical function. Therefore, the next 

steps from here will be in section 4.2, the model development section. 

Once the mathematical function has been calculated, it should then be used in the simulation 

of data. This data will in turn be used in the calculation of the more accurate IVs as discussed 

below. The function will be used in conjunction with convex functions from functional analysis 

in mathematics. The details for this are discussed in section 4.2. This function will be reliable 

to use in options valuation because it will be calculated using real world financial historical 

data from the same industry as the options being valued. On top of this, the reliability of the 

option valuation process will be enhanced because the BSM input parameters themselves will 

be obtained reliably because of the details below: 

The Interest rates   

The interest rates quoted will be based on the prevailing financial market interest rates. This 

will help in using the BSM interest rate input parameter that is as reliable as possible. This will 

also aid in simulating as realistic a scenario as possible. 

The Strike Prices 

The strike prices used will be equivalent to the strikes of similar options in the same industry. 

The Time to Expiration 

The time to expiration for the simulated data will be chosen to be the same as similar options 

in that industry. It will be picked in such a way as to fit into the other parameters above. This 

is to ensure reliability.  
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The Asset Price 

The asset price will be close to the market price of similar underlying assets in the same in-

dustry. 

3.3 Research Method and Procedures 

The research will be carried out in seven clear steps. These steps will be discussed in greater 

details in section 4.1.2, the model development section.    

The first step is the preparation of the data that will be used in the research. This is discussed 

in detail in section 3.2.1 above. This will involve the calculation of the best fitting curve. The 

data for this calculation will be generated by using a C# program that has been developed for 

this very purpose. This best fitting curve is a function which will be presented in form of a 

mathematical function or a polynomial. As mentioned earlier, this will be the best fitting VS 

curve from historical data. The VSs are curves which can be represented as polynomials. A 

brief definition of polynomial is given below: 

“A function 𝑝: ℝ → ℝ is called a polynomial function if for all 𝑥 ∈ ℝ, 

𝑝(𝑥) = 𝑎𝑛𝑥𝑛 + 𝑎𝑛−1𝑥𝑛−1 + ⋯ + 𝑎0, where 𝑛 ∈ ℕ is called the degree of the polynomial 𝑝 and 

if 𝑎𝑛 ≠ 0, then the 𝑎𝑛s are coefficients of the polynomial” (Apostol, 1974), (Montesinos, et al., 

2015). Any polynomial is a continuous function (Montesinos, et al., 2015), (Apostol, 1974). 

In this thesis, volatility smiles are going to be represented by mathematical functions and in 

particular, polynomials. Although VSs are plotted from coordinate points that are stochastic in 

nature, the general trend in the curve of the VSs is represented by curves that are mainly 

polynomials.  Therefore, the best fitting curve referred to above is basically the curve that best 

represents the VS from the data that under consideration.   

As pointed out in section 3.2.1 above, the reason for using historical data is for this function 

to be able to simulate the patterns that are in the historical data. This is to improve the reliability 
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of the simulated data. The details on the calculation of the best fitting curve and therefore 

function will be completed in section 4.2.1. 

The data representing the coefficients of the polynomials describing three VSs will be gener-

ated from the C# program referred to above. The three polynomials generated by this C# 

program are the ones that best describe the VS represented by the data. In fact, the data 

generated by the program will also show how close each polynomial is to the VS by using a 

standard deviation. The polynomial with the smallest standard deviation is the one that best 

represents the VS described by the data. Therefore, the polynomial with the smallest standard 

deviation will be chosen.  

The first and second derivatives of this polynomial will be taken in the third step. This involves 

calculating the maximum or minimum of the function (curve). More details for doing so will be 

described in section 4.1.2. In order to be differentiable, the polynomial must meet the condi-

tions of differentiability discussed in sections 7.1 through to 7.2. 

The fourth step is where 𝑥1 and 𝑥2 will be calculated. These two points will be on either side 

of either the maximum or the minimum of the curve depending on what the case may be. 

These two points are variables that will be used in the convex functions calculations. The 

mean of the IVs is also calculated here. The quantity 𝜆 will be calculated in step five. 

The value of the 𝛼 will be calculated in step six. This involves solving the equation  

𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2. 

The main objective of the thesis will be achieved in step seven. This is where the IVs will be 

calculated. The objective of calculating more accurate values of IVs is achieved here. In other 

words, all the other steps culminate in this step, calculating more accurate values of IVs. It will 

be these values that will then be used in diagnostic testing and the sensitivity analysis in the 

rest of the thesis. 
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Chapter Four – Model Testing and Application 

4.1  Detailed description of the proposed estimation pro-

cedure  

 

To recap, before the 1987 global financial crash, the BSM model for valuing options seemed 

to explain the markets for options very well. However, this changed after the financial crash in 

October 1987. The financial markets in general and the equity index markets for options in 

particular have persistently disagreed with the BS model (Derman & Miller, 2016), (Wilmott, 

2006). This disagreement has been displayed in the form of a VS (Derman & Miller, 2016). In 

other words, the VS is the symptom of this disagreement.  

Prior to the crash, a flat horizontal line was displayed instead of a VS. In the subsequent pages 

that follow, this research will now endeavour to develop and implement a mathematical model 

that addresses the smile phenomenon. The work in this thesis will endeavour to make this 

graph a flat horizontal line. 

 Put simply, given options with the same maturity and written on the same underlying instru-

ment, the graph of their implied BS volatilities versus their strike prices must be horizontal flat 

line (Derman & Miller, 2016). The IVs for options from the same underlying asset with the 

same maturities must have the same IV. The mathematical model that will be developed in 

this thesis will aim to achieve this through the application of convex functions. 

4.1.1 A Brief Theoretical Framework on Convex Functions 

Here is a brief discussion of the theory of convex functions that are key in the development of 

the model in this thesis. A more complete and fuller discussion of these functions can be found 

in section 7.3 of the appendices section. 

A real valued function 𝑓 on an interval 𝐼 in ℝ is a convex function if for any two points 𝑥1 and 

𝑥2 in 𝐼 the chord joining two points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) on the graph of 𝑓 on the interval 

[𝑥1, 𝑥2] is on or above the graph of 𝑓 in this particular interval (Montesinos, et al., 2015).  
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In other words, a chord joining any two points on the graph of a convex function will have to 

either sit on the graph of the if it is a very short chord or will be above the graph if it is of any 

reasonable length. 

Put more technically, a real valued function 𝑓 on an interval of ℝ known as a convex function 

on 𝐼 if for any 𝑥1, 𝑥2 ∈ 𝐼 and 𝜆 ∈ [0,1], we obtain 𝑓(𝜆𝑥1 + (1 − 𝜆)𝑥2) ≤ 𝜆𝑓(𝑥1) + (1 − 𝜆)𝑓(𝑥2) 

(Montesinos, 2015), (Yeh, 2006). 

A function 𝑓 is strictly convex if for every 𝑥, 𝑦 ∈ 𝐼 ∈ ℝ with 𝑥 ≠ 𝑦, and every 𝜆 ∈ (0,1), the 

inequality is strict. In other words, the inequality now becomes:  

𝑓(𝜆𝑥1 + (1 − 𝜆)𝑥2) < 𝜆𝑓(𝑥1) + (1 − 𝜆)𝑓(𝑥2) .  

A function 𝑔: 𝐼 → ℝ is called a concave function (on the right of diagram above) if −𝑔 is convex. 

This function 𝑔 is said to be strictly concave if the inequality is strict. 

The equation of a chord through two points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) can be expressed using 

convex functions (Yeh, 2006): 

“Let 𝑓 be a real-valued function on an interval 𝐼 ∈  ℝ. Suppose further that 𝑥1 and 𝑥1, 𝑥2 ∈ 𝐼 

and 𝑥1 < 𝑥2.Then the equation through the two points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2))is given by: 

𝑔(𝛼) =
𝑓(𝑥2)−𝑓(𝑥1)

𝑥2−𝑥1
(𝛼 − 𝑥1) + 𝑓(𝑥1), for 𝛼 ∈ [𝑥1, 𝑥2]” (Yeh, 2006) where: 

𝑥1 < 𝑥2 are strike prices, 𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 and 𝜆 ∈ [0,1] is a correction factor that is applied 

to the convex functions in order to apply the correction that is needed to be achieved. 

In this research 𝑥1 and 𝑥2 are going to be two strike prices that will be chosen so as to achieve 

𝑓(𝑥1) = 𝑓(𝑥2). The key idea here is to be able to obtain a horizontal line when a chord is drawn 

between the points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)). In this particular case, the factor 𝛼 is going to 

be the mean of all the IVs being considered. As pointed out earlier, 𝑥1 and 𝑥2 are going to be 

the two strike prices on whom the condition 𝑓(𝑥1) = 𝑓(𝑥2) will hold.  
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The two values 𝑥1 and 𝑥2 are needed on both sides of the minimum value of the function. 

These two numbers have been calculated by equating 𝑓(𝑥) to the mean of the IVs which is 

0.340922222. This ensures that the condition 𝑓(𝑥1) ≅ 𝑓(𝑥2) is met. The reason for this is that 

the chord joining the points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) should be a horizontal straight line. With 

the condition above, a tight chord between (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) will be a horizontal 

straight line. The two strike prices 𝑥1 and 𝑥2 are now calculated. In order to do so, we equate 

𝑓(𝑥1) and 𝑓(𝑥2) to the mean of the IVs. The reason for this is so that we calculate 𝑥1 and 𝑥2 

whose images 𝑓(𝑥1) and 𝑓(𝑥2) are equal to the mean of the IVs.  

The idea behind this is that the equation of the chord joining the two points (𝑥1, 𝑓(𝑥1)) and 

(𝑥2, 𝑓(𝑥2)) is then a constant horizontal straight line so desperately desired as already pointed 

out in step two. This horizontal straight line will represent the average of the IVs, right in the 

middle of the IVs. This is key to working out an accurate IV. As already mentioned, if the value 

of an IV is on the extreme ends, the chances are that it may not be accurate. An accurate IV 

should not be an outlier. This is because the values are normally deduced from the market. 

The mean would therefore represent the sentiment in the market after taking into account the 

different views of the many different market participants and general events.  

So, because these values cannot be physically observed, it is difficult to arrive at exact num-

bers. Therefore, it becomes imperative to look for numbers that are not extremes. The law of 

averaging gives the most representative and accurate values. Again, 𝑓(𝑥1) ≅ 𝑓(𝑥2) are equal 

to each other and in turn both equal to the mean of the IVs. The above description is made 

clearer by the use steps below: 

 

4.2 Model Development 

The development of the mathematical model, which is the focus of this thesis will be explained 

here in this section. The explanation will first be done using an example from the Example 

Case study in order to clarify the model development procedure. The model will then be 
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applied to the Foreign Exchange Option market. This model will be developed in the following 

seven concise steps.  

4.2.1 Example Case Study 

The implementation of the of the model will achieved in the following seven steps. This is 

made clearer in the diagram below. The rationale and comments of these steps are discussed 

below:  
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Step One 

The Calculation of the Best 

Fitting Curve 

Step Two 

The Calculation of the Mathematical Function 

Step Three 

The First and Second Derivatives of the Function in Step Two 

Step Four 

The Calculation of mean of IVs, 𝑥1 and 𝑥2 

Step Five 

The Calculation of 𝜆 

Step Six 

The Calculation of 𝛼 

Step Seven 

The Calculation of the 

IV 
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Step One- Calculation of the Best Fitting Curve from Historical Data 

The first thing in the development of the model is the calculation of the best fitting curve. The 

C# program used in doing so will come up with a mathematical function (hitherto referred to 

as simply function). The function represents the equation of the curve. This function will be 

calculated from the historical financial market data under consideration at the time. The data 

will be obtained from the financial markets. 

This historical data will be the data from which the VS under consideration will be obtained. 

The reason for the calculation of this function will be to use it to simulate for the data that will 

be used in the development of the model. As mentioned above, the data that will be used in 

the model development in this thesis will be simulated by using this function.   

Suppose the data in the table below was the historical data for the Example case study, the 

first step would be the calculation of the function (polynomial) that will be used in the simulation 

of the data. The function is supposed to represent the best fitting curve drawn using the coor-

dinate points of the IV-Strike prices cartesian products used to plot the VS that is under con-

sideration (Xu, 2008), (Baumslag & Chandler, 1968). This function, 𝑓(𝑥), is the mathematical 

function or polynomial obtained from coordinate points used in the plotting of the VS using this 

data. Again, the data that is needed here is the cross-sectional counterpart data of the com-

plete options data. 

Implementation 

The Example Case Study below is purely for illustration purposes. This is only meant to show 

how the model is applied to the data. The complete data set for this case study is in section 

7.4, in the appendices. 
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The Example Case Study Data  

Underlying Asset Price: 70 

Strike Price: 0.338359 

Mean of IVs: 15.685 

Interest Rate: 0.05% 

Time to Expiration: 5 years 

 

 

Table 1.2- Historical Data for the Example Case Study  

IMPLIED VOLATILITIES (IVs) 
 

STRIKE PRICES 

35.54% 12.56 

35.54% 13.35 

35.40% 14.13 

32.55% 14.92 

32.30% 15.70 

32.00% 16.49 

33.50% 17.27 

35.00% 18.06 

35.00% 18.84 
 

 

The best fitting curve will be calculated using a C# programming language program. The re-

sults obtained are given in the table below. The results show the coefficients of the independ-

ent variable in each of three polynomials (Ayres & Mendelson, 1999), (Stroud & Booth, 2011). 

The order of each of these polynomials is also shown alongside the coefficients.  These poly-

nomials represent the curves that would represent the VS plotted from the historical data being 

considered. The polynomial representing a curve closest to the VS is the one that should be 

selected so that this polynomial (function) would be the one that would be used to simulate 

that data. 

To be more precise, the data is composed of the order of and the coefficients in each of the 

three polynomials. As mentioned, the data chosen should represent the curve that is closest 

to the VS that would be obtained if the data in the table above were plotted as a graph of IVs 

versus strike prices. The criteria for choosing the polynomial will be selecting the one with the 

smallest standard deviation.   
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Order of polynomial m = 1, Standard deviation = 0.0155093866937401 

Ceofficients = (0.367511178815449, -0.00169093138311927) 

 

Order of polynomial m = 2, Standard deviation = 0.0102073600115495 

Ceofficients = (1.10637943518939, -0.0971659034913107, 0.00303432795336543) 

 

Order of polynomial m = 3, Standard deviation = 0.0103333131856852 

Ceofficients = (-0.813169874401368, 0.277142988810324, -0.0210527681925976, 

0.000511639517218349) 

 

 

Step Two- Calculation of the Mathematical Function 

The function (polynomial) with the smallest standard deviation, which is 0.0102073600115495. 

This is a polynomial of order two. Therefore, this is the polynomial that will be selected. The 

rule of the thumb is the function with the smallest standard deviation is the one that should be 

picked for further consideration. When the coefficients are considered, the result is the poly-

nomial below: 

Implementation 

𝑓(𝑥) = 1.10637943518939 − 0.0971659034913107𝑥+ 0.00303432795336543𝑥2 

In the equation above, the 𝑥s represent the strike prices and the 𝑓(𝑥)s stand for the IVs. The 

IVs are calculated by inputting the strike prices into the equation above.                           There-

fore, to simulate data, a range of strike prices that would suit the options and the assumptions 

about these options would be selected. Then these strikes would be input into the equation 

above and the resulting values will be the corresponding IVs to these strike prices. This work 

is going to use Excel spread sheets to simulate data by using the polynomial 𝑓(𝑥) and the 

strike prices, that is the 𝑥s.  
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To use the BSM formula to calculate the values of options, the other BSM input variables such 

as interest rates and asset prices will be determined from the values of corresponding varia-

bles in the same industry as the options being priced. All that would be needed to price options 

would be to simply input all these variables into the BSM formula and the option values would 

be calculated. 

The equation 𝑓(𝑥)  above is the theoretical curve representing the VS from the historical data 

under consideration. The theoretical curve obtained from the function 𝑓(𝑥) may not bear a 

perfect resemblance to the VS that is plotted from historical data. The reason for this is that 

coordinate points used here are stochastic in nature and therefore only capture the general 

trend in the data. The graph of this function is given below: 

 

𝑓(𝑥) = 1.10637943518939 − 0.0971659034913107𝑥+ 0.00303432795336543𝑥2 

 

Figure 1.2  
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Step Three- First and Second Derivative of the Function 𝒇(𝒙) 

First Derivative 

Firstly, the first derivative function of 𝑓(𝑥) above would be calculated. The reason for this is 

to establish whether a stationary point where the graph of the function turns does exist on 

the graph of the function (Ayres & Mendelson, 1999), (Wrede & Spiegel, 2002), (DeChateau 

& Zachmann, 2011). Stationary points are the points where the graph of the function 𝑓(𝑥) 

turns and changes direction (Ayres & Mendelson, 1999), (Wrede & Spiegel, 2002). If there is 

more than one stationary points, one should be selected, anyone of them. The aim of estab-

lishing the turning point is so that two points, one on either side of the stationary point are 

established. The need for stationary points is necessitated by the definition of convex func-

tions which are used below.  A more complete discussion of the theory on differential calcu-

lus can be found in section 7.2 in the appendices.  

Implementation 

The first derivative of the function above is:  

𝑓′(𝑥) = − 0.0971659034913107 + 0.00303432795336543𝑥 

The graph of this first derivative is given below: 

 

Figure 1.3  
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The first derivative 𝑓′(𝑥) is equated to zero and then solved for 𝑥. The value of 𝑥 so obtained 

will represent the either the minimum or the maximum of the function 𝑓(𝑥). This is the strike 

price at which the VS has its lowest or highest point. In other words, this is the strike price 

that represents the lowest or the highest IV. Solving the first derivative for 𝑥 gives 𝑥 =

32.0222.  

This point may not necessarily be the same as the turning point in the graph itself. The 

points being used here are stochastic and therefore only represent the general trend.  

Second Derivative 

 In order to establish whether this critical point is a maximum or a minimum, the second de-

rivative is taken. If it is greater than zero, then it is a minimum and if less than zero, then a 

maximum (Ayres & Mendelson, 1999), (Wrede & Spiegel, 2002), (DeChateau & Zachmann, 

2011): 

𝑓′′(𝑥) = + 0.00303432795336543 

Since 𝑓(𝑥) > 0, this point is a minimum. Therefore, the function 𝑓(𝑥) has a minimum at 𝑥 =

32.0222. Again, this point is theoretical. This may not necessarily match the physical graphs 

that are plotted to represent this scenario because the graphs are drawn using stochastic 

points. These graphs drawn from stochastic points only represent the trends which are gen-

eral in nature. Trends do not necessarily represent specifics.  

Step Four- Calculation mean of IVs, 𝒙𝟏 and 𝒙𝟐 

The mean of the IVs, hither to referred to as the IV mean is calculated from the data set. 

This is simply the mean of all the IVs in the data set. Each of the two points 𝑥1 and 𝑥2 re-

ferred to above need to evaluate to a result that is equal or close to this IV mean 

when input into the function 𝑓(𝑥). In other words, when 𝑥1 and 𝑥2 are each input into the 

function 𝑓(𝑥), the function should evaluate to the mean IV or as close to it as possible. The 
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two points 𝑥1 and 𝑥2 will theoretically need to be one either side of the of the minimum point 

above, that is 𝑥 = 32.0222. This condition does not necessarily have to be the case as any 

𝑥s can be used as long as 𝑥1 < 𝑥2. 

Implementation:   

The mean of IVs calculated from the simulated data is 33.8359% or 0.338359. To calculate 

𝑥1 and 𝑥2, the roots of the equation calculated: 

𝑓(𝑥) = 1.10637943518939 − 0.0971659034913107𝑥+ 0.00303432795336543𝑥2 = 0.338359 

=> 𝑥1 = 14.2097 or 𝑥2 = 17.8125 

 

Figure 1.4  

 

 

Step Five- The calculation of 𝝀 

The value of 𝜆 is given by the formula below (Yeh, 2006), (Montesinos, et al., 2015): 

𝜆 =
𝑥2 − 𝛼

𝑥2 − 𝑥1
 

where 𝜆 ∈ [0,1]. In this step, despite the equation above, 𝜆 will take the value of 0.5. How-

ever, in section 4.2.1.1, where the effectiveness of the model is tested, 𝜆 will assume the val-

ues of 0, 0.25, 0.5, 0.75  and 1, one at the time. The reason for determining the value of 𝜆 is 
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that it will be used in the application of convex functions in step seven below as an input pa-

rameter. 

Step Six- Calculation of 𝜶  

The convex functions input parameter 𝛼 is the next one to be calculated. It will be calculated 

using the expression here:  

𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 

The theory of convex functions will be used. 

Example: 

When 𝜆 = 0.5, 𝛼 will be calculated as follows: 

𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 

⇒ 𝛼 = 0.5 × 14.2097  + 0.5 × 17.8125  

⇒𝛼 = 16.0111 

The quantity 𝛼 is a scaling factor which is an input parameter in the convex functions formu-

lae like the one that is used in step seven below. 

Step Seven- Calculation of the Implied Volatility (IV) 

Finally, the value of the IV will now be calculated using one of the convex functions formulae 

(Yeh, 2006): 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

The quantity 𝑔(𝛼) will represent the calculated IVs. The variables 𝑓(𝑥1) and 𝑓(𝑥2) will be in-

put parameters in the equation above. The variable 𝑥1 and  𝑥2 will be the input strike prices 

into 𝑓(𝑥1) and 𝑓(𝑥2) respectively.  
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Implementation: 

The next step is to calculate the value of the IV using the convex function 𝑔(𝛼) below. As 

mentioned earlier, 𝑔(𝛼) stands for the calculated IV. Simulated data will be used. The varia-

ble 𝑥2 = 17.8125  and 𝑥1 = 14.2097  as calculated in step four above. They are each on ei-

ther side of the mean of strikes which is 15.685 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(16.0111) = (
𝑓(17.8125)−𝑓(14.2097  )

17.8125−14.2097
) (16.0111 − 14.2097) + 𝑓(14.2097) 

⇒𝑔(16.0111) = (
0.338589981−0.3383591167

3.6028
) (1.8014) + 0.3383591167 

𝑔(16.0111) = 0.33847454885 

Therefore, the calculated IV in this case is 0.33847454885.  

The above seven steps are the ones that need to be carried out in the calculation of more 

accurate values of IVs. These will be the steps that will be followed in the calculation of the 

more accurate values of the BSM input parameter IV. 

4.2.1.1 Testing the Effectiveness of the Procedure 

To show the effectiveness of the model, the smile graph using the IVs calculated by this model 

and a quote of their corresponding strikes will be plotted. The resultant graph must be close 

to a horizontal flat line instead of a smirk or curve of some sort. In other words, the typical VS 

shaped graph must get as close to a horizontal flat line as much as possible (Derman & Miller, 

2016), (Naternberg, 2015).  

Put simply, the IVs in this graph must have the same value as much as possible across the 

strike prices in the graph. In other words, the values of the IV for each strike price must stay 

constant (Austing, 2014).  This will result in a flat horizontal line across the strikes. This will 

show that smile effects have been reduced or eliminated. Even more importantly, this will be 
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the evidence that the model that has just been developed, has mitigated or even eliminated 

the impact of the VS on the values of the IV as a BSM input parameter. 

Five different equidistant strike prices, the 𝑥s will be chosen. These strikes will be selected 

by varying the value of 𝛼 calculated. This will be achieved by using five equidistant 𝜆s in the 

formula below which can be found in section 4.2.1:  

𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2  

Since 𝑥1 and 𝑥2 are fixed, the only way to vary the value of 𝛼 is by varying the value of the 

variable 𝜆. Therefore, in this case, 𝜆 ∈ [0,1] will be varied by taking the equidistant values 0,

0.25, 0.5, 0.75  and 1 in the equation above. Then, each calculated 𝛼 will be used to calcu-

late an IV using the formula (refer to section 4.1.1): 

 

𝑔(𝛼) =
𝑓(𝑥2)−𝑓(𝑥1)

𝑥2−𝑥1
(𝛼 − 𝑥1) + 𝑓(𝑥1)  

The IVs which are represented by 𝑔(𝛼)s will be calculated. So, in order to assess the effec-

tiveness of the model, the first 𝑔(𝛼) is calculated at 𝜆 = 0. 

• At 𝝀 = 𝟎: 

⇒ 𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 ⇒ 0 ∗ 14.2097 + (1 − 0) ∗ 17.8125 

⇒17.8125 

Therefore  𝛼 = 17.8125 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(17.8125) = (
𝑓(17.8125)−𝑓(14.2097  )

17.8125−14.2097
) (17.8125 − 14.2097) + 𝑓(14.2097) 

⇒𝑔(17.8125) = (
0.338358998−0.338359167

3.6028
) (3.6028) + 0.338359167 

⇒𝑔(17.8125) = 0.338358998 
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Therefore, the calculated IV is  0.338358998 at 𝛼 = 17.8125 

• At 𝝀 = 𝟎. 𝟐𝟓: 

𝛼 = 16.9118 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(16.9118) = (
𝑓(17.8125)−𝑓(14.2097  )

17.8125−14.2097
) (16.9118 − 14.2097) + 𝑓(14.2097) 

⇒𝑔(16.9118) = (
0.338358998−0.338359167

3.6028
) (2.7021) + 0.338359167 

⇒𝑔(16.9118) = 0.33835904 

Therefore, the IV is 0.33835904 when 𝛼 = 16.9118 

• At 𝝀 = 𝟎. 𝟓: 

𝛼 = 16.0111 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(16.0111) = (
𝑓(17.8125)−𝑓(14.2097)

17.8125−14.2097
) (16.0111 − 14.2097) + 𝑓(14.2097) 

⇒𝑔(16.0111) = (
0.33835917−0.338359167

3.6028
) (1.8014) + 0.338359167 

⇒𝑔(16.0111) = 0.338359082  

Therefore, the IV is 0.338359082  when 𝛼 = 16.0111 

• At 𝝀 = 𝟎. 𝟕𝟓: 

𝛼 = 15.1104 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 
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⇒ 𝑔(15.1104) = (
𝑓(17.8125)−𝑓(14.2097)

17.8125−14.2097
) (15.1104 − 14.2097) + 𝑓(14.435) 

⇒𝑔(15.1104) = (
0.33835917−0.338359167

3.6028
) (0.9007) + 0.338359167 

⇒𝑔(15.1104) = 0.338359125 

Therefore, the IV is 0.338359125 when 𝛼 = 15.1104 

• At 𝝀 = 𝟏. 𝟎𝟎: 

𝛼 = 14.2097 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(14.2097) = (
𝑓(17.8125)−𝑓(14.2097)

17.8125−14.2097
) (14.2097 − 14.2097) + 𝑓(14.2097) 

⇒𝑔(14.2097) = (
0.33835917−0.338359167

3.6028
) (0) + 0.338359167 

⇒𝑔(14.2097) = 0.338359167 

Therefore, the IV is 0.338359167 when 𝛼 = 14.2097 

Results Summary: 

Below are the IVs and values of 𝛼 that have been calculated for use in the assessment of 

the effectiveness of the model that has been developed.  

Calculated IVs Values of 𝜶 

0.338358998 17.8125 

0.33835904 16.9118 

0.338359082 16.0111 

0.338359125 15.1104 

0.338359167 14.2097 
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Firstly, all these IV values are very close to one another in value. Secondly, these values 

have been averaged out by the averaging out effect of the model. Since each of the 𝛼 values 

represent different strikes, if a graph of IVs versus strikes were to be plotted, an almost flat 

horizontal line would be achieved. This would have the effect of mitigating the VS phenome-

non on these values.    

The results above are then used to calculate the best fitting curve.  

The Best Fitting Curve: 

Order of polynomial m = 1, Standard deviation = 3.16227768778199E-10 

Ceofficients = (0.338359834336849, -4.6963472153283E-08) 

Order of polynomial m = 2, Standard deviation = 3.38061702030164E-10 

Ceofficients = (0.338359856763433, -4.97826947860167E-08, 8.80396193932482E-11) 

Order of polynomial m = 3, Standard deviation = 3.58574286425635E-10 

Ceofficients = (0.338359390729095, 3.81711691859083E-08, -5.42502827633695E-09, 

1.14775738954293E-10) 

 

From the results in the table above, the smallest standard deviation and by some margin is 

3.16227768778199𝐸 − 10. The equation of this polynomial is given by: 

  

𝑓(𝑥) = −4.6963472153283 × 10−8𝑥 + 0.338359834336849 

 

The order of the above polynomial is one. It is essentially a straight line. This is in complete 

contrast to the VS curve that would be obtained from the historical data set at the beginning 

of section 4.2.1. The equation of the straight line is given by 𝑦 = 𝑚𝑥 + 𝑐, where 𝑦 is the de-

pendent variable and 𝑥 is the independent variable. The variable 𝑚 represents the gradient of 

the line. The 𝑐 represents the point where the straight line cuts the vertical axis. Therefore, 
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comparing the above polynomial 𝑓(𝑥) to the equation of a straight line, the following results 

come up. 

The gradient of the is given by −4.6963472153283 × 10−8. This value is so negligible that this 

straight line is virtually horizontal. Therefore, the values of the IVs across the strike prices in 

the graph will stay virtually the same. This shows the effectiveness of the model in mitigating 

the impact of the smile phenomenon on the values of the IVs.   

4.2.1.2 Diagnostic Testing and Application for the Example Case Study 

The values of the BSM input parameters for the Example Case Study are:  

Time to Maturity:  5 years 

Interest Rate:   0.05% 

Strike Price:    15.70 (Middle of the strike price interval) 

Cost of Carry:   0.00 

Price of Asset:  20.00 

Option Type:    Call 

Lowest IV:   0.32000000 

Calculated IV:   0.338475 (rounded off) 

Maximum IV:    0.35540000 

The values of the options that have been calculated using the three IV values are as shown 

below in the table: 
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Option Implied Volatility IV 

 

Strike Price (K) Value of Option(V) 

Lowest IV 0.32000000 15.70 5.7692 

 

Calculated IV 0.338475  

 

15.70 5.9706 

Maximum IV 0.35540000 15.70 6.1547 

 

 

The calculated call option price is within the acceptable range. This therefore implies that the 

calculated IV is meeting the expectations. 

 

Time to Maturity:  5 years 

Interest Rate:   0.05% 

Strike Price:    15.70 (Middle of the strike price interval) 

Cost of Carry:   0.00 

Price of Asset:  20.00 

Option Type:    Put 

Lowest IV:   0.32000000 

Calculated IV:   0.338475 

Maximum IV:    0.35540000 
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Option Implied Volatility IV 

 

Strike Price (K) Value of Option(V) 

Lowest IV 0.32000000 15.70 2.4204 

 

Calculated IV 0.338475 

 

15.70 2.6218 

Maximum IV 0.35540000 15.70 2.8059 

 

 

Again, the calculated put option price is within the acceptable range and thus confirming the 

accuracy of the calculated IV. 

 

4.2.2 Euro-Dollar Forex Case Study 

The complete data set for this case study is in section 7.5, in the appendices section. The 

calculation of the IV is just a matter of following the steps in 4.2.1.  

Euro-Dollar Forex Market VS in the UK- 1st January 2013 – 31st December 2013 

Euro-Dollar Forex Market VS in the UK- January 2013: Data 

Industry:       Foreign Exchange 

Option Market:   Euro-Dollar Forex Market 

Period:      1st January 2013 – 31st December 2013 

Interest Rates:   0.05% 

Strike Price:       1.31 

Mean of the IVs: 9.2726% 
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Table 1.3-Historical Data for the Euro-Dollar Forex Case Study VS 

IV (%) 
 

Exercise Price (Strike Price) 

10.6 1.15 

9.5 1.20 

9.0 1.32 

8.9 1.38 

9.6 1.47 
 

 

Step One- Selection of the Best Fitting Curve from Historical Data 

Using the Curve of Best Fit C# program to process the data in the table above, the results 

obtained are given in the table below. 

Order of polynomial m = 1, Standard deviation = 0.00633145298703161 
Ceofficients = (0.134710510863182, -0.0302994715208451) 
 
Order of polynomial m = 2, Standard deviation = 0.00208987390133953 
Ceofficients = (0.901049886347529, -1.21353619411938, 0.453082373097564) 
 
Order of polynomial m = 3, Standard deviation = 0.00224305861409307 
Ceofficients = (3.38472924268399, -6.91965270321975, 4.80382533424114, -
1.10109858070662) 

 

The polynomial with the least standard deviation is the one of order two. Its standard deviation 

is 0.00208987390133953 compared to 0.00633145298703161 and 0.00224305861409307 for 

the polynomials of order one and three respectively. Therefore, the polynomial of order two is 

the one that is selected from the three. 

Step Two- Calculation of the Mathematical Function 

Therefore, the mathematical function that is chosen is: 

𝑓(𝑥) = 0.901049886347529 − 1.21353619411938𝑥 + 0.453082373097564𝑥2 

This will be the function that will be used to simulate the data. 
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Step Three- First and Second derivative 

First derivative 

The first derivative: 

𝑓′(𝑥) = −1.21353619411938 + 0.453082373097564𝑥 

𝑓′(𝑥) = −1.21353619411938 + 0.453082373097564𝑥 = 0 

⇒ 𝑥 = 2.6784 

Therefore, the stationary point is at 𝑥 = 2.6784 

Second derivative 

The second derivative is: 

𝑓′′(𝑥) =  0.453082373097564 

Therefore, 𝑓′′(𝑥)>0. This means that 𝑥 = 2.6784 is a minimum. Therefore, the VS repre-

sented by here has a minimum. It is convex in shape. 

Step Four- Calculation of mean of 𝒙𝟏 and 𝒙𝟐 

The mean of IVs is 0.092726. 

𝑓(𝑥) = 0.901049886347529 − 1.21353619411938𝑥 + 0.453082373097564𝑥2 = 0.092726 

⇒𝑥1 = 1.24223 and 𝑥2=1.43617 

Step Five- Use 𝝀 = 𝟎. 𝟓 

In this step, 𝜆 = 0.5. 

Step Six- Calculation of 𝛼  

𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2   

⇒ 𝛼 = 0.5 ∗ 1.24223  + 0.5 ∗ 1.43617 
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⇒ 𝛼 = 1.3392 

Step Seven- Calculation of the Implied Volatility (IV) 

Using 𝑥1 = 1.24223 and 𝑥2 = 1.43617 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(1.3392) = (
𝑓(1.43617)−𝑓(1.24223)

1.43617−1.24223
) (1.3392 − 1.24223) + 𝑓(1.24223) 

⇒ 𝑔(1.3392) = (
0.092726186−0.092726567

0.19394
) (0.09697) + 0.092726567 

 

⇒ 𝑔(1.3392) = 0.092726377 

The calculated IV is therefore 0.092726377. This the calculated IV for the Euro-Dollar Forex 

case study. Therefore, this is the BSM volatility input parameter. 

4.2.2.1 Testing the Effectiveness of the Procedure 

• At 𝝀 = 𝟎,  

𝑥1 = 1.24223 and 𝑥2=1.43617 

⇒ 𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 ⇒ 0 ∗ 1.24223 + (1 − 0) ∗ 1.43617 

⇒ 𝛼 = 1.43617 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(1.43617) = (
𝑓(1.43617)−𝑓(1.24223)

1.43617−1.24223
) (1.43617 − 1.24223) + 𝑓(1.24223) 

⇒ 𝑔(1.43617) = (
0.092726186 − 0.092726567

0.19394
) (0.19394) + 0.092726567 

⇒ 𝑔(1.43617) = 0.092726186 
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The calculated IV at 𝜆 = 0 is 0.092726186 

• At 𝝀 = 𝟎. 𝟓,  

𝛼 = 1.3392 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(1.3392) = (
𝑓(1.43617)−𝑓(1.24223)

1.43617−1.24223
) (1.3392 − 1.24223) + 𝑓(1.24223) 

⇒ 𝑔(1.3392) = (
0.092726186 − 0.092726567

0.19394
) (0.09697) + 0.092726567 

 

⇒ 𝑔(1.3392) = 0.092726377  

Therefore, the IV is 0.092726377 at 𝜆 = 0.5. 

• At 𝝀 = 𝟎. 𝟕𝟓,  

⇒ 𝛼 = 1.29072 

𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(1.29072) = (
𝑓(1.43617)−𝑓(1.24223)

1.43617−1.24223
) (1.29072 − 1.24223) + 𝑓(1.24223) 

⇒ 𝑔(1.29072) = (
0.092726186 − 0.092726567

0.19394
) (0.04849) + 0.092726567 

⇒ 𝑔(1.29072) = 0.092726472 

The calculated IV at 𝜆 = 0.75 is 0.092726472. 

• At 𝝀 = 𝟏. 𝟎𝟎,  

⇒ 𝛼 = 1.24223 
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𝑔(𝛼) =
𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1

(𝛼 − 𝑥1) + 𝑓(𝑥1) 

⇒ 𝑔(1.24223) = (
𝑓(1.43617)−𝑓(1.24223)

1.43617−1.24223
) (1.24223 − 1.24223) + 𝑓(1.24223) 

⇒ 𝑔(1.24223) = (
0.092726186 − 0.092726567

0.19394
) (0) + 0.092726567 

⇒ 𝑔(1.24223) = 0.092726567 

The values of 𝑔(𝛼) stand for the values of IVs calculated. Below are the IVs and values of 𝛼 

that have been calculated for the use in the assessment of the effectiveness of the model 

that has been developed.  

 

 

Calculated IVs Values of 𝜶 

0.092726567 1.24223 

0.092726472 1.29072 

0.092726377 1.3392 

0.092726186 1.43617 

 

 

Firstly, all these IV values are very close to one another in value. Secondly, these values 

have been averaged out by the averaging out effect of the model. Since each of the 𝛼 values 

represent different strikes, if a graph of IVs versus strikes were to be plotted, an almost flat 

horizontal line would be achieved. This would have the effect of mitigating the VS phenome-

non on these values.    

 



111 
 

The Best Fitting Curve 

Order of polynomial m = 1, Standard deviation = 2.93783443525342E-10 

Ceofficients = (0.092729007800516, -1.96468978206662E-06) 

 

Order of polynomial m = 2, Standard deviation = 8.78725285309821E-11 

Ceofficients = (0.0927289202363256, -1.83386541237215E-06, -4.87182319514861E-

08) 

 

Order of polynomial m = 3, Standard deviation = Infinity 

Ceofficients = (0.0927297182679911, -3.63342599843794E-06, 1.30173750239728E-

06, -3.37244809431092E-07) 

 

The results above are the results that have been obtained.  

The Chosen Curve:  

Smallest Standard deviation is:  2.93783443525342 × 10−10. 

 

Order of polynomial:  

The order of the polynomial is One- It is essentially it is a straight line. (Unlike the curve of 

the historical data). The equation of the straight line is given by 𝑦 = 𝑚𝑥 + 𝑐, where 𝑦 is the 

independent variable equivalent, in this thesis to 𝑓(𝑥). This represents the values of IVs. 

The variable 𝑚 represents the gradient of the line. The 𝑐 represents the point where the 

straight line cuts the vertical axis. 

The Equation of the line: 

The equation of the line is: 
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𝑓(𝑥) = −1.96468978206662 × 10−6 𝑥 + 0.092729007800516 

Gradient of line:  

The gradient of the is given by −1.96468978206662 × 10−6. This is a very negligible value. 

Therefore, this straight line is virtually horizontal. Therefore, the IVs across the strike prices 

in the graph will stay virtually the same. This shows the effectiveness of the model in mitigat-

ing the impact of the smile phenomenon on the values of the IVs.   

4.2.1.3 Diagnostic Testing and Application for the Euro-Dollar Forex Case 

Study  

The values of the parameters of the BS formula in the NVDA Case study are:  

Time to Maturity:  1 years 

Interest Rate:   0.05% 

Strike Price:    1.31 (Middle of the strike price interval) 

Cost of Carry:   0.00 

Price of Asset:  1.40 

Option Type:    Call 

Lowest IV:   0.088465809 

Calculated IV:   0.092726377 

Maximum IV:    0.104684702 

The values of the options that have been calculated using the three IV values are as shown 

below in the table: 
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Table 0-1 

Option Implied Volatility IV 

 

Strike Price (K) Value of Option(V) 

Lowest IV 0.088465809 1.31 0.100527655 

 

Calculated IV 0.092726377 1.31 0.102198744 

Maximum IV 0.104684702 1.31 0.107087590 

 

 

The calculated call option price is within the acceptable range. 

Time to Maturity:  1 years 

Interest Rate:   0.05% 

Strike Price:    1.31 (Middle of the strike price interval) 

Cost of Carry:   0.00 

Price of Asset:  1.40 

Option Type:    Put 

Lowest IV:   0.32000000 

Calculated IV:   0.338475 

Maximum IV:    0.35540000 
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Option Implied Volatility IV 

 

Strike Price (K) Value of Option(V) 

Lowest IV 0.088465809 1.31 0.014916998 

 

Calculated IV 0.092726377 1.31 0.016588095 

Maximum IV 0.104684702 1.31 0.021476942 

 

 

Again, the calculated call option price is within the acceptable range. 

 

4.3 Sensitivity Analysis 

The sensitivity analysis will be conducted by varying the BSM parameters, one at a time while 

keeping all the others the same (ceteris paribus). The changes in the option prices computed 

will then be compared. 

4.3.1 Sensitivity Analysis for the Example Case Study 

The table below is the sensitivity analysis for the Example case study. This was conducted by 

varying each of the BSM input parameters firstly by +5% and then by -5% while keeping the 

others unchanged (ceteris paribus). The sensitivity of the changes in the values of the options 

are also compared. The results of this sensitivity analysis are analysed in  

The results for the above analysis are examined below: 
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Effect of an Increase or Decrease in the Factor ceteris paribus 

Factor Original 

Value 

Increase or 

Decrease   

(Percentage 

Change) 

Call 

Original Value 

=5.9706 

Put 

Original Value 

=2.62179 

Underlying 

Asset (𝑺) 

 

20 21 

(+5%) 

 

6.56846 

 (+10.01%) 

 

2.44080 

(-6.90%) 

Underlying 

Asset (𝑺) 

 

20 

 

19 

(-5%) 

 

5.38899 

(-9.74%) 

2.81895 

(+7.52%) 

Strike Price 

 (𝑲) 

15.70 16.485 

(+5%) 

5.68712 

(-4.75%) 

2.94963 

(+12.50%) 

Strike Price 

 (𝑲) 

15.70 14.915 

(-5%) 

6.27031 

(+5.02%) 

2.31011 

(-11.89%) 

Time to Expi-

ration 

(𝑻 − 𝒕)  

5 5.25 

(+5%) 

5.98632 

(+0.26%) 

2.67907 

(+2.18%) 

Time to Expi-

ration 

(𝑻 − 𝒕 )  

5 4.75 

(-5%) 

5.95117 

(-0.33%) 

2.56021 

(-2.35%) 
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Implied Vola-

tility IV 

(𝝈)  

0.338475 0.35540 

(+5%) 

6.15473 

(+3.08%) 

2.80589 

(+7.02%) 

Implied Vola-

tility IV 

(𝝈 )  

0.338475 0.32155 

(-5%) 

5.78614 

(-3.09%) 

2.43729 

(-7.04%) 

Interest Rate  

(𝒓)  

0.05 0.0525 

(+5%) 

5.89647 

(-1.24%) 

2.58922 

(-1.24%) 

Interest Rate  

(𝒓 )  

0.05 0.0475 

(-5%) 

6.04574 

(+1.26%) 

2.65477 

(+1.26%) 

 

 

 

4.3.2 Sensitivity Analysis for the Euro-Dollar Forex Case Study  

Effect of an Increase or Decrease in the Factor ceteris paribus 

Factor Original 

Value 

Increase or 

Decrease   

(Percentage 

Change) 

Call 

Original Value 

=0.10220 

Put 

Original Value 

=0.01659 

Underlying 

Asset (𝑺) 

 

1.40 1.47 

(+5%) 

 

0.15848 

 (+55.07%) 

 

0.00628 

(-62.15%) 
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Underlying 

Asset (𝑺) 

 

1.40 

 

1.33 

(-5%) 

 

0.05656 

(-44.66%) 

0.03753 

(+31.78%) 

Strike Price 

 (𝑲) 

1.31 1.3755 

(+5%) 

0.06134 

(-39.98%) 

0.03804 

(+129.29%) 

Strike Price 

 (𝑲) 

1.31 1.2445 

(-5%) 

0.15356 

(+50.25%) 

0.00565 

(-65.94%) 

Time to Expi-

ration 

(𝑻 − 𝒕)  

1.00 1.05 

(+5%) 

0.10286 

(+0.65%) 

0.01746 

(+5.24%) 

Time to Expi-

ration 

(𝑻 − 𝒕 )  

1.00 0.95 

(-5%) 

0.10153 

(-0.66%) 

0.01570 

(-5.36%) 

Implied Vola-

tility IV 

(𝝈)  

0.09273 0.09737 

(+5%) 

0.10407 

(+1.83%) 

0.01845 

(+11.21%) 

Implied Vola-

tility IV 

(𝝈 )  

0.09273 0.08809 

(-5%) 

0.10038 

(-1.78%) 

0.01477 

(-10.97%) 

Interest Rate  

(𝒓)  

0.05 0.0525 

(+5%) 

0.10195 

(-0.24%) 

0.01655 

(-0.24%) 

Interest Rate  

(𝒓 )  

0.05 0.0475 

(-5%) 

0.10246 

(+0.25%) 

0.01663 

(+0.24%) 
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4.3.1 Discussion of the Sensitivity Analysis on the Example and 

Euro-Dollar Forex Case Studies 

Underlying Asset Price (+5%) 

A 5% increase in the value of the underlying asset is leading to an increase in the value of the 

call option. The call option is increasing by 10.01% for the Example case study, whereas the 

increase for the Euro-Dollar Forex market is 55.07%. The lesson here is that the rise in the 

price of the underlying asset leads to a rise in the call option drawn on that particular asset. 

This is in line with the values derived from the payoff functions at expiration. As pointed out in 

section 1.3.2.2, the call option payoff function at expiration is given by (𝑆𝑇 − 𝐾)+ (Neftci & 

Hirsa, 2000), (Kwok, 2008). This clearly shows that an increase in the value of the asset 𝑆𝑇 

leads to a rise in the value of the option. It is also evident that the sensitivity of the call option 

to the increase in the asset price is more significant in the Euro-Dollar Forex market at 55.07% 

compared to the 10.01% increase in the Example case study. 

This increase in the value of the call option could be partly explained by the fact that the more 

valuable the value of the asset is, the more desirable to own that asset it will be (Crack, 2014). 

This also leads to the rise in the desirability of the call option written on that asset. It looks the 

desirability will go up with a greater value than the percentage increase in the asset itself (see 

table above), (Naternberg, 2015). In other words, the higher value of the asset makes it good 

for a long call.  

An increase in the value of the asset by 5% produced a decrease of about 42.11% in the value 

of a put option written on this underlying asset. This points to the fact that when the value of 

the asset goes up, it becomes less valuable to give it up for a fixed price. The desirability of 

putting such an asset on sale will decrease, and therefore this also affects the value of the put 

option written on that asset (Kwok, 2008), (Crack, 2014). This is supported by the fact that the 

value of the put option calculated by using the payoff function will decrease in this situation. 

 



119 
 

Underlying Asset Price (-5%) 

A decrease in the value of the asset of 5% led to the value of the call option going down by 

44.66% for the Euro-Dollar foreign exchange market. Even in the Example case study, this 

decrease in the value of the underlying asset has led to a drop of 9.74% in the value of the 

call option written on that asset. 

This can be attributed to the fact that a decrease in the underlying asset value is bad for a 

long call (Crack, 2014). This leads to the intrinsic value of the call becoming negative, in other 

words, a situation where this call option becomes worthless and the holder of that option does 

not then exercise it. On the other hand, this situation is good for a long put because the intrinsic 

value is going, thus leading the holder of the option exercising it. Clearly, the calculated IV has 

complied with the expected results in the above movements in the underlying asset. 

Strike Price (+5%) 

In the table above, a rise in the strike price of 5% has produced a drop in the value of the call 

by 39.98% in the Euro-Dollar case study and a drop of 4.75% in the Example case study. 

Again, the interesting fact here is the swing in the call option for the Euro-Dollar foreign ex-

change is more significant compared to the Example case study. The Euro-Dollar Foreign 

exchange market seems to have more sensitive options in relation to the changes in the BSM 

parameters.  

The drop in the value of the call option can be attributed to the fact that the intrinsic value of 

the call will decrease when the strike price of the option increases as per the payoff function 

(Wilmott, 2008). 

The option holder will have to give up a lot in terms of the strike price to acquire the underlying 

security at expiration. Therefore, this makes the right to exercise the option less valuable. The 

impact of this scenario is that the value of the call will fall (Crack, 2014).  
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The rise in the value of the strike has the opposite impact on the put option. The intrinsic value 

of the put will increase, and the option holder would gain more by exercising the right. This is 

supported by the increase of 129.29% and 12.50% in the values of the Euro-Dollar and the 

Example case study puts respectively in the tables above. Therefore, the value of the put 

option will go up. It is clear the calculated IV is giving the expected results and fitting into the 

expected theoretical behaviour. 

Strike Price (-5%)  

A drop in the strike price means that the holder of the call option does not have to give up a 

lot in order to gain the right to purchase the underlying security. This therefore makes buying 

the option more valuable. That is why in the table above, a decrease of 5% in the value of the 

strike price has led to a rise of 50.25% and 5.02% in the value of the calls for the Euro-Dollar 

and the Example case studies respectively. The greater sensitivity of the Euro-Dollar Foreign 

exchange options continues. 

On the other hand, a decrease in the strike price would reduce the intrinsic values of the puts. 

This is supported by the decrease of 65.94% and 11.89% for the Euro-Dollar and the Example 

case studies respectively. This fall in the intrinsic values of the puts would decrease the desir-

ability of having that right to buy the security on which the put is written (Naternberg, 2015), 

(Neftci, 2000). Therefore, the put option on that security would be less valuable. Again, the 

calculated IV has behaved according to the theoretical expectations.  

Time Expiration (+5%)  

On a non-dividend paying and any other security, a longer time to maturity tends to give the 

security more chances to end up with a positive payoff. Although the longer time to maturity 

can lead to more variations in the outcome concerning the payoff, it is generally agreed that 

the longer time to maturity provides a chance to a positive payoff for both call and put options 

(Crack, 2004). Both call and put options increase in value with longer times to maturity. This 

situation also seems true for deep in-the-money and out-of-the-money options. 
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This is supported by the results in the table above where an increase in the length to maturity 

of 5% has resulted in rises of 0.65% and 5.24% in the values of the call and put of the Euro-

Dollar options respectively. The increase in the values of both options for the Example case 

study is 0.26% and 2.18% for the call and the put respectively. This could also be explained 

by the concept of the time value of money. The longer it is to exercise the option the more 

valuable the option becomes (Crack, 2014), (Neftci & Hirsa, 2000). 

Time Expiration (-5%) 

A shorter time to maturity is generally viewed as not desirable for the values of options. This 

is attributed to the fact that the shorter the time to maturity, the less time value of money to 

beef up the value of an option. This is in fact supported by the fall in the values of both call 

and put options in the table above by 1.6% and 4% for the call and put options respectively 

when the time to maturity was reduced by 5%. 

Implied Volatility (+5%) 

An increase in the volatility of an underlying security implies that there a larger spread of future 

possible asset prices at expiration (Naternberg, 2015). An example of this would be to take a 

case of a non-dividend paying security that may be worth £80 or £90 in a couple of months’ 

time each with a probability of half. A call option on this security with a strike of £85 which is 

expiring at 𝑇 will therefore have a payoff of ((0.5 × £10) + (0.5 × £0)) which is either £0 or £5. 

Each strike has a probability of half. 

If the returns on the investment had a higher volatility, the asset could take values such as 

£75 and £95, each with a probability of half. This would give that option a potential value of 

£10. A greater spread of potential outcomes for the security increases the value for the holder 

of the option be it a call or a put. This therefore increases the expected gain obtained from the 

in-the-money options but does not affect the out-of-the-money payoffs (Crack, 2014). 

This is supported by the rise in the values of both calls and puts for the two case studies being 

considered here. In the Euro-Dollar case study, the increase in the values were 1.83% and 
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11.21% for the call and put respectively. The increases in the two types of options under the 

Example case study were 3.08% and 7.02% for the call and put respectively.    

Implied Volatility (-5%) 

A lower volatility means a decrease in the variability of the underlying asset prices. In other 

words, it means that the changes in the possible asset prices are lower. Therefore, the 

chances of the underlying assets only achieving significant increases in values are reduced 

(Naternberg, 2015). This also lowers the desirability of the options written on those assets.  

This could imply more certainty and therefore desirability both to own and to sell the derivatives 

of associated with this security. This implies that a decrease in future volatility could increase 

the expected payoffs for in-the-money calls or puts. This is supported by the results in the 

table above. 

A decrease of 5% in volatility has led to an 8.35% rise in the call and a 16.39% increase in the 

put. This is in line with the expected theoretical results (Crack, 2014). The calculated IV pro-

duces the expected results. 

Interest Rate (+5%) 

When interest rates are high, this affects the present value of the strike prices of options in the 

negative way. In other words, the present value of the option will potentially decrease. This 

would lead to an increase in the value of the call option because the strike price of the option 

being given up in order to own the option is lower, and therefore easier to give up. This is the 

case in the table above. 

The value of the put option could also increase because the lower present value of the strike 

could make potentially the other party in the transaction desire to buy it. This is also the case 

in the table above. 
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Interest Rate (-5%) 

A reduction in interest rates have led to higher present values in the strike prices of the options. 

This could in certain instances lead to higher desirability of the of the put options because of 

higher strikes. This would in turn lead to increased values of puts as shown in the table above.  
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Chapter Five- Discussion 

• Each objective designed in Chapter 1 to be examined and results: 

▪ Presented clearly 

▪ Discussed and compared based on past findings/literature 

▪ Reflect back on the predetermined research question(s) 

5.1 Research Questions Revisited  

The first research question that this thesis set out to explore and answer is stated here:  

• Can a mathematical formula be developed that can compute more accurate values of 

the IVs in order to improve the accuracy of the BSM model so that it can calculate more 

accurate values of European vanilla options? 

The research has endeavoured to develop a mathematical model in section 4.2.1. The de-

velopment of the model employed of the seven steps which used simulated data. The relia-

bility of the data was confirmed by using the assumptions made in section 1.2.13. The thesis 

used this historical data for modelling a mathematical function in order for this function to in-

corporate the patterns in this data and then adapt these into the simulation of data to be 

used in the research. The reason for this is to simulate data that is reflective of the real-world 

data.  

This thesis has employed the mathematical convex functions in the quest to answer the above 

research question to calculate more accurate values of IVs to be used as BSM input parame-

ters. The deployment of these convex functions in section 4.2 has led to the development of 

the mathematical model that can be used to calculate more accurate values of the IV. These 

IVs were then assessed and tested to confirm how reliable and how accurate they were.  

Secondly, these calculated IVs were used to analyse the sensitivity analysis of changes in the 

BSM input parameters versus the values of call and put options respectively. The results of 

the sensitivity analysis did again meet the expected theoretical behaviour for IVs. This 
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confirmed the accuracy that was expected from the more accurate IVs that would input pa-

rameters for the BSM models. 

 

The second research question that was dealt with is:  

• Can a mathematical formula be developed that addresses the smile phenomenon dis-

cussed above? 

In order to address the smile effects, the IV values need to be the same across the strike 

prices of a quote of options with the same expiration.  To deal with the smile phenomenon, in 

the graph plotted by having the IVs on the vertical axis versus the strike prices on the horizon-

tal axis needs to be a flat horizontal line. As discussed in section 1.4.14, the IVs of the at-the-

money options need to be same the IVs of the in-the-money and out-of-the-money options 

across all the strike prices for options with the same expiration. In other words, a flat horizontal 

line must be the graph that must be obtained instead of a curve such as a smile shaped curve. 

This has been achieved in sections 4.2.1 and 4.2.2. 

The effectiveness of this model was assessed in section 4.2.1.1. The rationale behind the 

assessment was to verify whether the model would calculate the IVs whose values would stay 

the same across the different strike prices of a quote of options with same maturities. In other 

words, if a graph of these IVs were plotted against the strikes, a horizontal straight line would 

be obtained in the place of a VS (Austing, 2014). 

The point in doing this is to show the mitigate or almost eliminate the effects of the smile 

phenomenon on the IVs. The assessment that was carried out in section 4.2.1.1 showed 

straight lines that were virtually horizontal being obtained. This proved the effectiveness of the 

model in calculating more accurate values of IVs. 

The calculated IVs did meet the expected results and behaviour when firstly, assessed for the 

expected results as BSM input parameters. In section 4.2.1.1, the values of these IVs stayed 
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the same across the strike prices, thus leading to a flat horizontal line when the IVs versus 

strikes are plotted. This is key, as it signifies the mitigation of the effects of the smile phenom-

enon on the IV. In order to produce accurate results, the IVs need to stay constant in order to 

replicate the BSM world on which the BSM foundations are based as pointed out above 

(Leland, 1985), (Derman & Miller, 2016). When the values of the IVs stay the same across the 

strikes, they replicate this BSM world. Therefore, the smile effects, are mitigated. 

The third research question that has been dealt with in this thesis is: 

• How sensitive is the BSM formula to the changes in each of its input parameters ceteri 

paribus? How does each of these changes affect the option values that are being cal-

culated by the BSM formula?  

A sensitivity analysis was carried out on the input parameters of the BSM in order to study 

how each of these changes affected the options values that were calculated by the BSM for-

mula. Stated below were the themes that were garnered from this sensitivity analysis. 

Changes in the Underlying Security 

According to the sensitivity analysis above, if the value of the security went up, the security 

would become more valuable to own. This would be transferred to the call option written on 

this underlying security. As the value of the asset went up, so would the desirability to own the 

call option derived from this asset. This is explained by the payoff function (𝑆 − 𝐾, 0)+. The 

higher the asset price, the higher its payoff. In other words, the value of the call option would 

go up (Crack, 2014). 

A reduction in the price of the underlier led to the fall in the value of the call option. In other 

words, when the value of the underlying asset went down, the desirability of owning the call 

option written on it also went down (Crack, 2014). The holder of the call option would feel that 

they would not make much money by selling the security when they got a hold of it. 
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The opposite of the two scenarios would happen in the case of the put option. When the value 

of the security goes up, the put option would become less desirable because the holder of the 

put option would be paid a low strike price for a security. The payoff for a put option is given 

by (𝐾 − 𝑆, 0)+. Therefore, the payoff will be less and less as the value of the security goes up. 

This would result in a low payoff for the put option holder.  However, the opposite would be 

the case for a put option when the value of the asset goes down. The put option will be more 

desirable because the payoff, that is  (𝐾 − 𝑆, 0)+, will increase (Paul Wilmott, 1995), (Crack, 

2014). 

Strike Price 

When the strike price of a call option goes up, the payoff, that is 𝑚𝑎𝑥(𝑆 − 𝐾, 0)+ will decrease. 

Therefore, the call would normally become less desirable when its strike is high. In other 

words, the holder will have to give up a lot more money to own it in relation to the value of the 

underlying asset. 

For a put, an increase in its strike will lead to a bigger payoff. This would will make it more 

desirable because the holder would receive more money for selling the option (Ehrhardt, 

2008), (Wilmott, 2008). 

A decrease in the strike, would lead to a higher payoff for a call option holder. This would make 

it more desirable own. The opposite would be the case for the put. When the decreases, the 

payoff of the put will also decrease thus making it less desirable to own (Austing, 2014), (Kwok, 

2008), (Wilmott, et al., 1995). 

Time to Expiration 

Generally speaking, a longer time to expiration is good for both calls and puts. This has to do 

with the time value of money. A longer life time also means that the holder of an option could 

more things with that option therefore leading to more outcomes with the option (Kwok, 2008) 

In particular, for a far-in the-money put, the longer time to maturity is particularly good for it 

(Paul Wilmott, 1995), (Crack, 2014). 
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A shorter time to expiration is normally seen as not being good for both calls and puts (Crack, 

2014). The reason for this has got to do with both the time value of money and also the limi-

tation for more outcomes for the option. 

Volatility 

When volatility increases, it leads to a wider spread of possible outcomes in terms of prices 

for the underlying asset. This is good for the holders of both calls and puts (Crack, 2014). 

However, lower volatility could signal certainty and therefore increase the desirability of the 

options in the market. 

Interest Rates 

Higher interest rates could lead to lower present values in the strikes. This would lead to an 

increase in the value of the call option because the strike price of the option being given up, 

to own the option is lower, and therefore easier to give up. 

A reduction in the interest rates can lead to higher desirability of both calls and puts. This 

would in turn lead to higher values of these options. 
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Chapter Six- Summary 

6.1 Concluding by summarising: 

▪ The Theory 

▪ Literature 

▪ Findings 

▪ Implication(s) to various stakeholders made clear 

▪ Future expectations and direction 

6.1.1 The Theory 

The main theory that has been employed in this thesis is the mathematics theory of convex 

functions (Yeh, 2006), (MacDonald, 2013), (Niculescu & Persson, 2004). (Dahl, 2010). The 

gap that existed in the body of knowledge as there is no clear evidence of any other work 

having used this approach. Therefore, the convex functions have formed the main stay of this 

work. 

6.1.2 Literature 

The work that Leland carried out on the BSM framework pin pointed the IV as the centre of 

focus (Li & Abdullah, 2012). Leland (1985) developed a strategy for hedging in which the call 

option price was to be calculated by the BSM model using an adjusted volatility. His focus on 

the volatility brought the IV into sharp focus. In fact, Leland was of the first writers to identify 

the IV as the parameter to focus on when dealing with the failure of the BSM to accurately 

explain the financial option values. The Leland's strategy, exceeded the accuracy of the BSM 

model, contrary to the views of his critiques.  

6.1.3 Findings 

There is no evidence in literature of the approach taken in this thesis in developing the IV 

model. There is a lot of work out there that is focused on improving the BS formula as a whole. 

There has also been work that has focused on the IV itself. However, they take different ap-

proaches to the one taken in this thesis. The focus on the IV is understandable. As pointed 
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out earlier, all the parameters of the BS formula are observable apart from the IV (Kwok, 2008), 

(Wilmott, et al., 1995). In other words, all these parameters can have their values determined 

with a reasonable degree of accuracy apart from the IV.  

It is therefore reasonable to state that some of the inaccuracy given by the BS formula in its 

calculations can be attributed to the IV. This is because the IV is unobservable and therefore 

cannot be determine with a great deal of accuracy. The IV is normally determined from the 

mood of the financial markets. Although of course it is clear that some of the assumptions that 

underpin the BS are themselves false, it is clear that part of the inaccuracy of the BS formula 

stems from the fact that the value IV is normally determined from the sentiment and mood of 

the financial markets. This is one of the reasons why this thesis has concentrated its efforts 

on the IV. 

The other focus of the thesis has been finding the range of strike prices that are consistent 

with the prevailing IV. As discussed earlier in the thesis, the inaccuracy in the BS formula 

could also emanate from the fact that the strike prices are out of kilter with the IVs that are 

being used. The strike prices are determined at the beginning of the options contract. They do 

not necessarily reflect the mood of the markets and also the values of the prevailing IVs ac-

curately.  

6.1.4 Implications of this Research 

The biggest beneficiaries of the model will be the market participants. The benefits are dis-

cussed in section 2.1.4. The governments will be the other beneficiaries as they seek to en-

force good governance and ethics in their financial markets.  

6.1.5 Limitations of the Research 

The biggest limitation that this research faced was the availability of data and access to it in 

the process of the execution of the research. The financial markets data could not be obtained 

from the University of Bedfordshire terminals. The researcher has had to make do with scanty 

data from the internet. Without doubt the difficulty in obtaining data has proved the biggest 
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obstacle in the execution of this research. The limited exposure in terms of experience to the 

practicalities of financial markets has been another problem. Exposure to trading environ-

ments would have provided a boost to the research. 

6.1.6 Future Recommendations 

Future researchers should continue to make incremental advancements because there is a 

lot more that can be achieved in this field. There is more that can be achieved in the area of 

options pricing. Future focus should lie on reconfiguring the BS formula based on realistic 

assumptions in order to come up with techniques that are a step forward in improving the 

accuracy of the model. This thesis believes that that IV will continue to present opportunities 

for advancement. 
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7.1 Appendices 

7.1.1 Theoretical Framework 

7.1.1.1 Metric Spaces 

A distance on a nonempty set 𝑀 is called a metric if it is a mapping 𝑑: 𝑀 x 𝑀 → ℝ such that it 

satisfies the following conditions: 

i) 𝑑(𝑥, 𝑦) ≥ 0 for all 𝑥, 𝑦 ∈ 𝑀 

ii) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦 

iii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑀 

iv) 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝑀 (Triangular inequality) 

The couple (𝑀, 𝑑) is known as a metric space. If it is clear that a metric space is being referred 

to, 𝑀 will suffice (Muscat, 2014). 

A metric is a distance function that respects the concept of distance. This is important leading 

up to the concept of convergence and continuity which are key to differentiability of functions.  

Therefore, a clear understanding of metric spaces is key to this thesis. So, in order to under-

stand the concept of options valuation, it is important to understand the concept of distance 

and metric spaces. From the mathematical point of view, the spaces in which the options 

contracts that the thesis is considering are set up in metric spaces. 

7.1.1.2 Vector Spaces 

A vector (linear) space over a field 𝔽 is a set on which are defined an operation of vector 

addition +: 𝑉 × 𝑉 → 𝑉 which satisfies associativity, commutativity, zero an inverse axioms. 

This set also has defined on it an operation of scalar multiplication 𝔽 × 𝑉 → 𝑉 that satisfies the 

distributive laws: for every 𝑥, 𝑦, 𝑧 ∈ 𝑉 and 𝜆, 𝜇 ∈ 𝔽 (Muscat, 2014), (Kuttler, 2013): 

i) 𝑥 + (𝑦 + 𝑧) = (𝑥 + 𝑦) + 𝑧   Commutativity 

ii) 𝑥 + 𝑦 = 𝑦 + 𝑥     Associativity 
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iii) 0 + 𝑥 = 𝑥     Zero operation 

iv)  𝑥 + (−𝑥) = 0      Inverse operation 

v) 𝜆(𝑥 + 𝑦) = 𝜆𝑥 + 𝜆𝑦    Scalar multiplication 

vi) (𝜆 + 𝜇)𝑥 = 𝜆𝑥 + 𝜇𝑥    Scalar multiplication 

vii) (𝜆𝜇)𝑥 = 𝜆(𝜇𝑥)     Scalar multiplication 

All the above axioms including the identity axiom must hold.  

The metric space mainly describes the distance concept. The space in which the options con-

tracts will be discussed have the distance concept. This concept refines the characteristics of 

the spaces that the research is dealing with.  

7.1.1.3 Normed Spaces 

A normed space 𝑋 is a vector (linear) space over a scalar field 𝔽 (either ℝ or ℂ) and is endowed 

with a function known as the norm ‖.‖ : 𝑋 → ℝ such that 𝑥, 𝑦 ∈ 𝑋, 𝜆 ∈ 𝔽, 

i) ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ +  ‖𝑦‖, 

ii) ‖𝜆𝑥‖ =∣ 𝜆 ∣ ‖𝑥‖, 

iii) ‖𝑥‖ = 0 ⇔ 𝑥 = 0. 

The couple (𝑋, ‖. ‖) is called a normed space. Norms on different linear spaces are distin-

guished by different subscripts such as ‖. ‖𝑋. This is a norm over a linear space 𝑋. 

The normed spaces concept takes the concept of distance to a more advanced level and 

provides more clarity on it. The spaces in which the options contracts will be set up will be 

endowed with the concept of distance. It is therefore of great importance that this concept is 

understood very well (Montesinos, et al., 2015), (Gasinski & Papageorgiou, 2014). It is im-

portant to further point out that this concept further refines the metric spaces that are being 

dealt with in this research.  
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7.1.1.4 Banach Spaces 

A Banach Space is a normed linear space (𝑋, ∥∙∥) that is complete in the canonical metric 

defined by 𝑑(𝑥, 𝑦) =∥ 𝑥 − 𝑦 ∥ for every 𝑥, 𝑦 ∈ 𝑋, tat is every Cauchy sequence in 𝑋 for the 

metric 𝑑 to some point in 𝑋 (Anon., n.d.).  

Banach spaces and modern functional analysis are very important to the deeper understand-

ing of differential and integral calculus. The key idea behind differentiation is the concept of a 

tangent line to the function being differentiated. In this particular case, the main concept is to 

extend the concept of a tangent line to the epigraph of a convex function (Anon., n.d.). 

7.1.1.5 Boundedness of a Set 

Let the set 𝐼 ⊂ ℝ be an interval on ℝ. Also let 𝑎, 𝑏 ∈ ℝ so that 𝑎 ≤ 𝑏. Then the following defini-

tions hold (Montesinos, et al., 2015): 

a) If 𝐼 ≔ {𝑥 ∈  ℝ: 𝑎 < 𝑥 < 𝑏}, then the set 𝐼 is said to be a bounded open interval whenever 

𝑎 < 𝑏. This is denoted by 𝐼 = (𝑎, 𝑏). 

b) If 𝐼 ≔ {𝑥 ∈  ℝ: 𝑎 ≤ 𝑥 ≤ 𝑏}, then the set 𝐼 is said to be a bounded closed interval when-

ever 𝑎 < 𝑏. This is denoted by [𝑎, 𝑏]. 

c) If 𝐼 ≔ {𝑥 ∈  ℝ: 𝑎 < 𝑥 ≤ 𝑏}, then the set 𝐼 is said to be a bounded left open interval when-

ever 𝑎 < 𝑏. This is denoted by (𝑎, 𝑏]. 

d) If 𝐼 ≔ {𝑥 ∈  ℝ: 𝑎 ≤ 𝑥 < 𝑏}, then the set 𝐼 is said to be a bounded right open interval 

whenever 𝑎 < 𝑏. This is denoted by [𝑎, 𝑏). 

e) Given 𝑎 ∈ ℝ, [𝑎, +∞) stands for the set {𝑥 ∈  ℝ: 𝑎 ≤ 𝑥}. This set is left half closed un-

bounded interval. Similarly, the same applies to (𝑎, +∞), (−∞, 𝑎] and (−∞, 𝑎). The set 

(−∞, +∞) = ℝ. 

This shows the different types of boundedness of intervals. It shows if points can be found that 

completely contain an interval or a set of any other form then that interval or set is bounded. 

It is important to have clarity on the type of interval that is being dealt with as the functions are 
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being investigated. This leads into whether a function is bounded or not. Bounded intervals 

and sets imply finiteness. This is an important concept in calculus. Some infinite functions 

cannot be subjected to calculus. The concept of boundedness also neatly leads to open and 

closed intervals and sets. These concepts are themselves key to continuity and differentiability 

of functions. In order to define the openness and closeness of intervals, the concept of a ball 

is defined next (Muscat, 2014).  

7.1.1.6 Open Balls 

Let 𝑋 be a non-empty set. An open ball on 𝑋 with centre 𝑎 and radius 𝑟 > 0, is a subset of 𝑋 

such that (Muscat, 2014), (Anon., n.d.): 

𝐵𝑟(𝑎) ≔ {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑎) < 𝑟} 

The point 𝑎 in an interval or a set is at the centre of a ball surrounded by other points belonging 

to an interval or a set 𝑋. This ball has a radius of length 𝑟. The ball has no defined boundary 

(Muscat, 2014). This concept becomes important in the definition of open and closed sets. 

This in turn is important in the definition of continuity. Continuity is key in differential calculus. 

The concept is a small step towards outlining the key characteristics in the differentiability of 

a given function.  

An open ball should not be confused with a sphere although in a Euclidean set of three di-

mensions, the concept is similar. The open ball concept is basically the fact that the point 𝑥 in 

a given set, in this case is completely surrounded by the parent set. The ball itself has no 

boundary since the ball is not closed.  

7.1.1.7 Closed Balls 

Let 𝑋 be a non-empty set. An open ball on 𝑋 with centre 𝑎 and radius 𝑟 > 0, is a subset of 𝑋 

such that (Muscat, 2014), (Montesinos, et al., 2015): 

𝐵𝑟[𝑎] ≔ {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑎) ≤ 𝑟} 

The concepts discussed so far are each laying the foundation for the conditions that are 

needed for the functions to be able to be differentiable. One such condition is continuity. 
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Continuity of functions is very important in the differentiability of the function. In fact, given that 

most of the functions that will be obtained from the data that is being dealt with are polynomi-

als, continuity takes on an even greater significance because, polynomials need to be contin-

uous for them to be fully differentiable. 

Now, continuity is normally defined in terms of open and closed sets. So, this concept has a 

very important part to play. Now, these sets are defined by using open and closed sets as the 

following definition clearly shows. 

7.1.1.8 Open Sets 

Let 𝑂 be a subset of ℝ. It is said that 𝑂 is an open set if for any 𝑥 ∈ 𝑂 there exists an open 

interval 𝐼 that is there is an 𝑟 > 0 such that (𝑥 − 𝑟, 𝑥 + 𝑟) ⊂ 𝑂 so that 𝐼 ⊂ 𝑂. On the other hand, 

a set 𝐶 is said to be closed if it is a complement of set 𝑂 (that is 𝐶𝐶 ≔  ℝ\𝐶) is an open set 

(Montesinos, et al., 2015). 

An open set can also be defined in terms of open balls as follows: 

A set 𝑂 is an open set ⇔ 𝑂 is a union of open balls. 

Another way of putting it is that the set has no clear boundary. In other words, if any point on 

the edge of the set was taken, a ball that contains this point will contain some other points 

outside that set. A set that is not bounded is open. 

7.1.1.9 Unions and Intersections of Open Sets 

Any union of sets is open. 

The finite intersection of open sets is open (McDonald & Weiss, 2013). 

Note: Any open interval on ℝ is an open set whereas every closed interval is a closed set. 

7.1.1.10 Neighbourhoods 

Given point 𝑥 ∈ ℝ, a subset 𝑁 of ℝ is said to be a neighbourhood of 𝑥 if there is an open set 

𝑂 of ℝ so that 𝑥 ∈ 𝑂 ⊂ ℝ (Montesinos, et al., 2015). 

Note:  
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i) The set 𝑁 does not have to be open. In simpler terms, set 𝑁 is a neighbourhood of 

a point 𝑥 ∈ ℝ if and only if there exists a 𝛿 > 0 so that (𝑥 − 𝛿, 𝑥 + 𝛿). 

ii) Let 𝐼 ∈  ℝ be a subset of ℝ, then a point 𝑥 ∈ 𝐼 is said to be isolated if there is a 

neighbourhood 𝑁 of the point 𝑥 so that 𝑁 ∩ 𝐼 = {𝑥}. 

iii) A point 𝑥 ∈ ℝ is called an accumulation point of 𝐼 if every neighbourhood of 𝑥 con-

tains points form 𝐼\{𝑥}. 

This material is building up on top of open sets. A collection of open balls leads to an open 

set. 

7.1.1.11 Closure of a Set 

The closure of a set 𝐶 ∈ ℝ (denoted by 𝐶̅) is the intersection of all closed sets containing 𝐶 

(Yeh, 2006). 

Note:  

i) The closure of a bounded subset of ℝ is also bounded. 

ii) The union of the set of all isolated points in a set 𝐶 ∈ ℝ and the set of all accumu-

lation points of 𝐶 is called the closure of 𝐶. 

 

7.1.1.12 Interior and Exterior of a Set 

The set union of all open subsets of ℝ is said to be the interior of 𝐼 ⊂ ℝ if the union is contained 

in 𝐼. This is denoted by 𝐼𝑛𝑡 𝐼 or 𝐼𝑂 (Montesinos, et al., 2015), (McDonald & Weiss, 2013). 

Another way of putting it is: 

A point 𝑖 of a set 𝐼 is said to be an interior point of 𝐼 if it can be completely surrounded by the 

other points of 𝐼, that is (Muscat, 2014): 

∃𝑥 > 0 ∋ 𝐵𝑥(𝑖) ⊆ 𝐼. 
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In other words, 𝐼 is also known as a neighbourhood of 𝑖. 

A point 𝑒 of a subset 𝐼 of 𝑋 is known as an exterior point of 𝐼 if: 

∃𝑥 > 0 ∋ 𝐵𝑥(𝑒) ⊆ 𝑋\𝐼 

The set of interior points 𝐼𝑂 or 𝐼𝑛𝑡 𝐼 is the largest open set in 𝐼 (Muscat, 2014). 

7.1.1.13 The Boundary of a Set 

The set �̅�\𝐼𝑛𝑡 𝐵 is called the boundary of a subset 𝐵 of ℝ. This set is normally denoted by 

𝑏𝑑𝑟 𝐵 or 𝜕𝐵. Another way of putting it is that a boundary point is one which is neither an interior 

or exterior point (McDonald & Weiss, 2013), (Muscat, 2014). 

7.1.1.14 The Cover of a Set 

An open cover of a set 𝐶 ∈ ℝ is a family of open sets 𝓞 (which might be infinite) of open 

subsets of ℝ that covers 𝐶. In other words, this family (union) covers 𝐶. A sub cover f the cover 

𝓞 is a subfamily that still covers 𝐶. A subcover can be finite or infinite if the subcover contains 

a finite or infinite collection of sets respectively (Montesinos, et al., 2015), (McDonald & Weiss, 

2013). 

 

7.1.1.15 Closed Sets 

A set 𝐶 is a closed set in a space 𝑋 if 𝑋\𝐶 is open in 𝑋. 

Another way of defining a closed set is as follows (Muscat, 2014): 

A set 𝐶 is closed ⇔ 𝐶 contains boundary ⇔𝐶̅ = 𝐶. 

It must be noted that the complement of an open set is a closed set (Muscat, 2014), 

(Montesinos, et al., 2015), (McDonald & Weiss, 2013). Another way of putting it is that if  

𝐵𝑟[𝑐] ≔ {𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑎) ≤ 𝑟} 

is a closed ball, then a set is 𝐶 is closed ⇔ 𝐶 is a union of closed balls. Closed sets play a 

very significant part in continuity of functions as will be seen later. In turn continuity is important 
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for differentiability as has already been pointed out above. This then is key to the functions 

that will be obtained in as far as differentiability is concerned. 

7.1.1.16 Unions and Intersections of Closed Sets 

The finite union of closed sets is closed. 

Any intersection of closed sets is closed (McDonald & Weiss, 2013). 

7.1.1.17 Compactness of Set 

A subset 𝐶 of ℝ is called compact if every open cover 𝓞 of 𝐶 is endowed with a finite subcover.  

i) Given 𝑎, 𝑏 ∈ ℝ such that 𝑎 ≤ 𝑏, any interval of the form [𝑎, 𝑏] is compact. 

ii) Let 𝐶 be a compact subset of ℝ. Then any closed subset 𝐾 of ℝ contained in 𝐶 is 

also compact. 

iii) Any compact subset 𝐶 of ℝ is closed. Therefore, it is also bounded. 

A subset of ℝ is compact if and only if it is closed and bounded. 

A point 𝑙 (which is not necessarily in a set 𝑋) is a limit point of 𝑋 if every ball which contains it 

also contains other points of 𝑋, i.e. 

∀𝜖 > 0, ∃𝑥 ≠ 𝑙 ∋ 𝑥 ∈ 𝑋 ∩ 𝐵𝜖(𝑙) 

This is one more step towards understanding the concept of convergence and continuity 

(McDonald & Weiss, 2013), (Muscat, 2014). 

7.1.1.18 Denseness of a Set 

A observable 𝐷 of 𝑋 is dense in 𝑋 if �̅� = 𝑋 (Muscat, 2014). 

This means that the closure of 𝐷 in a set 𝑋 contains all the balls in 𝑋. A observable 𝐷 ⊆ 𝑋 is 

nowhere dense in a set 𝑋 when �̅� does not contain any balls. 

An element of a set say 𝑥 ∈ 𝑋 is often approximated within some tiny distance 𝜖 > 0 of an 

element of a observable 𝐵 ⊆ 𝑋. In other words: 

∀𝑥 ∈ 𝑋, ∋ ∀𝜖 > 0, ∃𝑏 ∈ 𝐵, 𝑑(𝑥, 𝑏) < 𝜖, 
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The reason for using this approximation could be that that it may be easier to describe or work 

with the elements of observable 𝐵. In this thesis, the concept of the denseness of observables 

becomes important because of its role in concepts of limits and convergence. The two con-

cepts are in turn important because of the part they play in continuity. This is key in differenti-

ability. 

7.1.1.19 Convergence and Continuity 

A sequence (𝑥𝑛) in a metric space 𝑀 converges to a limit 𝑥, that is 𝑥𝑛 → 𝑥 as 𝑛 → ∞. This is 

sometimes denoted as lim
𝑛→∞

𝑥𝑛 = 𝑥 when ∀𝜖 > 0, ∃𝑛 ≥ 𝑁 ⇒ 𝑥𝑛 ∈ 𝐵𝜖(𝑥) (Muscat, 2014). 

The terms of a sequence tend to be placed all over the place until after the 𝑁𝑡ℎ term. After the 

𝑁𝑡ℎ term, all the terms of the sequence after that cluster together within a certain radius from 

the limit of the sequence. In fact, this radius can get as small as possible (such as any 𝜖 > 0) 

and all the sequence terms will be within that ball. This is what is referred to as the conver-

gence of the sequence. 

The concept of convergence is a very powerful tool in the discussion of continuity. In the same 

vein continuity is also a very powerful tool in differential calculus. One of the key characteristics 

of differentiable functions is that they are continuous. Continuity does not happen without con-

vergence. Functions that have points where they are not continuous are not differentiable at 

those points. It is therefore imperative that for the function to be fully differentiable, it must be 

continuous at every point within the range of interest. This is of great significance in this re-

search given that differentiation of the functions that have been obtained from the data will be 

key to this research.  

7.1.1.20 Convergence of a Sequence 

Given a metric space 𝑋, a sequence (𝑥𝑛) in 𝑋 converges to a limit 𝑥 denoted by (Muscat, 

2014): 

𝑥𝑛 → 𝑥 as 𝑛 → ∞ when ∀𝜖 > 0, ∃𝑁 ∋ 𝑛 ≥ 𝑁 ⇒  𝑥𝑛 ∈  𝐵𝜖(𝑥). 
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This means that after the 𝑁𝑡ℎ term, all the terms of the sequence will belong to a small ball 

surrounding the limit 𝑥. In other words, the radius 𝜖 of the ball can be made as small as is 

possible and the terms of this sequence after the 𝑁𝑡ℎ term will belong to that ball. In a metric 

space, a sequence (𝑥𝑛) can only converge to one limit lim
𝑛→∞

(𝑥𝑛) → 𝑥. 

7.1.1.21 Divergent Sequences 

Any sequence that does not converge diverges. A divergent sequence is one which is repre-

sented below (Muscat, 2014), (McDonald & Weiss, 2013):  

𝑥𝑛 ↛ 𝑥. 

7.1.1.22 Limits and Closures of sets 

If 𝑥𝑛 ∈ 𝐶 and 𝑥𝑛 → 𝑥, then 𝑥 ∈ 𝐶̅. 

This means that the sequence is in a given set, then it will converge in that set. The limit of 

the set will be in that particular set (McDonald & Weiss, 2013). 

Conversely, for any 𝑥 ∈ 𝐶̅ in a metric space, there exists a sequence 𝑥𝑛 ∈ 𝐶 which converges 

to 𝑥. This can also be expanded to mean that closed sets are closed under the process of 

taking limits. As pointed out above, the concept of limits is key to the continuity of functions as 

will become clear in the subections below. This in turn is important for the differentiability of 

functions.  

7.1.1.23 A Function (or Mapping) 

This thesis will be making numerous references to the term function and therefore the general 

definition of a function is given below: 

Given two nonempty sets 𝐴 and 𝐵. A function 𝑓 or mapping from 𝐴 to 𝐵 is a correspondence 

that associates to each element 𝑎 ∈ 𝐴 a unique element 𝑏 ∈ 𝐵. This is denoted by 𝑓: 𝐴 → 𝐵. 

The set 𝐴 is called the domain and the set 𝐵 is called the codomain. The set of images of set 

𝐴 denoted by 𝑓(𝐴) is known as the range (McDonald & Weiss, 2013). 
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7.1.1.24 Boundedness of a Function 

This thesis has already made reference to the boundedness of a set, in section 7.1.1.5. It is 

now the turn of discussing the boundedness of a function. 

A bounded function 𝑓 is a mapping such that the image of 𝑓 denoted by 𝑖𝑚 𝑓 is bounded in 

the codomain, say 𝑌. That is to say that (McDonald & Weiss, 2013): 

∃𝑟 > 0 ∋  ∀𝑥, 𝑦 ∈ 𝑋, 𝑑𝑌(𝑓(𝑥), 𝑓(𝑦)) ≤ 𝑟, 

In other words, the distance between any two images of 𝑓 in the codomain is bounded. This 

distance cannot be greater than a certain 𝑟 > 0. It has an upper limit of 𝑟. 

Boundedness of functions is key to the continuity and therefore differentiability of functions 

(Muscat, 2014). 

7.1.1.25 Convergence of a Function 

Firstly, the definition of the convergence of a sequence in section 6.3.1.20 is revisited and is 

stated here: 

A sequence (𝑥𝑛) in a metric space 𝑋 converges to a limit 𝑥 denoted by 𝑥𝑛  → 𝑥 as 𝑛 → ∞, if 

∀ 𝜖 > 0 ∃ 𝑁 ∋  𝑛 ≥ 𝑁 ⇒  𝑥𝑛  ∈  𝐵𝜖(𝑥) (Muscat, 2014). 

It means that the terms of the sequence do cluster around the limit 𝑥 from the 𝑁𝑡ℎ term of the 

sequence. In other words, the sequence converges to a limit 𝑥. It is important to stress again 

that this concept is key in calculus and especially so in the differentiation of functions. The 

reason for this is that that the functions need to be continuous at any given point for them to 

be differentiable thereon. This thesis considers the continuity of functions next.  

7.1.1.26 Continuity of Functions 

Pretty much most the theoretical concepts that has been dealt with so far in this section was 

building up to the continuity of function. This is a fundamental concept in differential calculus 

and the differentiation of functions that will be arising in this thesis. It is therefore of paramount 

importance to understand the concepts that have been considered in this section. It must be 

made absolutely clear that all the theoretical concepts outlined and discussed above are 
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incorporated and used in the concept of continuity. So no concept discussed above has been 

wasted. 

In other words, if a sequence (𝑥𝑛) converges in a metric space 𝑋 and then a function 𝑓 acts 

on the sequence and the sequence image is obtained in metric space 𝑌 under this function 𝑓, 

the new sequence under this transformation is 𝑓(𝑥𝑛). If this function is continuous, the new 

sequence 𝑓(𝑥𝑛) in 𝑌 must also converge. The convergence of sequences leads to continuity 

of function as stated below. There are many types of continuity concerning functions. Each 

can be expresses differently but the key concept in all continuity of functions is that there is 

preservation of the convergence of sequences: 

A function 𝑓: 𝑋 → 𝑌 between metric spaces is continuous when it preserves convergence,  

that is: 

If a sequence (𝑥𝑛) → 𝑥 in 𝑋 ⇒  𝑓(𝑥𝑛) → 𝑓(𝑥) in 𝑌. 

The other way to express the continuity of the function 𝑓 would be as stated below: 

A function 𝑓: 𝑋 → 𝑌 between metric spaces is continuous if and only if: 

i) ∀ 𝑥 ∈ 𝑋 such that ∀𝜖 > 0, ∃𝛿 > 0 so that  

𝑑𝑋(𝑥, 𝑥′) < 𝛿 ⇒ 𝑑𝑌(𝑓(𝑥), 𝑓(𝑥′)) < 𝜖, 

ii) For every open set 𝑂 in 𝑌, 𝑓−1(𝑂) is open in 𝑋.  

A continuous function preserves open sets. So if its image in the range is open, then its pre-

image in the domain is also open (McDonald & Weiss, 2013), (Muscat, 2014). 

A Cauchy sequence is a sequence where 𝑑(𝑥𝑛, 𝑥𝑚) → 0 as 𝑛, 𝑚 → ∞. In other words, ∀ 𝜖 >

0, ∃ 𝑁, ∋  𝑛, 𝑚 ≥ 𝑁 ⇒ 𝑑(𝑥𝑛, 𝑥𝑚) < 𝜖. 

A metric space is complete if every Cauchy sequence in that metric space converges. 

Continuity of functions is key to the differentiability of those functions. When the data is pro-

cessed, functions of one form or another will be obtained from this data. In the process of 
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manipulating and processing these functions, they will be differentiated and, in the spaces, in 

which they exist. It is key that these functions are differentiable. It will be key then that these 

functions conform to the theoretical concepts that are dealt with above. So each of these func-

tions will be subjected to scrutiny to establish whether they are indeed differentiable by being 

judged against this theory.  

7.2 Differentiable Functions 

A differentiable function will need to meet all the concepts alluded to above because they are 

all key to achieving continuous functions. Continuity of a function only comes about when all 

the concepts discussed above have been met (Stein O, 2014).  

7.2.1 Differentiability of a Function 

Firstly, let 𝑓 be an extended real-valued function on [𝑎, 𝑏]. If 𝑥 ∈ [, 𝑓(𝑥) ∈ ℝ, and  

(𝐷𝑟𝑓)(𝑥) ≔ lim
ℎ↓0

𝑓(+ℎ) − 𝑓(𝑥)

ℎ
 

exists in ℝ∗ = {±∞}⋃ℝ, then (𝐷𝑟𝑓)(𝑥) is called the right-derivative of 𝑓 at 𝑥 and that 𝑓 is semi-

differentiable at 𝑥. 𝑓 is known as differentiable at 𝑥 if (𝐷𝑟𝑓)(𝑥) ∈ ℝ (Yeh, 2006), (Bogachev, 

2007), (Strömberg, 2010). 

Secondly, if 𝑓 is an extended real-valued function on [𝑎, 𝑏] and if 𝑥 ∈  ℝ, and 

(𝐷𝑙𝑓)(𝑥) ≔ lim
ℎ↑0

𝑓(+ℎ) − 𝑓(𝑥)

ℎ
 

exists in ℝ∗, then (𝐷𝑙𝑓)(𝑥) is called the left-derivative of 𝑓 at 𝑥 and that 𝑓 is left semi-differen-

tiable at 𝑥. It is said that 𝑓 is left-differentiable at 𝑥 only if (𝐷𝑙𝑓)(𝑥) ∈ ℝ (Bogachev, 2007), 

(Yeh, 2006). 

Thirdly, let 𝑥 ∈ (𝑎, 𝑏), 𝑓(𝑥) ∈ ℝ , and both (𝐷𝑟𝑓)(𝑥) and (𝐷𝑙𝑓)(𝑥) exist in ℝ∗ and that they are 

equal. Let (𝐷𝑓)(𝑥) (same as 𝑓′) be the common value. Thus  

𝑓′(𝑥) = (𝐷𝑓)(𝑥) = lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
.  
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We call this 𝑓′(𝑥) the derivative of 𝑓 at 𝑥 and say that 𝑓 is semi-differentiable at 𝑥. It is said 

that 𝑓 is differentiable at 𝑥 only when 𝑓′(𝑥) ∈ ℝ (Yeh, 2006). 

Therefore it is established that 𝑓′ exists on [𝑎, 𝑏] if 𝐷𝑟𝑓 exists on [𝑎, 𝑏), 𝐷𝑙𝑓 exists on (𝑎, 𝑏] and 

if 𝐷𝑟𝑓 = 𝐷𝑓𝑙 on (𝑎, 𝑏) (Yeh, 2006). 

For a function 𝑓 to be differentiable everywhere on an interval 𝐼, it needs to be continuous 

everywhere on that interval.  

Let 𝑋 be a Banach space and 𝑓 be a real-valued function on 𝑋. It is said that 𝑓 is Gateaux 

differentiable at 𝑥0 ∈ 𝑋 if there is a continuous linear functional 𝑙 ∈ 𝑋∗ such that the following 

condition exists: 

lim
𝑡→0

𝑓(𝑥0+𝑡ℎ)−𝑓(𝑥0)

𝑡
= 𝑙(ℎ)     (*) 

For all ℎ ∈ 𝑋∗. The limit above is called the directional derivative of 𝑓 at 𝑥0 in the direction of 

ℎ. This is also denoted as 𝐷ℎ𝑓(𝑥0) or even by 𝑓′(𝑥0). 

If the limit above is uniform in 𝐵𝑋 then 𝑓 is Frechet differentiable at 𝑥0. For real-valued func-

tions, these two are the same (Vicente Montesinos, 2015). 

If 𝑓 is a function on an open interval 𝐼 ⊂ ℝ and 𝑥0 ∈ 𝐼, then 𝑓 is differentiable at 𝑥0 if and only 

if , there exists a linear function 𝐿: ℝ → ℝ such that: 

𝑓(𝑥0 + ℎ) = 𝑓(𝑥0) + 𝐿(ℎ) + ℎ. 𝑢(ℎ),  (**) 

For every ℎ ∈ ℝ such that the following condition holds: 

𝑥0 + ℎ ∈ 𝐼, where 𝑢: {ℎ ∈ ℝ ∶ 𝑥0 + ℎ ∈ 𝐼} → ℝ is a function with property: 

lim
ℎ→0

𝑢(ℎ) = 0. 

Therefore, this will lead to: 

𝑓(𝑥0 + 𝑡ℎ) = 𝑓(𝑥0) + 𝐿(𝑡ℎ) + 𝑡. ℎ. 𝑢(𝑡ℎ), 

For every ℎ ∈  ℝ and 𝑡 ∈ ℝ, 𝑡 ≠ 0. 

If 휀 > 0 and |ℎ| ≤ 1, there exists 𝛿 > 0 such that |ℎ. 𝑢(𝑡ℎ) < 휀 for 0 < |𝑡| < 𝛿, hence 
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lim
𝑡→0

|
𝑓(𝑥0+ℎ)−𝑓(𝑥0)

𝑡
− 𝐿(ℎ)| = 0, 

For ℎ ∈ ℝ. The convergence of this expression is uniform on ℎ ∈ [−1,1]. This confirms that 𝑓 

is differentiable at 𝑥0. 

If 𝑋 is a multi-dimensional Banach space, the differentiability (Gâteau differentiability) of a 

function 𝑓: 𝑋 →  ℝ at a point 𝑥0 makes sure that the existence of 𝑙 ∈ 𝑋∗, such that the limit in * 

above exists for all ℎ ∈ 𝑋. Of interest is the following, given 휀 > 0 and ℎ ∈ 𝐵𝑋 there exists 

𝛿(휀, ℎ0 > 0, such that  

|
𝑓(𝑥0−𝑓(𝑥0) 

𝑡
− 𝑙(ℎ)| < 휀, for all 𝑡 such that 0 < |𝑡| < 𝛿(휀, ℎ). 

It can be easily be shown that 𝑓 is Fréchet differentiable at 𝑥0 too. Simply put, 𝑓 is differentiable 

at 𝑥0. 

 

7.2.2 The Intermediate Value Theorem for Derivatives 

Let 𝑓 be a real valued function on [𝑎, 𝑏]. If 𝑓 is differentiable on [𝑎, 𝑏] and if 𝑓′(𝑥1) ≠ 𝑓(𝑥2) for 

some 𝑥1, 𝑥2 ∈ [𝑎, 𝑏], 𝑥1 < 𝑥2, then for every 𝑐 ∈ ℝ between 𝑓′(𝑥1) and 𝑓′(𝑥2) there exists 𝑥0 

such that 𝑓′(𝑥0) = 𝑐 (Yeh, 2006). 

Let 𝑓 be a real-valued 𝕸𝑳-measurable function on [𝑎, 𝑏]. Let 𝑀 be a 𝕸𝑳-measurable function 

on [𝑎, 𝑏]. If 𝐷ℎ𝑓 exists on 𝑀, then 𝐷ℎ𝑓 is a 𝕸𝑳-measurable function on 𝑀. More precisely, if 

𝐷ℎ𝑓 exists on a.e. on [𝑎, 𝑏] then 𝐷ℎ𝑓 is a 𝕸𝑳-measurable function on [𝑎, 𝑏]. The same is true 

of 𝐷ℎ𝑓 and 𝑓′ (Yeh, 2006). 

7.2.3 The First Fundamental Theorem of Calculus 

𝓛𝟏(Ω, 𝕬, 𝝁) represents complex-valued Lebesgue integrable functions. 

Let us suppose that 𝑓 ∈ 𝓛𝟏([𝑎, 𝑏]) and set  

𝐹(𝑥) = ∫ 𝑓(𝑥)𝑑𝑡,
𝑥

𝑎
 𝑎 ≤ 𝑥 ≤ 𝑏. 
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If the above integral holds and exists, 𝐹 is differentiable almost everywhere on [𝑎, 𝑏]. In fact 

𝐹′(𝑥) = 𝑓(𝑥) for almost all 𝑥 ∈ [𝑎, 𝑏] (MacDonald, 2013). As already pointed out above, most 

polynomials would be in this category. 

7.3 Convex Functions 

A real valued function 𝑓 on an interval 𝐼 in ℝ is a convex function if for any two points 𝑥1 and 

𝑥2 in 𝐼 the chord joining two points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) on the graph of 𝑓 on the interval 

[𝑥1, 𝑥2] is on or above the graph of 𝑓 in this particular interval (Montesinos, et al., 2015), (Yeh, 

2006), (Buczolich, 2017). 

More analytically, a real valued function 𝑓 on an interval of ℝ known as a convex function on 

𝐼 if for any 𝑥1, 𝑥2 ∈ 𝐼 and 𝜆 ∈ [0,1], we obtain 𝑓(𝜆𝑥1 + (1 − 𝜆)𝑥2) ≤ 𝜆𝑓(𝑥1) + (1 − 𝜆)𝑓(𝑥2). 

In other words, a real valued function 𝑓 on an interval 𝐼 belonging to ℝ is convex if and only if 

for all 𝑥1, 𝑥2 ∈ 𝐼 so that 𝑥1 < 𝑥2 the chord joining the points (𝑓(𝑥1)) and (𝑓(𝑥2)) on a given 

graph of 𝑓 is on or above the graph of 𝑓 on the interval [𝑥1, 𝑥2] (Yeh, 2006). 

Note that if 𝑓 is a real-valued function on an interval 𝐼 ∈ ℝ, then for 𝑥1,𝑥2 ∈ ℝ given that 𝑥1 <

𝑥2 and 𝜆 ∈ [0,1], let 𝛼 =  𝜆𝑥1 + (1 −  𝜆)𝑥2. Then the conditions below are equivalent (Yeh, 

2006): 

i) 𝑓(𝛼) ≤ 𝜆𝑓(𝑥1) + (1 −  𝜆)𝑓(𝑥2) 

ii) 𝑓(𝛼) ≤
𝑥2−𝛼

𝑥2−𝑥1
𝑓(𝑥1) +

𝛼−𝑥1

𝑥2−𝑥1
𝑓(𝑥2) 

The inequality i) is equivalent to ii) in that if we note that:  

 𝛼 = 𝜆𝑥1 + (1 − 𝜆)𝑥2 = (𝑥1 − 𝑥2 − 𝑥2)𝜆 + 𝑥2, leads to: 

𝜆 = (𝑥2 − 𝛼)/(𝑥2 − 𝑥1), therefore: 

 1 −  𝜆 =
𝑥2−𝑥1

𝑥2−𝑥1
−

𝑥2−𝛼

𝑥2−𝑥1
 and this leads to: 
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𝜆𝑓(𝑥1) + (1 − 𝜆)𝑓(𝑥2) =
𝑥2−𝛼

𝑥2−𝑥1
𝑓(𝑥1) +

𝛼−𝑥1

𝑥2−𝑥1
𝑓(𝑥2)**, it is clear from this that the right hand side 

of i) is the same as the right hand of ii). It is now proven that i) and ii) are equivalent to iii) 

below: 

iii) 𝑓(𝛼) ≤
𝑓(𝑥2)−𝑓(𝑥1)

𝑥2−𝑥1
(𝛼 − 𝑥1) + 𝑓(𝑥1) 

If we substitute 𝜆 by it equivalent (𝑥2 − 𝛼)/(𝑥2 − 𝑥1) into ** and simplifying it, obtain: 

𝑥2 −  𝛼 = (𝑥2 − 𝑥1) + (𝑥1 − 𝛼)***. 

A simple algebraic computation of *** leads to: 

𝑥2−𝛼

𝑥2−𝑥1
𝑓(𝑥1) +

𝛼−𝑥1

𝑥2−𝑥1
𝑓(𝑥2) =

𝑓(𝑥2)−𝑓(𝑥1)

𝑥2−𝑥1
(𝛼 − 𝑥1) + 𝑓(𝑥1)**** this shows the right hand side of ii) 

above is equal to that of iii).  

The key point here is the fact that **** is similar to the equation of a straight line between two 

points. 

Given that 𝑓 is a real-valued function on a given interval 𝐼 in ℝ and that 𝑥1, 𝑥2 ∈ 𝐼 where 𝑥1 <

𝑥2, then the chord joining the points (𝑥1, 𝑓(𝑥1)) and (𝑥2, 𝑓(𝑥2)) is given by:  

𝑔(𝛼) =
𝑓(𝑥1)−𝑓(𝑥2)

𝑥2−𝑥1
(𝛼 − 𝑥1) + 𝑓(𝑥1)* 

Where 𝛼 ∈ [𝑥1, 𝑥2]. 

Clearly, the above equation * is an equation of a straight line where 
𝑓(𝑥1)−𝑓(𝑥2)

𝑥2−𝑥1
 is the gradient 

of that line. 

This shows that 𝑓 is a convex function (Yeh, 2006).  

7.3.1 Differentiability of Convex Functions 

If 𝑓 is a convex function on an open interval in ℝ, then 𝑓 is both left- and right- differentiable 

at every 𝑥0 belonging to an interval 𝐼 ∈  ℝ (Yeh, 2006), (Stein O, 2014), (Stein & Sundermann-

Merx, 2014). This means that: 

i) (𝐷𝑙𝑓)(𝑥0) = lim
𝑥↑𝑥0

𝑓(𝑥)−𝑓(𝑥0)

𝑥−𝑥0
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ii) (𝐷𝑟𝑓)(𝑥0) = 𝑙𝑖𝑚
𝑥↓𝑥0

𝑓(𝑥)−𝑓(𝑥0)

𝑥−𝑥0
 

For any 𝑥1, 𝑥2 ∈ 𝐼 such that 𝑥1 <  𝑥2, we obtain the following: 

iii) 𝑓 is continuous on 𝐼. 

This means that the function exists everywhere on the interval 𝐼. In other words, the function 

is valid and legally exists at every point of the interval. 

iv) 𝐷𝑙𝑓 ≤ 𝐷𝑟𝑓 on 𝐼. 

This implies that the left-derivative of 𝑓 is either less or at most equal to the right derivative. 

Normally, the two derivatives are equal. However, in situations where they differ, the first de-

rivative will be smaller. The second derivative can never be smaller than the first. 

v)  𝐷𝑙𝑓 and 𝐷𝑟𝑓 are increasing real-valued functions on 𝐼. 

The meaning is the left and right derivatives of 𝑓 have increasing values on the interval 𝐼 ∈ ℝ. 

The values of the derivative functions are ever increasing and getting bigger in the interval 

and not the other way around. 

vi) 𝑓 is differentiable, which means that the derivative 𝑓′ exists and is finite everywhere 

except at countably many points on the interval 𝐼. When 𝑓′ exists at 𝑥1 <  𝑥2 ∈ 𝐼, then 

𝑓′(𝑥1) ≤ 𝑓′(𝑥2) (Montesinos, et al., 2015). 
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7.4 Simulated Data for the Example Case Study  

Industry:       Example 

Option Market:   Example 

Period:      5 Years 

Interest Rates:   0.05% 

Strike Price:       15.685 

 

Mean of the IVs: 33.8359% 

 

Table 1.4 

IMPLIED VOLATILITIES (IVs) STRIKR PRICES 

0.363983672 12.56 

0.363852814 12.56625 

0.363722195 12.5725 

0.363591815 12.57875 

0.363461674 12.585 

0.363331772 12.59125 

0.363202109 12.5975 

0.363072685 12.60375 

0.3629435 12.61 

0.362814554 12.61625 

0.362685847 12.6225 

0.36255738 12.62875 

0.362429151 12.635 

0.362301162 12.64125 
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0.362173411 12.6475 

0.3620459 12.65375 

0.361918627 12.66 

0.361791594 12.66625 

0.3616648 12.6725 

0.361538245 12.67875 

0.361411929 12.685 

0.361285852 12.69125 

0.361160014 12.6975 

0.361034415 12.70375 

0.360909055 12.71 

0.360783934 12.71625 

0.360659053 12.7225 

0.36053441 12.72875 

0.360410006 12.735 

0.360285842 12.74125 

0.360161917 12.7475 

0.36003823 12.75375 

0.359914783 12.76 

0.359791575 12.76625 

0.359668605 12.7725 

0.359545875 12.77875 

0.359423384 12.785 

0.359301132 12.79125 

0.359179119 12.7975 

0.359057346 12.80375 

0.358935811 12.81 
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0.358814515 12.81625 

0.358693459 12.8225 

0.358572641 12.82875 

0.358452062 12.835 

0.358331723 12.84125 

0.358211623 12.8475 

0.358091761 12.85375 

0.357972139 12.86 

0.357852756 12.86625 

0.357733612 12.8725 

0.357614707 12.87875 

0.357496041 12.885 

0.357377614 12.89125 

0.357259426 12.8975 

0.357141477 12.90375 

0.357023767 12.91 

0.356906297 12.91625 

0.356789065 12.9225 

0.356672072 12.92875 

0.356555319 12.935 

0.356438805 12.94125 

0.356322529 12.9475 

0.356206493 12.95375 

0.356090696 12.96 

0.355975137 12.96625 

0.355859818 12.9725 

0.355744738 12.97875 
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0.355629897 12.985 

0.355515296 12.99125 

0.355400933 12.9975 

0.355286809 13.00375 

0.355172924 13.01 

0.355059279 13.01625 

0.354945872 13.0225 

0.354832704 13.02875 

0.354719776 13.035 

0.354607087 13.04125 

0.354494636 13.0475 

0.354382425 13.05375 

0.354270453 13.06 

0.35415872 13.06625 

0.354047226 13.0725 

0.353935971 13.07875 

0.353824955 13.085 

0.353714178 13.09125 

0.35360364 13.0975 

0.353493341 13.10375 

0.353383282 13.11 

0.353273461 13.11625 

0.35316388 13.1225 

0.353054537 13.12875 

0.352945434 13.135 

0.352836569 13.14125 

0.352727944 13.1475 



157 
 

0.352619558 13.15375 

0.352511411 13.16 

0.352403503 13.16625 

0.352295834 13.1725 

0.352188404 13.17875 

0.352081213 13.185 

0.351974261 13.19125 

0.351867548 13.1975 

0.351761074 13.20375 

0.35165484 13.21 

0.351548844 13.21625 

0.351443088 13.2225 

0.35133757 13.22875 

0.351232292 13.235 

0.351127253 13.24125 

0.351022452 13.2475 

0.350917891 13.25375 

0.350813569 13.26 

0.350709486 13.26625 

0.350605642 13.2725 

0.350502037 13.27875 

0.350398671 13.285 

0.350295544 13.29125 

0.350192657 13.2975 

0.350090008 13.30375 

0.349987598 13.31 

0.349885428 13.31625 
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0.349783496 13.3225 

0.349681804 13.32875 

0.349580351 13.335 

0.349479136 13.34125 

0.349378161 13.3475 

0.349277425 13.35375 

0.349176928 13.36 

0.34907667 13.36625 

0.348976651 13.3725 

0.348876871 13.37875 

0.34877733 13.385 

0.348678029 13.39125 

0.348578966 13.3975 

0.348480142 13.40375 

0.348381558 13.41 

0.348283212 13.41625 

0.348185106 13.4225 

0.348087238 13.42875 

0.34798961 13.435 

0.347892221 13.44125 

0.347795071 13.4475 

0.347698159 13.45375 

0.347601487 13.46 

0.347505054 13.46625 

0.347408861 13.4725 

0.347312906 13.47875 

0.34721719 13.485 
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0.347121713 13.49125 

0.347026476 13.4975 

0.346931477 13.50375 

0.346836717 13.51 

0.346742197 13.51625 

0.346647916 13.5225 

0.346553873 13.52875 

0.34646007 13.535 

0.346366506 13.54125 

0.346273181 13.5475 

0.346180094 13.55375 

0.346087247 13.56 

0.34599464 13.56625 

0.345902271 13.5725 

0.345810141 13.57875 

0.34571825 13.585 

0.345626598 13.59125 

0.345535186 13.5975 

0.345444012 13.60375 

0.345353078 13.61 

0.345262382 13.61625 

0.345171926 13.6225 

0.345081709 13.62875 

0.34499173 13.635 

0.344901991 13.64125 

0.344812491 13.6475 

0.34472323 13.65375 
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0.344634208 13.66 

0.344545425 13.66625 

0.344456881 13.6725 

0.344368577 13.67875 

0.344280511 13.685 

0.344192684 13.69125 

0.344105097 13.6975 

0.344017748 13.70375 

0.343930639 13.71 

0.343843768 13.71625 

0.343757137 13.7225 

0.343670745 13.72875 

0.343584591 13.735 

0.343498677 13.74125 

0.343413002 13.7475 

0.343327566 13.75375 

0.343242369 13.76 

0.343157411 13.76625 

0.343072693 13.7725 

0.342988213 13.77875 

0.342903972 13.785 

0.342819971 13.79125 

0.342736208 13.7975 

0.342652684 13.80375 

0.3425694 13.81 

0.342486355 13.81625 

0.342403548 13.8225 
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0.342320981 13.82875 

0.342238653 13.835 

0.342156564 13.84125 

0.342074714 13.8475 

0.341993103 13.85375 

0.341911731 13.86 

0.341830598 13.86625 

0.341749704 13.8725 

0.34166905 13.87875 

0.341588634 13.885 

0.341508457 13.89125 

0.34142852 13.8975 

0.341348821 13.90375 

0.341269362 13.91 

0.341190142 13.91625 

0.34111116 13.9225 

0.341032418 13.92875 

0.340953915 13.935 

0.340875651 13.94125 

0.340797626 13.9475 

0.34071984 13.95375 

0.340642293 13.96 

0.340564985 13.96625 

0.340487917 13.9725 

0.340411087 13.97875 

0.340334496 13.985 

0.340258145 13.99125 
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0.340182032 13.9975 

0.340106159 14.00375 

0.340030525 14.01 

0.339955129 14.01625 

0.339879973 14.0225 

0.339805056 14.02875 

0.339730378 14.035 

0.339655939 14.04125 

0.339581739 14.0475 

0.339507778 14.05375 

0.339434056 14.06 

0.339360573 14.06625 

0.33928733 14.0725 

0.339214325 14.07875 

0.339141559 14.085 

0.339069033 14.09125 

0.338996745 14.0975 

0.338924697 14.10375 

0.338852888 14.11 

0.338781317 14.11625 

0.338709986 14.1225 

0.338638894 14.12875 

0.338568041 14.135 

0.338497427 14.14125 

0.338427052 14.1475 

0.338356916 14.15375 

0.33828702 14.16 
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0.338217362 14.16625 

0.338147943 14.1725 

0.338078764 14.17875 

0.338009823 14.185 

0.337941121 14.19125 

0.337872659 14.1975 

0.337804436 14.20375 

0.337736451 14.21 

0.337668706 14.21625 

0.3376012 14.2225 

0.337533933 14.22875 

0.337466905 14.235 

0.337400116 14.24125 

0.337333566 14.2475 

0.337267255 14.25375 

0.337201184 14.26 

0.337135351 14.26625 

0.337069757 14.2725 

0.337004403 14.27875 

0.336939287 14.285 

0.336874411 14.29125 

0.336809773 14.2975 

0.336745375 14.30375 

0.336681216 14.31 

0.336617296 14.31625 

0.336553614 14.3225 

0.336490172 14.32875 
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0.336426969 14.335 

0.336364005 14.34125 

0.336301281 14.3475 

0.336238795 14.35375 

0.336176548 14.36 

0.33611454 14.36625 

0.336052772 14.3725 

0.335991242 14.37875 

0.335929952 14.385 

0.3358689 14.39125 

0.335808088 14.3975 

0.335747515 14.40375 

0.335687181 14.41 

0.335627085 14.41625 

0.335567229 14.4225 

0.335507612 14.42875 

0.335448234 14.435 

0.335389095 14.44125 

0.335330196 14.4475 

0.335271535 14.45375 

0.335213113 14.46 

0.335154931 14.46625 

0.335096987 14.4725 

0.335039282 14.47875 

0.334981817 14.485 

0.334924591 14.49125 

0.334867603 14.4975 
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0.334810855 14.50375 

0.334754346 14.51 

0.334698076 14.51625 

0.334642045 14.5225 

0.334586253 14.52875 

0.3345307 14.535 

0.334475386 14.54125 

0.334420311 14.5475 

0.334365475 14.55375 

0.334310879 14.56 

0.334256521 14.56625 

0.334202403 14.5725 

0.334148523 14.57875 

0.334094883 14.585 

0.334041481 14.59125 

0.333988319 14.5975 

0.333935396 14.60375 

0.333882712 14.61 

0.333830267 14.61625 

0.333778061 14.6225 

0.333726094 14.62875 

0.333674366 14.635 

0.333622877 14.64125 

0.333571627 14.6475 

0.333520617 14.65375 

0.333469845 14.66 

0.333419312 14.66625 
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0.333369019 14.6725 

0.333318965 14.67875 

0.333269149 14.685 

0.333219573 14.69125 

0.333170236 14.6975 

0.333121137 14.70375 

0.333072278 14.71 

0.333023658 14.71625 

0.332975277 14.7225 

0.332927135 14.72875 

0.332879233 14.735 

0.332831569 14.74125 

0.332784144 14.7475 

0.332736958 14.75375 

0.332690012 14.76 

0.332643304 14.76625 

0.332596836 14.7725 

0.332550606 14.77875 

0.332504616 14.785 

0.332458865 14.79125 

0.332413353 14.7975 

0.332368079 14.80375 

0.332323045 14.81 

0.33227825 14.81625 

0.332233694 14.8225 

0.332189378 14.82875 

0.3321453 14.835 
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0.332101461 14.84125 

0.332057861 14.8475 

0.332014501 14.85375 

0.331971379 14.86 

0.331928497 14.86625 

0.331885853 14.8725 

0.331843449 14.87875 

0.331801284 14.885 

0.331759357 14.89125 

0.33171767 14.8975 

0.331676222 14.90375 

0.331635013 14.91 

0.331594043 14.91625 

0.331553312 14.9225 

0.33151282 14.92875 

0.331472568 14.935 

0.331432554 14.94125 

0.331392779 14.9475 

0.331353244 14.95375 

0.331313947 14.96 

0.33127489 14.96625 

0.331236071 14.9725 

0.331197492 14.97875 

0.331159152 14.985 

0.33112105 14.99125 

0.331083188 14.9975 

0.331045565 15.00375 
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0.331008181 15.01 

0.330971036 15.01625 

0.33093413 15.0225 

0.330897464 15.02875 

0.330861036 15.035 

0.330824847 15.04125 

0.330788898 15.0475 

0.330753187 15.05375 

0.330717716 15.06 

0.330682483 15.06625 

0.33064749 15.0725 

0.330612735 15.07875 

0.33057822 15.085 

0.330543944 15.09125 

0.330509907 15.0975 

0.330476109 15.10375 

0.33044255 15.11 

0.33040923 15.11625 

0.330376149 15.1225 

0.330343307 15.12875 

0.330310705 15.135 

0.330278341 15.14125 

0.330246217 15.1475 

0.330214331 15.15375 

0.330182685 15.16 

0.330151277 15.16625 

0.330120109 15.1725 



169 
 

0.33008918 15.17875 

0.330058489 15.185 

0.330028038 15.19125 

0.329997826 15.1975 

0.329967853 15.20375 

0.329938119 15.21 

0.329908624 15.21625 

0.329879369 15.2225 

0.329850352 15.22875 

0.329821574 15.235 

0.329793036 15.24125 

0.329764736 15.2475 

0.329736676 15.25375 

0.329708854 15.26 

0.329681272 15.26625 

0.329653929 15.2725 

0.329626824 15.27875 

0.329599959 15.285 

0.329573333 15.29125 

0.329546946 15.2975 

0.329520798 15.30375 

0.329494889 15.31 

0.329469219 15.31625 

0.329443789 15.3225 

0.329418597 15.32875 

0.329393644 15.335 

0.329368931 15.34125 



170 
 

0.329344456 15.3475 

0.329320221 15.35375 

0.329296224 15.36 

0.329272467 15.36625 

0.329248949 15.3725 

0.32922567 15.37875 

0.329202629 15.385 

0.329179828 15.39125 

0.329157266 15.3975 

0.329134943 15.40375 

0.32911286 15.41 

0.329091015 15.41625 

0.329069409 15.4225 

0.329048042 15.42875 

0.329026915 15.435 

0.329006026 15.44125 

0.328985377 15.4475 

0.328964966 15.45375 

0.328944795 15.46 

0.328924863 15.46625 

0.32890517 15.4725 

0.328885715 15.47875 

0.3288665 15.485 

0.328847524 15.49125 

0.328828787 15.4975 

0.328810289 15.50375 

0.328792031 15.51 
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0.328774011 15.51625 

0.32875623 15.5225 

0.328738689 15.52875 

0.328721386 15.535 

0.328704322 15.54125 

0.328687498 15.5475 

0.328670913 15.55375 

0.328654566 15.56 

0.328638459 15.56625 

0.328622591 15.5725 

0.328606962 15.57875 

0.328591572 15.585 

0.328576421 15.59125 

0.328561509 15.5975 

0.328546836 15.60375 

0.328532402 15.61 

0.328518207 15.61625 

0.328504252 15.6225 

0.328490535 15.62875 

0.328477058 15.635 

0.328463819 15.64125 

0.32845082 15.6475 

0.328438059 15.65375 

0.328425538 15.66 

0.328413256 15.66625 

0.328401213 15.6725 

0.328389409 15.67875 
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0.328377844 15.685 

0.328366518 15.69125 

0.328355431 15.6975 

0.328344583 15.70375 

0.328333974 15.71 

0.328323605 15.71625 

0.328313474 15.7225 

0.328303582 15.72875 

0.32829393 15.735 

0.328284516 15.74125 

0.328275342 15.7475 

0.328266407 15.75375 

0.328257711 15.76 

0.328249253 15.76625 

0.328241035 15.7725 

0.328233056 15.77875 

0.328225316 15.785 

0.328217815 15.79125 

0.328210553 15.7975 

0.328203531 15.80375 

0.328196747 15.81 

0.328190202 15.81625 

0.328183897 15.8225 

0.32817783 15.82875 

0.328172003 15.835 

0.328166414 15.84125 

0.328161065 15.8475 
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0.328155955 15.85375 

0.328151084 15.86 

0.328146451 15.86625 

0.328142058 15.8725 

0.328137904 15.87875 

0.328133989 15.885 

0.328130313 15.89125 

0.328126877 15.8975 

0.328123679 15.90375 

0.32812072 15.91 

0.328118001 15.91625 

0.32811552 15.9225 

0.328113279 15.92875 

0.328111276 15.935 

0.328109513 15.94125 

0.328107988 15.9475 

0.328106703 15.95375 

0.328105657 15.96 

0.32810485 15.96625 

0.328104282 15.9725 

0.328103953 15.97875 

0.328103863 15.985 

0.328104012 15.99125 

0.3281044 15.9975 

0.328105028 16.00375 

0.328105894 16.01 

0.328106999 16.01625 
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0.328108344 16.0225 

0.328109927 16.02875 

0.32811175 16.035 

0.328113812 16.04125 

0.328116112 16.0475 

0.328118652 16.05375 

0.328121431 16.06 

0.328124449 16.06625 

0.328127706 16.0725 

0.328131202 16.07875 

0.328134937 16.085 

0.328138911 16.09125 

0.328143125 16.0975 

0.328147577 16.10375 

0.328152268 16.11 

0.328157199 16.11625 

0.328162368 16.1225 

0.328167777 16.12875 

0.328173425 16.135 

0.328179311 16.14125 

0.328185437 16.1475 

0.328191802 16.15375 

0.328198406 16.16 

0.328205249 16.16625 

0.328212331 16.1725 

0.328219652 16.17875 

0.328227212 16.185 
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0.328235011 16.19125 

0.32824305 16.1975 

0.328251327 16.20375 

0.328259843 16.21 

0.328268599 16.21625 

0.328277593 16.2225 

0.328286827 16.22875 

0.3282963 16.235 

0.328306011 16.24125 

0.328315962 16.2475 

0.328326152 16.25375 

0.328336581 16.26 

0.328347249 16.26625 

0.328358156 16.2725 

0.328369302 16.27875 

0.328380687 16.285 

0.328392312 16.29125 

0.328404175 16.2975 

0.328416277 16.30375 

0.328428619 16.31 

0.328441199 16.31625 

0.328454019 16.3225 

0.328467078 16.32875 

0.328480375 16.335 

0.328493912 16.34125 

0.328507688 16.3475 

0.328521703 16.35375 



176 
 

0.328535957 16.36 

0.32855045 16.36625 

0.328565182 16.3725 

0.328580153 16.37875 

0.328595363 16.385 

0.328610813 16.39125 

0.328626501 16.3975 

0.328642428 16.40375 

0.328658595 16.41 

0.328675 16.41625 

0.328691645 16.4225 

0.328708529 16.42875 

0.328725651 16.435 

0.328743013 16.44125 

0.328760614 16.4475 

0.328778454 16.45375 

0.328796533 16.46 

0.328814851 16.46625 

0.328833408 16.4725 

0.328852205 16.47875 

0.32887124 16.485 

0.328890514 16.49125 

0.328910028 16.4975 

0.32892978 16.50375 

0.328949772 16.51 

0.328970002 16.51625 

0.328990472 16.5225 



177 
 

0.32901118 16.52875 

0.329032128 16.535 

0.329053315 16.54125 

0.329074741 16.5475 

0.329096406 16.55375 

0.32911831 16.56 

0.329140453 16.56625 

0.329162835 16.5725 

0.329185457 16.57875 

0.329208317 16.585 

0.329231416 16.59125 

0.329254755 16.5975 

0.329278332 16.60375 

0.329302149 16.61 

0.329326204 16.61625 

0.329350499 16.6225 

0.329375033 16.62875 

0.329399806 16.635 

0.329424817 16.64125 

0.329450068 16.6475 

0.329475558 16.65375 

0.329501287 16.66 

0.329527256 16.66625 

0.329553463 16.6725 

0.329579909 16.67875 

0.329606594 16.685 

0.329633519 16.69125 



178 
 

0.329660682 16.6975 

0.329688085 16.70375 

0.329715726 16.71 

0.329743607 16.71625 

0.329771727 16.7225 

0.329800086 16.72875 

0.329828683 16.735 

0.32985752 16.74125 

0.329886596 16.7475 

0.329915911 16.75375 

0.329945466 16.76 

0.329975259 16.76625 

0.330005291 16.7725 

0.330035562 16.77875 

0.330066073 16.785 

0.330096822 16.79125 

0.330127811 16.7975 

0.330159038 16.80375 

0.330190505 16.81 

0.33022221 16.81625 

0.330254155 16.8225 

0.330286339 16.82875 

0.330318762 16.835 

0.330351424 16.84125 

0.330384325 16.8475 

0.330417465 16.85375 

0.330450844 16.86 



179 
 

0.330484462 16.86625 

0.33051832 16.8725 

0.330552416 16.87875 

0.330586751 16.885 

0.330621326 16.89125 

0.330656139 16.8975 

0.330691192 16.90375 

0.330726484 16.91 

0.330762014 16.91625 

0.330797784 16.9225 

0.330833793 16.92875 

0.330870041 16.935 

0.330906528 16.94125 

0.330943254 16.9475 

0.330980219 16.95375 

0.331017423 16.96 

0.331054866 16.96625 

0.331092549 16.9725 

0.33113047 16.97875 

0.331168631 16.985 

0.33120703 16.99125 

0.331245669 16.9975 

0.331284546 17.00375 

0.331323663 17.01 

0.331363019 17.01625 

0.331402614 17.0225 

0.331442448 17.02875 



180 
 

0.33148252 17.035 

0.331522832 17.04125 

0.331563384 17.0475 

0.331604174 17.05375 

0.331645203 17.06 

0.331686471 17.06625 

0.331727979 17.0725 

0.331769725 17.07875 

0.33181171 17.085 

0.331853935 17.09125 

0.331896399 17.0975 

0.331939101 17.10375 

0.331982043 17.11 

0.332025224 17.11625 

0.332068644 17.1225 

0.332112303 17.12875 

0.332156201 17.135 

0.332200338 17.14125 

0.332244714 17.1475 

0.332289329 17.15375 

0.332334183 17.16 

0.332379277 17.16625 

0.332424609 17.1725 

0.33247018 17.17875 

0.332515991 17.185 

0.33256204 17.19125 

0.332608329 17.1975 



181 
 

0.332654857 17.20375 

0.332701624 17.21 

0.332748629 17.21625 

0.332795874 17.2225 

0.332843358 17.22875 

0.332891081 17.235 

0.332939043 17.24125 

0.332987245 17.2475 

0.333035685 17.25375 

0.333084364 17.26 

0.333133282 17.26625 

0.33318244 17.2725 

0.333231836 17.27875 

0.333281472 17.285 

0.333331346 17.29125 

0.33338146 17.2975 

0.333431813 17.30375 

0.333482405 17.31 

0.333533236 17.31625 

0.333584305 17.3225 

0.333635614 17.32875 

0.333687163 17.335 

0.33373895 17.34125 

0.333790976 17.3475 

0.333843241 17.35375 

0.333895745 17.36 

0.333948489 17.36625 



182 
 

0.334001471 17.3725 

0.334054693 17.37875 

0.334108153 17.385 

0.334161853 17.39125 

0.334215792 17.3975 

0.33426997 17.40375 

0.334324386 17.41 

0.334379042 17.41625 

0.334433937 17.4225 

0.334489071 17.42875 

0.334544444 17.435 

0.334600057 17.44125 

0.334655908 17.4475 

0.334711998 17.45375 

0.334768327 17.46 

0.334824896 17.46625 

0.334881703 17.4725 

0.33493875 17.47875 

0.334996035 17.485 

0.33505356 17.49125 

0.335111324 17.4975 

0.335169327 17.50375 

0.335227569 17.51 

0.33528605 17.51625 

0.33534477 17.5225 

0.335403729 17.52875 

0.335462927 17.535 



183 
 

0.335522364 17.54125 

0.33558204 17.5475 

0.335641956 17.55375 

0.33570211 17.56 

0.335762503 17.56625 

0.335823136 17.5725 

0.335884007 17.57875 

0.335945118 17.585 

0.336006468 17.59125 

0.336068057 17.5975 

0.336129884 17.60375 

0.336191951 17.61 

0.336254257 17.61625 

0.336316802 17.6225 

0.336379587 17.62875 

0.33644261 17.635 

0.336505872 17.64125 

0.336569373 17.6475 

0.336633114 17.65375 

0.336697093 17.66 

0.336761311 17.66625 

0.336825769 17.6725 

0.336890466 17.67875 

0.336955401 17.685 

0.337020576 17.69125 

0.33708599 17.6975 

0.337151643 17.70375 



184 
 

0.337217535 17.71 

0.337283666 17.71625 

0.337350036 17.7225 

0.337416645 17.72875 

0.337483493 17.735 

0.33755058 17.74125 

0.337617907 17.7475 

0.337685472 17.75375 

0.337753277 17.76 

0.33782132 17.76625 

0.337889603 17.7725 

0.337958124 17.77875 

0.338026885 17.785 

0.338095885 17.79125 

0.338165124 17.7975 

0.338234602 17.80375 

0.338304319 17.81 

0.338374275 17.81625 

0.33844447 17.8225 

0.338514904 17.82875 

0.338585577 17.835 

0.33865649 17.84125 

0.338727641 17.8475 

0.338799031 17.85375 

0.338870661 17.86 

0.338942529 17.86625 

0.339014637 17.8725 



185 
 

0.339086984 17.87875 

0.339159569 17.885 

0.339232394 17.89125 

0.339305458 17.8975 

0.339378761 17.90375 

0.339452303 17.91 

0.339526084 17.91625 

0.339600104 17.9225 

0.339674364 17.92875 

0.339748862 17.935 

0.339823599 17.94125 

0.339898576 17.9475 

0.339973791 17.95375 

0.340049246 17.96 

0.340124939 17.96625 

0.340200872 17.9725 

0.340277044 17.97875 

0.340353454 17.985 

0.340430104 17.99125 

0.340506993 17.9975 

0.340584121 18.00375 

0.340661488 18.01 

0.340739094 18.01625 

0.34081694 18.0225 

0.340895024 18.02875 

0.340973347 18.035 

0.341051909 18.04125 



186 
 

0.341130711 18.0475 

0.341209751 18.05375 

0.341289031 18.06 

0.34136855 18.06625 

0.341448307 18.0725 

0.341528304 18.07875 

0.34160854 18.085 

0.341689015 18.09125 

0.341769729 18.0975 

0.341850682 18.10375 

0.341931874 18.11 

0.342013305 18.11625 

0.342094975 18.1225 

0.342176884 18.12875 

0.342259033 18.135 

0.34234142 18.14125 

0.342424047 18.1475 

0.342506912 18.15375 

0.342590017 18.16 

0.342673361 18.16625 

0.342756943 18.1725 

0.342840765 18.17875 

0.342924826 18.185 

0.343009126 18.19125 

0.343093665 18.1975 

0.343178443 18.20375 

0.34326346 18.21 



187 
 

0.343348716 18.21625 

0.343434211 18.2225 

0.343519946 18.22875 

0.343605919 18.235 

0.343692132 18.24125 

0.343778583 18.2475 

0.343865274 18.25375 

0.343952203 18.26 

0.344039372 18.26625 

0.34412678 18.2725 

0.344214427 18.27875 

0.344302312 18.285 

0.344390437 18.29125 

0.344478801 18.2975 

0.344567405 18.30375 

0.344656247 18.31 

0.344745328 18.31625 

0.344834648 18.3225 

0.344924208 18.32875 

0.345014006 18.335 

0.345104043 18.34125 

0.34519432 18.3475 

0.345284836 18.35375 

0.34537559 18.36 

0.345466584 18.36625 

0.345557817 18.3725 

0.345649289 18.37875 



188 
 

0.345741 18.385 

0.34583295 18.39125 

0.345925139 18.3975 

0.346017567 18.40375 

0.346110234 18.41 

0.34620314 18.41625 

0.346296286 18.4225 

0.34638967 18.42875 

0.346483293 18.435 

0.346577156 18.44125 

0.346671258 18.4475 

0.346765598 18.45375 

0.346860178 18.46 

0.346954997 18.46625 

0.347050054 18.4725 

0.347145351 18.47875 

0.347240887 18.485 

0.347336662 18.49125 

0.347432676 18.4975 

0.34752893 18.50375 

0.347625422 18.51 

0.347722153 18.51625 

0.347819124 18.5225 

0.347916333 18.52875 

0.348013781 18.535 

0.348111469 18.54125 

0.348209396 18.5475 



189 
 

0.348307561 18.55375 

0.348405966 18.56 

0.34850461 18.56625 

0.348603493 18.5725 

0.348702615 18.57875 

0.348801976 18.585 

0.348901576 18.59125 

0.349001415 18.5975 

0.349101493 18.60375 

0.34920181 18.61 

0.349302367 18.61625 

0.349403162 18.6225 

0.349504196 18.62875 

0.34960547 18.635 

0.349706983 18.64125 

0.349808734 18.6475 

0.349910725 18.65375 

0.350012955 18.66 

0.350115424 18.66625 

0.350218131 18.6725 

0.350321078 18.67875 

0.350424264 18.685 

0.35052769 18.69125 

0.350631354 18.6975 

0.350735257 18.70375 

0.350839399 18.71 

0.350943781 18.71625 



190 
 

0.351048401 18.7225 

0.351153261 18.72875 

0.351258359 18.735 

0.351363697 18.74125 

0.351469273 18.7475 

0.351575089 18.75375 

0.351681144 18.76 

0.351787438 18.76625 

0.351893971 18.7725 

0.352000743 18.77875 

0.352107754 18.785 

0.352215004 18.79125 

0.352322493 18.7975 

0.352430221 18.80375 

0.352538189 18.81 
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7.5 Simulated Data for the Euro-Dollar Case Study 

Industry:       Foreign Exchange 

Option Market:   Euro-Dollar Forex Market 

Period:      1st January 2013 – 31st December 2013 

Interest Rates:   0.05% 

Strike Price:       1.31 

Mean of the IVs: 9.2726% 

Asset Price: 1.40 

 

 

Table 1.5 

IMPLIED VOLATILITIES (IVs) STRIKE PRICES 

0.104684702 1.15 

0.104629885 1.15032 

0.104575161 1.15064 

0.10452053 1.15096 

0.104465992 1.15128 

0.104411547 1.1516 

0.104357194 1.15192 

0.104302934 1.15224 

0.104248767 1.15256 

0.104194693 1.15288 

0.104140712 1.1532 

0.104086823 1.15352 



192 
 

0.104033027 1.15384 

0.103979324 1.15416 

0.103925714 1.15448 

0.103872196 1.1548 

0.103818772 1.15512 

0.10376544 1.15544 

0.103712201 1.15576 

0.103659054 1.15608 

0.103606001 1.1564 

0.10355304 1.15672 

0.103500172 1.15704 

0.103447397 1.15736 

0.103394714 1.15768 

0.103342125 1.158 

0.103289628 1.15832 

0.103237224 1.15864 

0.103184913 1.15896 

0.103132695 1.15928 

0.103080569 1.1596 

0.103028536 1.15992 

0.102976596 1.16024 

0.102924749 1.16056 

0.102872994 1.16088 

0.102821333 1.1612 

0.102769764 1.16152 

0.102718288 1.16184 

0.102666905 1.16216 



193 
 

0.102615614 1.16248 

0.102564416 1.1628 

0.102513311 1.16312 

0.102462299 1.16344 

0.10241138 1.16376 

0.102360553 1.16408 

0.10230982 1.1644 

0.102259179 1.16472 

0.102208631 1.16504 

0.102158175 1.16536 

0.102107813 1.16568 

0.102057543 1.166 

0.102007366 1.16632 

0.101957282 1.16664 

0.10190729 1.16696 

0.101857392 1.16728 

0.101807586 1.1676 

0.101757873 1.16792 

0.101708252 1.16824 

0.101658725 1.16856 

0.10160929 1.16888 

0.101559948 1.1692 

0.101510699 1.16952 

0.101461543 1.16984 

0.10141248 1.17016 

0.101363509 1.17048 

0.101314631 1.1708 



194 
 

0.101265846 1.17112 

0.101217154 1.17144 

0.101168554 1.17176 

0.101120047 1.17208 

0.101071633 1.1724 

0.101023312 1.17272 

0.100975084 1.17304 

0.100926948 1.17336 

0.100878905 1.17368 

0.100830955 1.174 

0.100783098 1.17432 

0.100735334 1.17464 

0.100687662 1.17496 

0.100640083 1.17528 

0.100592597 1.1756 

0.100545204 1.17592 

0.100497903 1.17624 

0.100450696 1.17656 

0.100403581 1.17688 

0.100356559 1.1772 

0.100309629 1.17752 

0.100262793 1.17784 

0.100216049 1.17816 

0.100169398 1.17848 

0.10012284 1.1788 

0.100076375 1.17912 

0.100030002 1.17944 



195 
 

0.099983723 1.17976 

0.099937536 1.18008 

0.099891441 1.1804 

0.09984544 1.18072 

0.099799531 1.18104 

0.099753716 1.18136 

0.099707993 1.18168 

0.099662362 1.182 

0.099616825 1.18232 

0.09957138 1.18264 

0.099526028 1.18296 

0.099480769 1.18328 

0.099435603 1.1836 

0.09939053 1.18392 

0.099345549 1.18424 

0.099300661 1.18456 

0.099255866 1.18488 

0.099211164 1.1852 

0.099166554 1.18552 

0.099122037 1.18584 

0.099077613 1.18616 

0.099033282 1.18648 

0.098989044 1.1868 

0.098944898 1.18712 

0.098900846 1.18744 

0.098856886 1.18776 

0.098813018 1.18808 



196 
 

0.098769244 1.1884 

0.098725562 1.18872 

0.098681974 1.18904 

0.098638478 1.18936 

0.098595074 1.18968 

0.098551764 1.19 

0.098508546 1.19032 

0.098465421 1.19064 

0.098422389 1.19096 

0.09837945 1.19128 

0.098336604 1.1916 

0.09829385 1.19192 

0.098251189 1.19224 

0.098208621 1.19256 

0.098166146 1.19288 

0.098123763 1.1932 

0.098081473 1.19352 

0.098039276 1.19384 

0.097997172 1.19416 

0.097955161 1.19448 

0.097913242 1.1948 

0.097871416 1.19512 

0.097829683 1.19544 

0.097788043 1.19576 

0.097746496 1.19608 

0.097705041 1.1964 

0.097663679 1.19672 



197 
 

0.09762241 1.19704 

0.097581234 1.19736 

0.097540151 1.19768 

0.09749916 1.198 

0.097458262 1.19832 

0.097417457 1.19864 

0.097376745 1.19896 

0.097336125 1.19928 

0.097295599 1.1996 

0.097255165 1.19992 

0.097214824 1.20024 

0.097174575 1.20056 

0.09713442 1.20088 

0.097094357 1.2012 

0.097054387 1.20152 

0.09701451 1.20184 

0.096974725 1.20216 

0.096935034 1.20248 

0.096895435 1.2028 

0.096855929 1.20312 

0.096816516 1.20344 

0.096777195 1.20376 

0.096737968 1.20408 

0.096698833 1.2044 

0.096659791 1.20472 

0.096620842 1.20504 

0.096581985 1.20536 



198 
 

0.096543222 1.20568 

0.096504551 1.206 

0.096465973 1.20632 

0.096427487 1.20664 

0.096389095 1.20696 

0.096350795 1.20728 

0.096312588 1.2076 

0.096274474 1.20792 

0.096236453 1.20824 

0.096198524 1.20856 

0.096160688 1.20888 

0.096122945 1.2092 

0.096085295 1.20952 

0.096047738 1.20984 

0.096010273 1.21016 

0.095972901 1.21048 

0.095935622 1.2108 

0.095898436 1.21112 

0.095861343 1.21144 

0.095824342 1.21176 

0.095787434 1.21208 

0.095750619 1.2124 

0.095713897 1.21272 

0.095677267 1.21304 

0.095640731 1.21336 

0.095604287 1.21368 

0.095567936 1.214 



199 
 

0.095531678 1.21432 

0.095495512 1.21464 

0.095459439 1.21496 

0.095423459 1.21528 

0.095387572 1.2156 

0.095351778 1.21592 

0.095316076 1.21624 

0.095280468 1.21656 

0.095244952 1.21688 

0.095209528 1.2172 

0.095174198 1.21752 

0.09513896 1.21784 

0.095103816 1.21816 

0.095068764 1.21848 

0.095033804 1.2188 

0.094998938 1.21912 

0.094964164 1.21944 

0.094929483 1.21976 

0.094894895 1.22008 

0.0948604 1.2204 

0.094825998 1.22072 

0.094791688 1.22104 

0.094757471 1.22136 

0.094723347 1.22168 

0.094689316 1.222 

0.094655377 1.22232 

0.094621531 1.22264 



200 
 

0.094587778 1.22296 

0.094554118 1.22328 

0.094520551 1.2236 

0.094487076 1.22392 

0.094453695 1.22424 

0.094420406 1.22456 

0.094387209 1.22488 

0.094354106 1.2252 

0.094321095 1.22552 

0.094288177 1.22584 

0.094255352 1.22616 

0.09422262 1.22648 

0.094189981 1.2268 

0.094157434 1.22712 

0.09412498 1.22744 

0.094092619 1.22776 

0.094060351 1.22808 

0.094028175 1.2284 

0.093996093 1.22872 

0.093964103 1.22904 

0.093932206 1.22936 

0.093900401 1.22968 

0.09386869 1.23 

0.093837071 1.23032 

0.093805545 1.23064 

0.093774112 1.23096 

0.093742772 1.23128 



201 
 

0.093711524 1.2316 

0.093680369 1.23192 

0.093649307 1.23224 

0.093618338 1.23256 

0.093587462 1.23288 

0.093556678 1.2332 

0.093525987 1.23352 

0.093495389 1.23384 

0.093464884 1.23416 

0.093434471 1.23448 

0.093404152 1.2348 

0.093373925 1.23512 

0.093343791 1.23544 

0.09331375 1.23576 

0.093283801 1.23608 

0.093253945 1.2364 

0.093224182 1.23672 

0.093194512 1.23704 

0.093164935 1.23736 

0.09313545 1.23768 

0.093106059 1.238 

0.09307676 1.23832 

0.093047554 1.23864 

0.09301844 1.23896 

0.09298942 1.23928 

0.092960492 1.2396 

0.092931657 1.23992 



202 
 

0.092902915 1.24024 

0.092874265 1.24056 

0.092845709 1.24088 

0.092817245 1.2412 

0.092788874 1.24152 

0.092760595 1.24184 

0.09273241 1.24216 

0.092704317 1.24248 

0.092676317 1.2428 

0.09264841 1.24312 

0.092620596 1.24344 

0.092592874 1.24376 

0.092565246 1.24408 

0.09253771 1.2444 

0.092510267 1.24472 

0.092482916 1.24504 

0.092455659 1.24536 

0.092428494 1.24568 

0.092401422 1.246 

0.092374443 1.24632 

0.092347556 1.24664 

0.092320763 1.24696 

0.092294062 1.24728 

0.092267454 1.2476 

0.092240939 1.24792 

0.092214516 1.24824 

0.092188187 1.24856 



203 
 

0.09216195 1.24888 

0.092135806 1.2492 

0.092109755 1.24952 

0.092083796 1.24984 

0.09205793 1.25016 

0.092032158 1.25048 

0.092006477 1.2508 

0.09198089 1.25112 

0.091955396 1.25144 

0.091929994 1.25176 

0.091904685 1.25208 

0.091879469 1.2524 

0.091854345 1.25272 

0.091829315 1.25304 

0.091804377 1.25336 

0.091779532 1.25368 

0.09175478 1.254 

0.091730121 1.25432 

0.091705554 1.25464 

0.09168108 1.25496 

0.091656699 1.25528 

0.091632411 1.2556 

0.091608215 1.25592 

0.091584113 1.25624 

0.091560103 1.25656 

0.091536186 1.25688 

0.091512362 1.2572 



204 
 

0.09148863 1.25752 

0.091464991 1.25784 

0.091441445 1.25816 

0.091417992 1.25848 

0.091394632 1.2588 

0.091371365 1.25912 

0.09134819 1.25944 

0.091325108 1.25976 

0.091302119 1.26008 

0.091279222 1.2604 

0.091256419 1.26072 

0.091233708 1.26104 

0.09121109 1.26136 

0.091188565 1.26168 

0.091166132 1.262 

0.091143793 1.26232 

0.091121546 1.26264 

0.091099392 1.26296 

0.091077331 1.26328 

0.091055362 1.2636 

0.091033487 1.26392 

0.091011704 1.26424 

0.090990014 1.26456 

0.090968416 1.26488 

0.090946912 1.2652 

0.0909255 1.26552 

0.090904181 1.26584 



205 
 

0.090882955 1.26616 

0.090861822 1.26648 

0.090840781 1.2668 

0.090819833 1.26712 

0.090798979 1.26744 

0.090778216 1.26776 

0.090757547 1.26808 

0.09073697 1.2684 

0.090716487 1.26872 

0.090696096 1.26904 

0.090675797 1.26936 

0.090655592 1.26968 

0.090635479 1.27 

0.09061546 1.27032 

0.090595533 1.27064 

0.090575698 1.27096 

0.090555957 1.27128 

0.090536308 1.2716 

0.090516752 1.27192 

0.090497289 1.27224 

0.090477919 1.27256 

0.090458641 1.27288 

0.090439457 1.2732 

0.090420365 1.27352 

0.090401366 1.27384 

0.090382459 1.27416 

0.090363646 1.27448 



206 
 

0.090344925 1.2748 

0.090326297 1.27512 

0.090307762 1.27544 

0.090289319 1.27576 

0.09027097 1.27608 

0.090252713 1.2764 

0.090234549 1.27672 

0.090216478 1.27704 

0.090198499 1.27736 

0.090180614 1.27768 

0.090162821 1.278 

0.090145121 1.27832 

0.090127514 1.27864 

0.090109999 1.27896 

0.090092577 1.27928 

0.090075249 1.2796 

0.090058012 1.27992 

0.090040869 1.28024 

0.090023819 1.28056 

0.090006861 1.28088 

0.089989996 1.2812 

0.089973224 1.28152 

0.089956545 1.28184 

0.089939958 1.28216 

0.089923464 1.28248 

0.089907063 1.2828 

0.089890755 1.28312 



207 
 

0.08987454 1.28344 

0.089858417 1.28376 

0.089842387 1.28408 

0.08982645 1.2844 

0.089810606 1.28472 

0.089794855 1.28504 

0.089779196 1.28536 

0.08976363 1.28568 

0.089748157 1.286 

0.089732777 1.28632 

0.089717489 1.28664 

0.089702295 1.28696 

0.089687193 1.28728 

0.089672184 1.2876 

0.089657267 1.28792 

0.089642444 1.28824 

0.089627713 1.28856 

0.089613075 1.28888 

0.08959853 1.2892 

0.089584078 1.28952 

0.089569718 1.28984 

0.089555451 1.29016 

0.089541277 1.29048 

0.089527196 1.2908 

0.089513208 1.29112 

0.089499312 1.29144 

0.089485509 1.29176 



208 
 

0.089471799 1.29208 

0.089458182 1.2924 

0.089444658 1.29272 

0.089431226 1.29304 

0.089417887 1.29336 

0.089404641 1.29368 

0.089391488 1.294 

0.089378427 1.29432 

0.089365459 1.29464 

0.089352585 1.29496 

0.089339802 1.29528 

0.089327113 1.2956 

0.089314517 1.29592 

0.089302013 1.29624 

0.089289602 1.29656 

0.089277284 1.29688 

0.089265058 1.2972 

0.089252926 1.29752 

0.089240886 1.29784 

0.089228939 1.29816 

0.089217085 1.29848 

0.089205323 1.2988 

0.089193655 1.29912 

0.089182079 1.29944 

0.089170596 1.29976 

0.089159206 1.30008 

0.089147908 1.3004 



209 
 

0.089136704 1.30072 

0.089125592 1.30104 

0.089114573 1.30136 

0.089103646 1.30168 

0.089092813 1.302 

0.089082072 1.30232 

0.089071424 1.30264 

0.089060869 1.30296 

0.089050407 1.30328 

0.089040037 1.3036 

0.08902976 1.30392 

0.089019576 1.30424 

0.089009485 1.30456 

0.088999487 1.30488 

0.088989581 1.3052 

0.088979769 1.30552 

0.088970049 1.30584 

0.088960421 1.30616 

0.088950887 1.30648 

0.088941445 1.3068 

0.088932096 1.30712 

0.08892284 1.30744 

0.088913677 1.30776 

0.088904607 1.30808 

0.088895629 1.3084 

0.088886744 1.30872 

0.088877952 1.30904 



210 
 

0.088869253 1.30936 

0.088860646 1.30968 

0.088852133 1.31 

0.088843712 1.31032 

0.088835383 1.31064 

0.088827148 1.31096 

0.088819006 1.31128 

0.088810956 1.3116 

0.088802999 1.31192 

0.088795135 1.31224 

0.088787363 1.31256 

0.088779685 1.31288 

0.088772099 1.3132 

0.088764606 1.31352 

0.088757206 1.31384 

0.088749898 1.31416 

0.088742684 1.31448 

0.088735562 1.3148 

0.088728533 1.31512 

0.088721596 1.31544 

0.088714753 1.31576 

0.088708002 1.31608 

0.088701344 1.3164 

0.088694779 1.31672 

0.088688307 1.31704 

0.088681927 1.31736 

0.088675641 1.31768 



211 
 

0.088669447 1.318 

0.088663346 1.31832 

0.088657337 1.31864 

0.088651422 1.31896 

0.088645599 1.31928 

0.088639869 1.3196 

0.088634232 1.31992 

0.088628687 1.32024 

0.088623236 1.32056 

0.088617877 1.32088 

0.088612611 1.3212 

0.088607438 1.32152 

0.088602357 1.32184 

0.08859737 1.32216 

0.088592475 1.32248 

0.088587673 1.3228 

0.088582963 1.32312 

0.088578347 1.32344 

0.088573823 1.32376 

0.088569392 1.32408 

0.088565054 1.3244 

0.088560809 1.32472 

0.088556656 1.32504 

0.088552597 1.32536 

0.08854863 1.32568 

0.088544756 1.326 

0.088540974 1.32632 



212 
 

0.088537286 1.32664 

0.08853369 1.32696 

0.088530187 1.32728 

0.088526777 1.3276 

0.088523459 1.32792 

0.088520235 1.32824 

0.088517103 1.32856 

0.088514064 1.32888 

0.088511118 1.3292 

0.088508264 1.32952 

0.088505503 1.32984 

0.088502836 1.33016 

0.088500261 1.33048 

0.088497778 1.3308 

0.088495389 1.33112 

0.088493092 1.33144 

0.088490888 1.33176 

0.088488777 1.33208 

0.088486759 1.3324 

0.088484833 1.33272 

0.088483 1.33304 

0.08848126 1.33336 

0.088479613 1.33368 

0.088478059 1.334 

0.088476597 1.33432 

0.088475229 1.33464 

0.088473953 1.33496 



213 
 

0.088472769 1.33528 

0.088471679 1.3356 

0.088470681 1.33592 

0.088469776 1.33624 

0.088468964 1.33656 

0.088468245 1.33688 

0.088467619 1.3372 

0.088467085 1.33752 

0.088466644 1.33784 

0.088466296 1.33816 

0.088466041 1.33848 

0.088465878 1.3388 

0.088465809 1.33912 

0.088465832 1.33944 

0.088465948 1.33976 

0.088466156 1.34008 

0.088466458 1.3404 

0.088466852 1.34072 

0.088467339 1.34104 

0.088467919 1.34136 

0.088468591 1.34168 

0.088469357 1.342 

0.088470215 1.34232 

0.088471166 1.34264 

0.08847221 1.34296 

0.088473346 1.34328 

0.088474576 1.3436 



214 
 

0.088475898 1.34392 

0.088477313 1.34424 

0.088478821 1.34456 

0.088480421 1.34488 

0.088482114 1.3452 

0.088483901 1.34552 

0.088485779 1.34584 

0.088487751 1.34616 

0.088489816 1.34648 

0.088491973 1.3468 

0.088494223 1.34712 

0.088496566 1.34744 

0.088499002 1.34776 

0.08850153 1.34808 

0.088504151 1.3484 

0.088506865 1.34872 

0.088509672 1.34904 

0.088512572 1.34936 

0.088515564 1.34968 

0.088518649 1.35 

0.088521827 1.35032 

0.088525098 1.35064 

0.088528462 1.35096 

0.088531918 1.35128 

0.088535467 1.3516 

0.088539109 1.35192 

0.088542844 1.35224 



215 
 

0.088546671 1.35256 

0.088550592 1.35288 

0.088554605 1.3532 

0.088558711 1.35352 

0.088562909 1.35384 

0.088567201 1.35416 

0.088571585 1.35448 

0.088576062 1.3548 

0.088580632 1.35512 

0.088585295 1.35544 

0.08859005 1.35576 

0.088594898 1.35608 

0.088599839 1.3564 

0.088604873 1.35672 

0.08861 1.35704 

0.088615219 1.35736 

0.088620531 1.35768 

0.088625936 1.358 

0.088631434 1.35832 

0.088637025 1.35864 

0.088642708 1.35896 

0.088648484 1.35928 

0.088654353 1.3596 

0.088660315 1.35992 

0.088666369 1.36024 

0.088672517 1.36056 

0.088678757 1.36088 



216 
 

0.088685089 1.3612 

0.088691515 1.36152 

0.088698034 1.36184 

0.088704645 1.36216 

0.088711349 1.36248 

0.088718146 1.3628 

0.088725035 1.36312 

0.088732018 1.36344 

0.088739093 1.36376 

0.088746261 1.36408 

0.088753522 1.3644 

0.088760875 1.36472 

0.088768322 1.36504 

0.088775861 1.36536 

0.088783493 1.36568 

0.088791218 1.366 

0.088799035 1.36632 

0.088806946 1.36664 

0.088814949 1.36696 

0.088823045 1.36728 

0.088831233 1.3676 

0.088839515 1.36792 

0.088847889 1.36824 

0.088856356 1.36856 

0.088864916 1.36888 

0.088873569 1.3692 

0.088882314 1.36952 



217 
 

0.088891153 1.36984 

0.088900084 1.37016 

0.088909107 1.37048 

0.088918224 1.3708 

0.088927433 1.37112 

0.088936736 1.37144 

0.088946131 1.37176 

0.088955618 1.37208 

0.088965199 1.3724 

0.088974872 1.37272 

0.088984639 1.37304 

0.088994498 1.37336 

0.089004449 1.37368 

0.089014494 1.374 

0.089024631 1.37432 

0.089034861 1.37464 

0.089045184 1.37496 

0.0890556 1.37528 

0.089066108 1.3756 

0.08907671 1.37592 

0.089087404 1.37624 

0.089098191 1.37656 

0.08910907 1.37688 

0.089120043 1.3772 

0.089131108 1.37752 

0.089142266 1.37784 

0.089153517 1.37816 



218 
 

0.08916486 1.37848 

0.089176297 1.3788 

0.089187826 1.37912 

0.089199448 1.37944 

0.089211163 1.37976 

0.08922297 1.38008 

0.089234871 1.3804 

0.089246864 1.38072 

0.08925895 1.38104 

0.089271129 1.38136 

0.0892834 1.38168 

0.089295764 1.382 

0.089308222 1.38232 

0.089320771 1.38264 

0.089333414 1.38296 

0.08934615 1.38328 

0.089358978 1.3836 

0.089371899 1.38392 

0.089384913 1.38424 

0.089398019 1.38456 

0.089411219 1.38488 

0.089424511 1.3852 

0.089437896 1.38552 

0.089451374 1.38584 

0.089464945 1.38616 

0.089478608 1.38648 

0.089492364 1.3868 



219 
 

0.089506213 1.38712 

0.089520155 1.38744 

0.089534189 1.38776 

0.089548317 1.38808 

0.089562537 1.3884 

0.08957685 1.38872 

0.089591256 1.38904 

0.089605754 1.38936 

0.089620345 1.38968 

0.08963503 1.39 

0.089649806 1.39032 

0.089664676 1.39064 

0.089679639 1.39096 

0.089694694 1.39128 

0.089709842 1.3916 

0.089725083 1.39192 

0.089740416 1.39224 

0.089755843 1.39256 

0.089771362 1.39288 

0.089786974 1.3932 

0.089802679 1.39352 

0.089818477 1.39384 

0.089834367 1.39416 

0.08985035 1.39448 

0.089866426 1.3948 

0.089882595 1.39512 

0.089898856 1.39544 



220 
 

0.089915211 1.39576 

0.089931658 1.39608 

0.089948198 1.3964 

0.08996483 1.39672 

0.089981556 1.39704 

0.089998374 1.39736 

0.090015285 1.39768 

0.090032289 1.398 

0.090049386 1.39832 

0.090066575 1.39864 

0.090083858 1.39896 

0.090101233 1.39928 

0.090118701 1.3996 

0.090136261 1.39992 

0.090153915 1.40024 

0.090171661 1.40056 

0.0901895 1.40088 

0.090207432 1.4012 

0.090225456 1.40152 

0.090243574 1.40184 

0.090261784 1.40216 

0.090280087 1.40248 

0.090298482 1.4028 

0.090316971 1.40312 

0.090335552 1.40344 

0.090354226 1.40376 

0.090372993 1.40408 



221 
 

0.090391853 1.4044 

0.090410806 1.40472 

0.090429851 1.40504 

0.090448989 1.40536 

0.09046822 1.40568 

0.090487544 1.406 

0.09050696 1.40632 

0.090526469 1.40664 

0.090546071 1.40696 

0.090565766 1.40728 

0.090585554 1.4076 

0.090605434 1.40792 

0.090625407 1.40824 

0.090645473 1.40856 

0.090665632 1.40888 

0.090685884 1.4092 

0.090706228 1.40952 

0.090726665 1.40984 

0.090747195 1.41016 

0.090767818 1.41048 

0.090788533 1.4108 

0.090809342 1.41112 

0.090830243 1.41144 

0.090851237 1.41176 

0.090872323 1.41208 

0.090893503 1.4124 

0.090914775 1.41272 



222 
 

0.09093614 1.41304 

0.090957598 1.41336 

0.090979149 1.41368 

0.091000792 1.414 

0.091022529 1.41432 

0.091044358 1.41464 

0.091066279 1.41496 

0.091088294 1.41528 

0.091110401 1.4156 

0.091132602 1.41592 

0.091154895 1.41624 

0.09117728 1.41656 

0.091199759 1.41688 

0.09122233 1.4172 

0.091244994 1.41752 

0.091267751 1.41784 

0.091290601 1.41816 

0.091313544 1.41848 

0.091336579 1.4188 

0.091359707 1.41912 

0.091382928 1.41944 

0.091406242 1.41976 

0.091429648 1.42008 

0.091453147 1.4204 

0.091476739 1.42072 

0.091500424 1.42104 

0.091524202 1.42136 



223 
 

0.091548072 1.42168 

0.091572036 1.422 

0.091596092 1.42232 

0.09162024 1.42264 

0.091644482 1.42296 

0.091668816 1.42328 

0.091693244 1.4236 

0.091717764 1.42392 

0.091742376 1.42424 

0.091767082 1.42456 

0.09179188 1.42488 

0.091816771 1.4252 

0.091841755 1.42552 

0.091866832 1.42584 

0.091892002 1.42616 

0.091917264 1.42648 

0.091942619 1.4268 

0.091968067 1.42712 

0.091993608 1.42744 

0.092019241 1.42776 

0.092044967 1.42808 

0.092070786 1.4284 

0.092096698 1.42872 

0.092122703 1.42904 

0.0921488 1.42936 

0.09217499 1.42968 

0.092201274 1.43 



224 
 

0.092227649 1.43032 

0.092254118 1.43064 

0.092280679 1.43096 

0.092307333 1.43128 

0.09233408 1.4316 

0.09236092 1.43192 

0.092387853 1.43224 

0.092414878 1.43256 

0.092441996 1.43288 

0.092469207 1.4332 

0.092496511 1.43352 

0.092523907 1.43384 

0.092551397 1.43416 

0.092578979 1.43448 

0.092606654 1.4348 

0.092634421 1.43512 

0.092662282 1.43544 

0.092690235 1.43576 

0.092718281 1.43608 

0.09274642 1.4364 

0.092774651 1.43672 

0.092802976 1.43704 

0.092831393 1.43736 

0.092859903 1.43768 

0.092888506 1.438 

0.092917202 1.43832 

0.09294599 1.43864 



225 
 

0.092974871 1.43896 

0.093003845 1.43928 

0.093032912 1.4396 

0.093062071 1.43992 

0.093091324 1.44024 

0.093120669 1.44056 

0.093150107 1.44088 

0.093179637 1.4412 

0.093209261 1.44152 

0.093238977 1.44184 

0.093268786 1.44216 

0.093298688 1.44248 

0.093328683 1.4428 

0.09335877 1.44312 

0.09338895 1.44344 

0.093419223 1.44376 

0.093449589 1.44408 

0.093480048 1.4444 

0.093510599 1.44472 

0.093541244 1.44504 

0.093571981 1.44536 

0.09360281 1.44568 

0.093633733 1.446 

0.093664748 1.44632 

0.093695856 1.44664 

0.093727057 1.44696 

0.093758351 1.44728 
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0.093789738 1.4476 

0.093821217 1.44792 

0.093852789 1.44824 

0.093884454 1.44856 

0.093916212 1.44888 

0.093948062 1.4492 

0.093980005 1.44952 

0.094012041 1.44984 

0.09404417 1.45016 

0.094076392 1.45048 

0.094108706 1.4508 

0.094141114 1.45112 

0.094173614 1.45144 

0.094206207 1.45176 

0.094238892 1.45208 

0.094271671 1.4524 

0.094304542 1.45272 

0.094337506 1.45304 

0.094370562 1.45336 

0.094403712 1.45368 

0.094436954 1.454 

0.09447029 1.45432 

0.094503717 1.45464 

0.094537238 1.45496 

0.094570852 1.45528 

0.094604558 1.4556 

0.094638357 1.45592 
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0.094672249 1.45624 

0.094706234 1.45656 

0.094740311 1.45688 

0.094774481 1.4572 

0.094808745 1.45752 

0.0948431 1.45784 

0.094877549 1.45816 

0.09491209 1.45848 

0.094946725 1.4588 

0.094981452 1.45912 

0.095016271 1.45944 

0.095051184 1.45976 

0.095086189 1.46008 

0.095121288 1.4604 

0.095156479 1.46072 

0.095191762 1.46104 

0.095227139 1.46136 

0.095262608 1.46168 

0.09529817 1.462 

0.095333825 1.46232 

0.095369573 1.46264 

0.095405414 1.46296 

0.095441347 1.46328 

0.095477373 1.4636 

0.095513492 1.46392 

0.095549704 1.46424 

0.095586008 1.46456 
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0.095622405 1.46488 

0.095658895 1.4652 

0.095695478 1.46552 

0.095732154 1.46584 

0.095768922 1.46616 

0.095805783 1.46648 

0.095842737 1.4668 

0.095879784 1.46712 

0.095916924 1.46744 

0.095954156 1.46776 

0.095991481 1.46808 

0.096028899 1.4684 

0.09606641 1.46872 

0.096104014 1.46904 

0.09614171 1.46936 

0.096179499 1.46968 

0.096217381 1.47 
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