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Chapter 1 

Introduction 

1.1 Motivation 

Orthogonal Frequency Division Multiplexing (OFDM) has received considerable attention dur

ing the last two decades due to its robustness against Inter-Symbol Interference (ISI) and multi

path distortion, low implementation complexity and high spectral efficiency. With the introduc

tion of the parallel transmission concept, the symbol duration in OFDM becomes significantly 

longer, compared to single-carrier transmission with the same channel condition and given data 

rate. Consequently, the impact of the ISI in the OFDM system is substantially reduced. This 

is why OFDM becomes the primary technology for broadcasting, where multi-path distortion is 

very common. 

Regarding to an Orthogonal Frequency Division Multiple Access (OFDMA) system, the sub

carriers in an OFDM system are further divided into groups. For example, in the downlink of 

Frequency Division Duplexing (FDD) Long Term Evolution (LTE), each 12 adjacent sub-carriers 

are grouped into one frequency unit known as a resource block, with an 15kHz inter-subcarrier 

spacing [1]. In Worldwide inter-operability for Microwave Access (WiMAX), the concept of sub

channel is introduced, where each sub-channel comprises of a given number of sub-carriers [2]. 

The feature of orthogonal frequency segmentation enables a multi-user resource allocation in a 

given time slot. OFDMA has been successfully implemented in many wireless communication 

systems such as LTE, WiMAX and IEEE 802.lln etc. and has also become a promising scheme 

for the next generation mobile broadband system such as LTE-Advanced. 

In a single carrier system such as High Speed Downlink Packet Access (HSDPA), the Signal 

to Noise Ratio (SNR) of the channel will fluctuate and lead to different channel capacity over 

the time. A Link Adaption (LA) method, which is also known as Adaptive 1fodulation and 
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Coding (AMC) is often used to adaptively select the Modulation and Coding Scheme (MCS) 

according to the current Channel State Information (CSI) report. In a multi-carrier system 

over frequency selective channels, the SKRs of each sub-carrier will fluctuate not only in the 

time domain but also in the frequency domain. One solution is to perform the LA for each 

sub-carrier based on the CSI feedback. However, such an approach will cause a huge signaling 

overhead for the selection of MCS and will significantly increase the whole system complexity. 

In a practical OFDMA system, each sub-channel will be assigned a single MCS. In other words, 

all the sub-carriers within one sub-channel will use the same MCS in the given time slot. If the 

MCS selection is not done properly, some of the sub-carriers with lower SNRs may cause a high 

error probability. Advanced Link Error Prediction (LEP) is needed to address this issue and 

estimate an overall Link Quality Metric (LQM) (i.e. equivalent SNR) of the sub-channel by the 

CSI report of each sub-carrier in the given time slot. Such LQM can then assist the LA method 

in selecting the best MCS in order to optimize the total system throughput. 

Accuracy is very important to LEP. An accurate LEP ensures that the transmitting format 

is selected properly. If the link performance is over-estimated, the transmitter may choose an 

MCS level that is not robust enough under the instantaneous channel condition, and thereby 

introducing too much transmission errors. On the other hand, if the link performance is under

estimated, an MCS with a potentially higher spectral efficiency may exist, and thereby forbids 

the performance to achieve its highest potential. Both of the above cases will lead to loss of sys

tem performance. The most widely studied and used LEP is the so called Exponential Effective 

SNR Mapping (EESM). It has been included in 3rd Generation Partnership Project (3GPP) 

and WiMAX forum feasibility studies for both LTE and WiMAX, and has shown to achieve a 

good performance. 

In order to facilitate the estimation of the sub-channel performance in a multi-carrier communi

cation system, it is of great importance to investigate the statistical characteristics of sub-channel 

LQM for the CSI report over frequency selective fading channels. In this thesis, the problem of 

theoretical analysis of the EESM output SNR over frequency selective channels is investigated. 

1.2 Background 

For a better understanding of the techniques that are related to this research, some background 

knowledge will be introduced in this section. First of all, some general information on OFDM 

and OFDMA is introduced. Followed by a brief introduction of two LA categories. Finally, the 

working procedure of an LEP method used in LA is presented. 

2 



1.2 .1 Orthogonal Frequency Division Multiplexing (OFDM) 

In a single-carrier system, the symbol duration need to be reduced in order to reach a higher data 

rates . \i\lhen the symbol with short duration is transmitted through a multipath channel, the 

arrival of the same symbol from different path may span over intervals larger than one symbol 

period. These copies will affect several symbols thus causing high ISI ancl in consequence the 

eq ua.liza.tion of the signal becomes extremely challenging. 

In an OFDM system, however, a large number of closely-spa.cecl narrowband sub-carriers a.re 

usecl to carry cl ata. A very high ra te data st ream is divided into mult iple parall el low rate cl ata 

streams. Each smaller data st ream is t hen mapped to an individual sub-carrier. Because of 

t his phenomen a , the symbol du ration in an O F DM system is much longer tha n th at in a sing le 

carrier system. The ISI is great ly reduced with a larger symbo l du ration wh ich makes OFDM 

very usefu l in a mu lt ipath environment. 

The fo ll owing Fig. 1.1 shows an example of an OFDM signal where 5 sub-carriers have been 

modulated. As can be seen from this fi gure, d ue to the orthogonality of O F DM sub-carri ers, a 

sub-carrier will reaches its max imum signal whi le t he others rema in to be zero a t its own cente r 

fr equency t hus avoid the cross in terfere nce fr om other sub-carriers. Different sub-carr iers can 

overlap between t hemselves which a llows a very high spectral effi ciency . 

.r:: 
0) 
C: 

fl:' 
U) 

<ii 
C: 
0) 

(/) 

11 12 f3 14 15 
sub-carriers 

Figure 1.1: OFD M sub-carriers in frequency domain . 
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1.2 .2 Orthogonal Frequency Division Multiple Access (OF D M A) 

In a normal OFDJ\il sysLem, all the sub-carriers are assumed to be allocated to a single mobile 

station in a given time slot. 'v\lhen the user channel condition is very poor (i.e. when the user 

is located in the cell edge), the user may not be able to use the whole spectrum efficiently. On 

the other hand, when the user channel condition is very good (i.e. ,vhen the user is close to 

the serving cell), the use may only need a part of the bandwith with a higher MCS instead of 

occupying the whole spectrum. The optimal solution for these cases is to enable simultaneously 

resource a llocat ion to d ifferent users which refer to an OFDMA system. 

Fig. 1.2 illustrates a general comparison between OFDM and OFDi'vIA. It can be seen that 

OFDMA not only emp loys mu lt iple closely-spaced sub-carr iers, but a lso furthe r d ivide these 

sub-carriers into groups (each group is named a sub-channe l). T he sub-carr iers t hat form a 

sub-channel is not necessari ly adjacent. In t he down li nk, d ifferent subsets of the overall sub

chan nels are a llocated to cl iffe rent mob ile stations. Simil ar ly, in the upli nk, d ifferent subsets of 

the overall sub-channels are used for dat a transmission from d ifferent mob ile stations. 

The advantage of OFDMA is that the sub-channels can be allocated to different users depend

ing on t hei r channel condit ions and Quali ty of Serv ice (QoS) requ irements. For example, the 

t ransmitter can allocate morn t ransmit power and/or lower leve l i'vICS to t he users with lower 

SNR, and less power and/or higher level MCS to the users with highe r SNR wit hin the same 

t ime slot. The detai led se lection of an opt imal MCS level for each user in a given time slot 

would then rely on an LA method. 

QFQM A 

lime 

Figure 1.2: OFDM vs OFDMA. 
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1.2.3 Link Adaption (LA) 

An LA algorithm in general chooses a suitable MCS in providing a good throughput of a system 

while maintaining some QoS objectives. The QoS objectives are, e.g., Frame Error Rate (FER), 

connectivity, packet delivery delay etc. In this thesis, the QoS objective is to stay below a target 

Block Error Rate (BLER) which determines the statistics of retransmissions, the throughput 

and latency of a system. Thus, an LA algorithm with an QoS objective will select a suitable 

MCS value by fulfilling the target BLER requirement. 

There are several approaches for LA to predict the BLER according to some defined QoS ob

jective according to [3]: 

• \Vhen CSI is not available at the receiver, a simple approach will be to estimate BLER 

by simply dividing the number of erroneous packets by a total number of received packets 

for a given time period window. However, this approach requires a long time to stabilize 

the BLER especially when the BLER value is low. This kind of approach is known as 

Slow Link Adaption (SLA) because a sufficient long time is needed in order to accumulate 

enough packets to estimate BLER. 

• \Vhen CSI is available at the receiver, a pre-complied look-up table can be used to de

termine the required SNR in fulfilling a given BLER target. Thus, this kind of LA can 

be defined as an Fast Li11k Adaption (FLA), which estimates a suitable MCS that fulfills 

the QoS constraint for a given CSL Subsequently. the receiver recommends the estimated 

:tv!CS via a feedback channel, so that the transmitter can transmit data at highest possible 

rate according to the current channel condition. 

In this thesis, an LA method is always referred as the FLA method for simplicity, unless explicitly 

stated. 

1.2.4 Link Error Prediction (LEP) 

Before LEP, the relationship between BLER and SNR curves for different MCS levels over 

Additive White Gaussian Noise (AWGN) are assumed to be known. These can be either obtained 

by link-level simulations or real measurements. Fig. 1.3 and Fig. 1.4 are two examples of BLER 

values with different coding rates for Quadrature Phase Shift Keying (QPSK) and lGQAM 

modulation under A\VGN channel respectively [4]. 

A general procedure of LA algorithm with LEP is given in Fig. 1.5. The LEP generally maps 

the current CSis of sub-carriers into a single scalar value known as an LQM, which is then used 
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Figure 1.3: Reference BLER curves in an AWGN channel (QPSK link modes) 

Reference BLEA Curves, AWGN, 16QAM 

I -+-160AM cR, 1/3 .- ,so•~ c~ 112 l6QAM, CR 213 ...... ,saAM, CR 3/4 -+-16QAM, CR 4/51 

' 1.E-01 L 

' ' a: 
w 
.J 
DJ 
j::: 
I-

1.E-02 

1.E-03 +-----+----+-----+-----+---+-----+----+----~----+ 

3 4 5 6 7 8 9 10 11 12 

Post-Receiver SIR (dB) 

Figure 1.4: Reference BLER curves in an AWGN channel (16QAM link modes) 
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to estimate the BLER through the above-mentioned look-up table. If the estimated BLER of 

the current MCS cannot fulfill the target BLER, then the MCS value will be re-selected until 

the estimated BLER is able to reach the target BLER. Finally, the suitable MCS level will be 

recommended to the transmitter so that it transmits the signal with the highest possible rate 

while maintaining the QoS constraint. 

Change MCS 

N 
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0 

r::: ·rl rl 
tl' 0 .µ (lJ
r::: •,-j <'tl r::: 
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Figure 1.5: LA algorithm with LEP. 

1.3 Problem Statement and Goals 

With frequency selective fading, the SNRs of each sub-carrier would vary over the time and 

frequency. It would then cause fluctuations of the effective SNR. As the decision of MCS in LA 

is based on the effective SNR, the study of the statistical characterization of effective SNR over 

frequency selective fading channels would be very important. This problem forms the basis of 

investigation in this thesis. 

The methodology used in this thesis is generally divided into two parts. The first part is to 

investigate the method in obtaining the distribution of EESM over frequency selective fading 

channels. Such approach will be very helpful for the second part of the work which is to 

obtain the exact distribution of the EESM effective SNR for a specified fading model. In 

this case, Nakagami-m fading model is used. The choice of this model is based due to its 

simplicity and experimental consistency [5][6][7][8][9]. One of the important features of the 
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distribution is that the SNR of a signal under Nakagami fading is gamma distributed [10]. 

Thus, in performance evaluation involving Nakagami fading, one can often rely on established 

results (in the statistics literature) of the gamma distribution. An important special case of the 

Nakagami distribution is the Rayleigh distribution, which arises in the situation of where the 

line-of-sight (LOS) component between the transmitter and the receiver is absent, i.e., when all 

of the received power stems from scattered components. The corresponding distribution for the 

SNR is the exponential distribution. 

The research in this thesis represents an effort to provide a statistical characterization of EESM 

effective SNR which has not appeared in any existing literatures. The goals of this thesis is to 

• Characterize the statistics of EESM effective SNR over frequency selective channels. 

• Obtain the distribution of EESM effective SNR over correlated Nakagami-m fading chan

nels. 

• Theoretically analyze the performance (i.e. average SNR, outage probability and Symbol 

Error Rate (SER) etc.) of EESM over correlated Nakagami-m fading channels. 

• Provide simple approximations to the proposed analytical results. 

• Try to find extension and application of the results. 

1.4 Research Methodology 

A general description of the problem and the research targets are introduced in the previous 

section. In order to tackle the stated problem, the research methodology which is used in this 

thesis is introduced in this section. 

1.4.1 Problem Formulation 

In order to characterize the statistics of EESM effective SNR over an OFDMA system, a math

ematical formulation of the problem need to be provided. According to [11], EESM that maps 

the SNRs of a set of sub-carriers into a single effective SNR is defined as 

(1.1)ieff ->.log(! te-*) 
where 'Yi is the SNR for the i - th sub-carrier. >. is a scaling coefficient determined by the selected 

modulation and coding rate which is denoted as MCS factor for simplification. N specifies the 

number of sub-carriers that are being used to estimate the effective SNR. A detailed introduction 
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of the derivation and calibration of EESM will be given in Chapter 2. 

According to 1.1, the research target is to investigate the statistics of gamaaeff under different 

channel conditions include MCS factor >., N number of sub-carriers and their corresponding 

SNR statistics of the sub-carriers. In order to obtain a reasonable and accurate, it is essential 

to model these parameters properly. 

Modeling 

The exact value of the MCS factor >., however, relies on the modulation scheme and coding rate 

that are used in the sub-carriers. Such a parameter need to be calibrated by either link level 

simulations or real measurements. Since the focus of this thesis is not on the investigation of 

modulation and coding techniques, thus the calibration of,\ is out of the scope of the author's 

research. In stead, the chosen value of>, is considered as a calibrated MCS factor in this thesis. 

To determine the performance of the effective SNR of a sub-channel in an OFDMA system, to 

model the frequency selective fading of the sub-channel is essential. As a sub-channel is composed 

by a set of parallel sub-carriers, one approach can be to model it by a set of sub-carrier fading. 

Considering a single sub-carrier, the channel may be modeled as a narrowband fading channel, 

for instance with Nakagami-m or Rayleigh amplitude distributions. The collection of multiple 

sub-carriers (i.e. a sub-channel) can be modeled as a set of mutually dependent fading channels. 

In such a model, it is important to address correlation of the fading of various sub-carriers due 

to the frequency selective phenomena. 

Implementation 

The straightforward way to characterize the statistics of EESM effective SNR is to obtain the 

corresponding Probability Density Function (PDF) or Cumulative Distribution Function (CDF). 

However, due to the highly complexity of EESM transformation, it is extremely difficult to de

rive it directly from (1.1). The approach used in this thesis is to characterize the effective SNR 

by its Moment Generating Function (MGF). The MGF is an alternate definition of its proba

bility distribution which has a one-to-one mapping between its CDF/PDF [12]. Furthermore, 

considering the logarithm operation involved in (1.1), it can be automatically canceled by the 

calculation of MGF which will significantly reduce the derivation complexity. 

According to (1.1), the complexity is also highly dependent on the number of involved sub

carriers. As an initial effort, the statistics of the effective SNR of two sub-carriers will be firstly 

studied. Such a simplification will not only provide a more trackable result but also a good 
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reference to the further research on the general case. Performance analysis including the outage 

probability and SER can then be derived and analyzed based on the MGF. 

As an extended work of two sub-carriers, the next step is to obtain the MGF of effective SNR 

over arbitrary number of sub-carriers. Consequently, the average and variance of the effective 

SNR can be derived and studied based on the MGF. 

In the end, some approximation methods will be studied as the means to approximate the 

PDF/CDF of the effective SNR. The moments derived from the MGF will be used to match 

the moments of the target distribution with that of the exact effective SNR distribution. 

1.4.2 Analytical Methods 

Due to the mathematical complexity of the problem, a few advanced analytical methods will be 

used during the implementation. 

1.4.3 MGF Analysis 

The analysis based on the MGF of a random variable acts a key method in the thesis. It is a 

very useful tool to study the performance of the effective SNR. As the moments can be directly 

derived by calculating the corresponding differential of the MGF, to analyze the average and 

variance of the effective become especially convenient. In addition, the PDF/CDF can be also 

obtained by taking the inverse Laplace transform on the MGF. Although, the result may not 

be explicitly trackable, but still can be evaluated efficiently by numeric methods. 

1.4.4 Order Statistics 

When dealing with an arbitrary number of sub-carriers in EESM, it will be very difficult to 

perform the MGF analysis directly due to the complex composition. The order statistics is used 

to transform the SNRs of all the sub-carriers into an ordered sequence, thus decompose the 

problem into simpler sub-problems. The order statistics is also very useful in estimating the 

bound of the target random variable. 

1.4.5 Moment Matching 

When the moments of the random variable are known, a convenient and efficient approach is to 

approximate its distribution by matching their moments. The exact moments of the effective 

can be derived from the obtained MGF. To choose a suitable approximation distribution is also 

very important in order to have a reasonable matching to the target distribution. 
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1.4.6 Verification 

Both theoretical and numerical methods are used in this thesis in order to verify the accuracy 

and stability of the approaches. 

Theoretical Analysis 

To provide a rigorous derivation of analytical results, theoretical analysis is essential to verify the 

completeness of the approach. A strictly theoretical verification is normally carried out depends 

on the specific mathematic derivation. For example, in order to perform the MGF analysis, it 

is necessary to verify that the MGF is exist around a short range around zero. And when the 

MGF is obtained, one may need to proof the convergence of the result when a infinite series are 

involved. Such verification is more trustable and rigorous compared with numerical results. 

Numerical Comparison 

To further confirm the correctness of the approach, numerical comparison is used. The numerical 

comparison can provide a more vivid result either illustrated by figures or tables than theoretical 

analysis. 

Firstly, the approaches in this thesis are implemented by numeric methods programmed in C or 

MatLab. The numerical results will then be calculated by the corresponding of the inputs. For 

example, in order to calculate the average effective SNR numerically, the pre-calibrated MCS 

factor and the fading distribution of the sub-carriers are need to be specified. 

1fonte-carlo simulation is used to verify the accuracy of the numeric results. In this case, 

the instant SNRs of each sub-carrier are generated by a certain distribution (i.e. correlated 

Nakagami-m distribution). As monte-carlo simulation relies on repeated random sampling to 

compute the results. A large sample of effective SNR need to be computed in order to stabilized 

the results. 

1.5 Contributions 

In this thesis, one of the main contribution is to provide a general method in obtaining the exact 

distribution of EESM effective SNR over frequency selective channels. Note that this proposed 

method is general, and can be applied to any fading model. Subsequently, this method is then 

used to obtain analytical expressions for the statistics of a more specific (i.e. Nakagami-m) 

channel model. The main contribution of this research is to provide analytical tools in the 

statistical characterization of EESM effective SNR of a multi-carrier system over frequency 
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selective fading channels. Specifically, the contributions of this thesis include: 

• a general analytical framework in obtaining the MGF of EESM effective SNR over two 

and N correlated sub-carriers 

• the derivation of the moments and the MGF of EESM effective SNR for two and N 

correlated Nakagami-m faded sub-carriers 

• the derivation of the moments for arbitrary order statistics of N correlated Nakagami-m 

random variables 

• general approximations of the PDF and CDF of the EESM effective SNR 

It should be noted that due to the nature of the case of two sub-carriers, the analytical results are 

very different from and much simpler than those of the N sub-carrier case. Thus, the resulting 

mathematical simplicity represents a specific contribution in this thesis. 

1.6 Outline 

This thesis is mainly based on a collection of papers which have been accepted, submitted, and 

will be submitted in the near future. Some modifications to the material in the other chapters 

have been made, mostly to provide a common notation and to avoid overlap. The remainder of 

the thesis is organized as follows: 

In Chapter 2, a brief introduction on common LEP methods is given. Followed by a general 

introduction of the derivation and calibration of EESM. A detailed literature review on the 

validation, application and theoretical analysis of EESM is given in the end of this chapter. 

In Chapter 3, the characteristics of EESM output effective SNR over two generalized fading 

channels are firstly proposed. Then, the explicit expressions of the MGF and the average of 

effective SNR over two correlated Nakagami-m fading channels are derived. As a special ca.c;e, 

the analytical results for the important case of Rayleigh fading model are also presented. Sub

sequently, the numerical results including average SNR, outage probability and SER of two 

sub-carriers are presented. 

In Chapter 4, advanced techniques are proposed in order to theoretically characterize the statis

tics of EESM over arbitrary number of sub-carriers. General formulas for the MGF and moments 

of EESM effective SNR are derived and investigated. These formulas are then used to extract the 

analytical expressions of the MGF and moments of effective SNR over N correlated Nakagami-m 

fading channels. Subsequently, numerical results on the proposed approaches are presented. 

In Chapter 5, Generalized Extreme Value (GEV) distribution and Pearson system are chosen 
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to approximate the effective SNR distribution by matching their corresponding moments. The 

accuracy of the proposed methods is subsequently discussed. 

A summary and concluding remarks together with some future research ideas are presented in 

Chapter 6. 
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Chapter 2 

Literature Review 

2.1 Survey of Link Error Prediction (LEP) 

A widely used family of LEP methods is the so-called Effective SNR Mapping (ESM), which 

compresses the SNRs of a set of sub-carriers into a single effective SNR. According to [13], the 

general framework of ESM is given by, 

(2.1) 

where N is the number of sub-carriers and ri is the SNR of ith sub-carrier. I(·) is a mapping 

function and 1-1 (-) is the corresponding inverse. The parameter >. allows the model to adapt 

the characteristics of the MCS. 

Regarding to different mapping functions, several common ESM-based LEPs including instan

taneous SNR, Capacity based Effective SNR Mapping (CESM), Mutual Information based Ef

fective SNR Mapping (MIESM) and EESM are introduced below. 

2.1.1 Instantaneous SNR 

Instantaneous SNR or Actual Value Interface (AVI) is a simple and conventional LEP when 

take J(,) = 1 and >. = l. 

l N 
(2.2)ref!= N Lri 

i=l 

It was shown in [14] that the BLER curve for each individual multi-path channel realizations will 

be different from the average Packet Error Rate (PER) curve for a given channel model, MCS 

and packet length. Furthermore, for a fixed BLER, the SNR difference between two individual 
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channel realizations can be quite large. Thus, if the LQM for the LA is based on instantaneous 

SNR, some weaker sub-carriers may potentially have SNRs that are significantly lower than 

the average value, and thereby introducing an unacceptably high transmission error. Due to 

this reason, an instantaneous SNR based LEP cannot be accurate enough in the estimation of 

BLER. 

2.1.2 Capacity based Effective SNR Mapping (CESM) 

When I('y) = log2 (1 + -y), the LEP is known as CESM [15]. The CESM effective SNR is 

determined based on the channel capacity, which is given by 

(2.3) 

The BLER can be estimated for the computed channel capacity LQM using the one dimensional 

look-up table. However, the BLER estimation accuracy of the CESM is worse than the EESM 

according to [13],[15]. 

2.1.3 Mutual Information based Effective SNR Mapping (MIESM) 

In [16], another mapping function is introduced, and is related to the mutual information I(,) = 

ZmC'Y), which depends on the specific modulation alphabet m and the applied demodulator type. 

This will be referred to as MIESM with the effective SNR given by, 

1 N 
(2.4)

( trZm("Yeff = XL;;.,1 N 

The detailed computation of mutual information and its inverse can be found in [16] and 

[17]. When mutual information has been used as a link-to-system performance stimulation 

in [15],[16],[13] and has shown to be a accurate BLER estimator. 

2.1.4 Exponential Effective SNR Mapping (EESM) 

The EESM proposed in [11: corresponds to l('y) = e-f. 

(2.5)1eff =>.log(~ t,e-¥) 
Note that the parameter >. is used to match the ESM to a specific combination of modulation 

scheme and coding rate. A suitable value for >. for each MCS level of interest can then be 

calibrated through adequate link-level simulations or real measurements. EESM is derived 

based on the Union-Chernoff bound of error probabilities, the detailed descriptions of EESM 

will be given in Section 2.2. 
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2.2 Introduction to EESM 

In this section, a brief description of the derivation and parameter calibration of EESM is 

provided. 

2.2.1 Derivation of EESM 

For Binary Phase Shift Keying (BPSK) transmission over an AWGN channel, assuming SNR 1 

and a symbol distance of 1, the probability of error is 

(2.6) 

where Q( ·) is the Q-function. 

By using the Chernoff bound of Q-function, Pe can be upper bounded by 

(2.7) 

For transmissions over N AWGN channels with corresponding channel SNR 1;, the BLER which 

indicates the probability of at least one error is given by 

N 

BLER I - II(l Pe(,i)) (2.8) 
i=l 

Applying (2.7) in (2.8) followed by expanding the polynomial and discarding the second order 

items, we then get 

N 

BLER~ Le-'' (2.9) 
i=l 

The goal of EESM is to find an equivalent SNR value that has the same BLER, i.e. 

N 

Ne-,c11 = Le-'' (2.10) 
i=l 

Solving ref f in the above equation, we finally get 

(2.11) 

For the EESM with QPSK under AWGN channel, the effective SNR is given by 

(2.12) 

For order modulations, such as 16QAM, the exact expression of the effective SNR is 

not as straight.forward to determine. Instead, a generalized EESivI is proposed [18], including 
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a parameter ,\ that can be adjusted to match the EESM to a specific: modulation scheme or, 

in the general case, a specific combination of modulation scheme and coding rate. A suitable 

value of >. for each MCS level of interest can then be found from link-level simulations or real 

measurements. 

2.2.2 Calibration of EESIVl 

In order to insure the stability of the estimation, EESM is expected to work for each instan

taneous channel realization under any channel environment. Thus, several channel realizat.ions 

were created from different channel models (i.e. ITU Ped A and Ped B) to calibrate>. for a given 

MCS level. For each channel realization, the BLER can be obtained by simulations. The sim

ulation results would then be compared with the reference BLER curve obtained from AWGN 

channel under the same MCS kvel. Once all the factors are addressed. various optimization 

criteria can be used to determine>.. For example, in [19]. two cost functions are proposed. The 

first one is 

L

L IIBLERµred,l (A) BLERmms,lll 2 (2.B) 
l 1 

where L denotes the number of channel realization used for parameter calibration, BLERpred,l 

and BLERmeas,l denote predicted and measured BLER for the la, channel realization respec

tively. 

The second cost function is given by 

g>, = max lh'eJJ,l(>.) -fAWGN,111 (2.14)
lEl, ... ,L 

where refJ.1(>.) is the effertive S:KR computed with parameter,\ for the lth channel realization, 

rAWGN,l is the required SNR to meet target BLER under AWGN channel. 

Similarly, other cost functions can be used to determine,\_ For example. in [13], the cost function 

is given by 

L 

g>-. = LIIJogio(BLERµred,l(>.)) 1ogrn(BLERmeas,i)ll 2
-

l=l 

Once the cost function is defined, the optimum value of >. is achieved by optimizing the expres

sion. 

Aopt = argmin(g>.), (2.16) 
>, 

Table 2.2.2 presents a reference set of calibrated >. values for different I\ICS levels which can be 

found in [4]. 
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Modulatiori CodeRate ,\ 

QPSK 

1/3 1.49 

1/2 1.57 

2/3 1.69 

3/4 1.69 

4/5 1.65 

1/3 3.36 

1/2 4.56 

16QAM 2/3 6.42 

3/4 7.33 

4/5 7.68 

Table 2.1: Calibrated values for the MCS parameter>. in EESM. 

2.3 Survey of EESM 

2.3.1 3GPP Feasibility Study 

As a widely used LQM, EESM has been firstly proposed and patented in [18]. EESM provides 

a way of mapping a set of instantaneous sub-carrier SNRs into a single effective SNR. Such 

effective SNR is then used to find an estimate of the BLER from the basic AWGN link level 

performance. Since then, EESM has been included in the 3GPP feasibility study for OFDM 

The accuracy ofEESM as a prediction of AWGN-equivalent SNR has been verified extensively by 

members of 3GPP. In [11] and [20], the basic EESM for the binary signal is derived and is then 

generalized to include an MOS-dependent parameter that allows the fine-tuning of EESM with 

respective to different modulation schemes as well as different coding rates. Finally, the accuracy 

of the EESM over the Pedestrian A and Pedestrian B channel models are provided by link-level 

simulations. EESM tends to be an accurate estimation of AWGN-equivalent SNR for frequency 

selective channels. The full verification of EESM with realistic OFDM interference is provided in 

[211 [22] and [23]. In these studies, a realistic inter-cell interference scenario is modeled to verify 

the accuracy of EESM in an OFDM system. The results show that EESM can be used well as 

an interface in a system level simulator to predict performance in realistic interference scenarios. 
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2.3.2 Comparison and Validation 

Regarding to the comparison and validation of EESM-based LEP, a large number of studies and 

research have been proposed. 

For example, in [24], both traditional AVI (also known as Instantaneous SNR) and some ad

vanced ESM-based link-to-system interface methods such as EESM and MIESM are investigated. 

Simulation results show that both EESM and MIESM provide a better prediction of link per

formance than the AVI approach. [24] also pointed out that due to the complexity of advanced 

ESM-based methods is higher than that of the traditional AVI method, Thus, computation 

speed improvement is required in the implementation of these methods. 

In [25] and [26], a detailed calibration and validation of MOS-related parameters are carried out. 

The results of calibration and validation show that EESM is not only feasible but very accurate. 

Their work shows that the method works very well for Single Input and Single Output (SISO) 

modes with frequency selective channels, and can be easily extended to some Multiple Input 

and Multiple Output (MIMO) modes as well. 

In [27], EESM with several common LEPs have been investigated for IEEE 802.lln link adap

tion with convolutional coding and higher order modulations. Simulation results show that the 

performances of FLA algorithms using advanced LEPs such as EESM and MIESM are at most 

l.25dB from the throughput of the upper bound in both SISO and MIMO systems. 

2.3.3 Applications 

The applications of EESM as an LEP method to predict multi-state channel performance has 

been widely investigated in the current literatures. 

For example, in [28], EESM is adopted in IEEE 802.16e with Time Division Duplexing (TDD) 

configuration. The performance is then analyzed and compared with 3GPP Universal 

Mobile Telecommunications System (UMTS) HSDPA. Simulation results show that the former's 

spectral efficiency improvement is about 40% to 50% higher than that of the latter. 

In [29], EESM is further extended to cover Hybrid Automatic Repeat reQuest (HARQ) tech

niques, including both Chase Combining (CC) and Incremental Redundancy (IR). To minimize 

the memory requirements, a recursive method of calculating effective SNR is implemented. 

Simulation results show that the accuracy is sufficient for comparison of different system design 

choices in many cases. 

In [30], an EESM-based interface from link-to-system tool is presented for a 2 x 2 Spatial 

Multiplexing (SM) system incorporating a Maximum Likelihood (ML) detection algorithm. 

Since ML detection does not have an explicit expression of post-detected SNR, penalty method 
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based on Minimum Mean Square Error (MMSE) detection has been proposed to have LEP for 

SM ML detection. Simulation results show that EESM-based effective SNR for ML receive has 

obtained high fitting precision to AWGN performance in QPSK and 16QAM modulations and 

convolution coding with rate 1/2. It is believed that such a method can be naturally general

ized to other modulations and coding rates, higher level of MIMO modes and other frequency 

selective fading channels. 

Due to its Shannon-limit-approaching performance, Low Density Parity Check (LDPC) code has 

attracted a lot of interests in both academia and industry. It has been treated as a promising 

candidate for Forward Error Correction (FEC) schemes in new standards such as DVB-S2 and 

IEEE 802.lln. In [31], to improve the flexibility and accuracy of LA in an LDPC-coded OFDM 

system, the basic EESM is extended to fit the LDPC codes. Simulation results indicate that 

the EESM model is accurate for the LDPC codes both in terms of complexity and accuracy for 

different MCS levels, sub-channel states and coding block length. 

2.3.4 Theoretical Analysis 

The exact analysis of the statistical characterization of EESM effective SNR is however very 

difficult due to its highly non-linear nature of the mapping from multi-variable to a single vari

able [32]. To simplify this problem, current literatures normally assume that the number of 

sub-carriers is sufficiently large and the SNRs of each sub-carriers are Independent and Iden

tically Distributed (i.i.d.). Thus, by using the Central Limit Theorem (CLT), the summation 

inside the logarithm operation in (2.5) follows a Gaussian distribution. The further performance 

analysis (i.e. average SNR, outage probability etc.) can then be carried out based on such an 

assumption. For example, in [33}, the approach is used to obtain an approximated expression for 

the link outage probability. This formula is then used to perform network planning procedure by 

using the two moments of the single sub-carrier SNR. In addition, the upper and lower bounds 

of the outage probability in the presence of the interference are also proposed. 

For the theoretical analysis of the average effective SNR, a weaker theorem called Law of Large 

Number (LLN) can be used. According to LLN, the average of the results obtained from a 

large number of trials should be close to the expected value, and will tend to become closer 

as more trials are performed. For example, in [34], a high-degree of frequency diversity and 

each subcarrier with i.i.d. Rayleigh fading are assumed. With a large number of sub-carriers, 

the expectation of the effective SNR is derived from the law of large numbers. Based on this 

approach, an asymptotic effective SNR approach is developed for low complexity approximation 

of the EESM FER mapping. 
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Over all, both the CLT and LLK do simplify the theoretical analysis of multi-carrier systems 

involving the statistics of EESM effective SNR. However, these methods heavily depend on the 

number of terms and the distribution of individual terms that is involved in the summation 

in EESM. Such requirements may not always be valid in a realistic scenario. For example, 

in the downlink of an LTE system, only 12 sub-carriers are used in a single sub-channel. In 

this case, the number of sub-carriers may not be enough for the CLT to achieve a good 

convergence to a Gaussian distribution. Furthermore, the correlation of sub-carriers depends on 

the frequency separation. In practice, the signal strength of adjacent sub-carriers are normally 

highly correlated. Finally, the inter-cell interference of the sub-carrier may vary from one to 

another. In that case, the distribution of the SNRs of each sub-carrier will no longer be identical. 

All the above arguments suggest that a general characterization of EESM effective SNR is essen

tial, where correlated and non-identically sub-carriers are taken into account. However, to the 

best of the author's knowledge, no analytical study on the distribution of EESM effective SNR is 

available in existing literatures. Because of that, the main contribution of this thesis is the statis

tical characterization of the distribution of EESM effective SNR in a frequency selective channel. 
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Chapter 3 

EESM Effective SNR over Two 

Frequency Selective Channels 

3.1 Introduction 

To analyze the performance of EESM in a multi-carrier system requires determinations of the 

statistics of the effective SNR compressed from sub-carrier SNRs. As the fading of each sub

carrier always fluctuates over the frequency, this thesis focuses on the statistical characterization 

of the EESM effective SNR over frequency selective SNR. The important characterizations would 

normally refer to the PDF, the CDF or the MGF of the effective SNR distribution. However, to 

the best of the author's knowledge, no statistical analysis for such a system has been obtained 

in the existing literatures. This is due to the fact that the exact analysis of EESM effective 

SNR distribution is very difficult because of its highly non-linear nature of the mapping from 

multi-variable to a single variable. The MGF-based approach is well-known in the performance 

analysis of wireless communications [10]. It has been widely used in the performance analysis of 

transmit diversity, space-time coding and the MIMO channel [35][36] and [37]. As can be seen 

in the later sections of this chapter, it is significantly simpler to obtain the MGF expressions 

compared to that of the PDF or CDF due to the nature of the EESM mapping. Thus, the 

main focus of this chapter is to derive analytical expressions for the MGF and the average of 

the effective SNR over two frequency selective channels. 

In this chapter, the performance of the effective SNR over two correlated sub-carriers will be 

presented. The remainder of this chapter is organized as follows. Section 3.2 introduces the 

method to obtain the distribution of effective SNR of two gamma variables. Based on this 
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method, the MGF of the effective SNR of two independent gamma variables is also derived. 

Section 3.3 introduces the joint gamma distribution of two correlated gamma variables and 

derives the distribution of effective SNR of two correlated gamma variables. In Sections 3.4-

3.6, various numerical examples are provided to illustrate the effect of various parameters on 

the performance of EESM. Finally, a summary of results and some concluding remarks are 

presented in Section 3.7. 

3.2 The Distribution of effective SNR of Two Gamma 

Variables 

In this section, the basic definition of EESM is introduced firstly. Then, a general method in 

obtaining the MGF of effective SNR based on the joint distribution of sum and difference of 

two random variables (r.v.) is presented. This result provides the basis for the subsequent 

developments of this chapter. Then the MGF of the effective SNR of EESM is presented, in 

which the S~Rs of the gamma random variables are correlated. Note that such a correlated 

model is important in modeling the finite coherence bandwidth of the system. 

Definition 1. (Exponential Effective SNR Mapping (EESM)): The method that maps the in

stantaneous sub-carrier SNRs ii into a single instantaneous effective SNR ieff is called expo

nential effective SNR mapping (EESM} where ieff is given by 

>. > 0, (3.1) 

where ii is the SNR for the i -th sub-carrier. >. is a scaling coefficient determined by the selected 

modulation and coding rate which is denoted as MCS factor for simplification. N specifies the 

number of OFDM sub-carriers that are being used to estimate the effective SNR. 

It should be noted that when the amplitude of a signal is Nakagami-m distributed with fading 

parameter m and average fading power f>, then the instantaneous S~R I is gamma distributed 

with fading parameter a: m and scale parameter (3 f¾. The definition of the basic gamma 

distribution is as follows: 

Definition 2. (Gamma Distribution): 1 follows a gamma distribution with fading parameter 

a:> 0 and scale parameter (3 > 0 when the PDF of I is given by 

X ~ 0, (3.2) 

23 



where f(•) is the gamma function. For simplicity, the notation 7 ~G(a,fJ) is used to denote 

that I follows a gamma distribution. 

In [38, eq 2.4], the distribution of the logarithm of the sum of two i.i.d log-normal variables has 

been investigated. A more general method in obtaining the MGF of the effective SNR over two 

generalized fading channels is derived in this chapter. 

Theorem 3.2.1. (MGF of Effective SNR of Two Gamma Variables): Let 71 , 72 be two random 

variables, distributed as 71 ~G(0:1,fJ1) and 72 ~G(a2,fJ2). Set E = 11 + 12, L\ 11 - 72 and 

their joint distribution h:..t1 (er, 8). The distribution of 'Yef f has the following expression: 

(3.3) 

where 

(3.4) 

Mt,u) = 1+= e-(l+i)5 1+= eTh,A(cr,-8)dad8. (3.5) 

Proof. Let M,e,,(u) be the MGF of 'Yeff, by definition, it is given by 

M,eff(u) = E(eU1cJJ) 1+= eu'f,eff('Y)d~t- (3.6) 

As shown in (3.1), 'Yeff can be represented in terms of 71 and 72, and (3.6) can be rewritten as 

(3.7) 

Replacing 71, 72 by E and L\ and rearranging the items, the above equation becomes 

h:.,A(cr, 8)dcrd8. (3.8) 

- )-.Xu
Expanding (en:: + e-}:-. by binomial theorem in i5 E 0) and i5 E (0,+oo) separately1 , 

(3.8) can be rewritten as 

1The most general case of binomial theorem is the binomial series identity, given by, (x + a)"' = 
Et~ (~)xkav-k, where (~) is a binomial coefficient and v is arbitrary complex number. It converges when 

v is a positive integer or lxl < lal. In order to perform expansion on (3.8), the scale of o into (-oo, 0) and 

(0, +oo) to meet the second constraint is divided. 
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2AU r (-AU) ( r+oo e-(½+~ )6 roo e"t h:.,t:.(CT, o)dCTdO 
k=O k lo 11,,1 (3.9)

+j0 

e(f+¥)6 r+oo e"2" h,t:.(CT,O)dCJdo). 
-oo 11,,1 

Taking o= -o in the second integration part, (3.9) can be rewritten as 

M'Y,JJ(u) 2Au~ (-tu) (l+oo e-(½+¥)" l+oo e"t h:.,t:.(CT,O)dCTdO 

(3.10) 

+1+00 e-( ½+¥ )o l+oo h:.,t:. (CJ, o)dCJdO)' 

which ends the proof of Theorem 3.2.1. □ 

It is important to note that Theorem 3.2.1 is valid for any r.v. 11 ~ 0, 1 2 ~ 0. Once the joint 

distribution of the sum and the difference of two random variables is known, the MGF of ref f 

can be obtained. In the case of the well-known Nakagami-m fading channel model, 11 and ,2 
take on the gamma distribution [10, eq. (2.21)]. In the next part of the section, the distribution 

h,t:. (CJ, o) will be obtained based on such a model. 

3.2.1 Effective SNR of Two Independent Gamma Variables 

Definition 3. (Joint Distribution of Two Independent Gamma Variables): Let , 1 ~G(o:, /31), 

12 ~G(o:, /32) be mutually independent random variables. Then by simply multiplying two PDFs, 

the joint distribution is given by 

11 ~ 0, 12 ~ 0. (3.11) 

Corollary 1. (Joint Distribution of Sum and Difference of Two Independent Gamma Vari

ables): Let 11 , 12 be mutually independent random variables, distributed as 11 ~G(o:, /31) and 

,2 ~G(o:, .82) , respectively. Let I: = 1 1 + 12 and D. 1 1 12. The joint distribution of sum 

and difference of two independent gamma variables has the following expression: 

(3.12) 

Proof By definition, the transformation of random variables [12, eq. (6.24)] is given by 

(3.13) 
a-6

"'f2=-2-
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where J(·) is the Jacobian matrix. Then the Jacobian is 

1 
- (3.14)det [~ ~i 
2~ ~ 

8a 86 

Substituting (3.11) and (3.14) into (3.13), 

(3.15) 

□ 

which ends the proof of Corollary 1. 

Theorem 3.2.2. (MGF of Effective SNR of Two Independent Gamma Variables): Let 11 ~ 
G(a,/11), 12 ~ G(a,/12) be mutually independent random variables. Set I; 11 + 12 and 

Li= 1 1 - ,2. The MGF of,eff has the following expression: 

(3.16) 

Z (k,u) 1-b( f+½+f,) z(k,u)
where t = /11 + /12 - u/11/12, b = , c 1 2 - , 2 
l-b(f+~-f,) H(k,u) = F(2"'l'"'+l·~(k,u)) dH(ku) F(2 1 1 (ku)) The2 , 1 2 1 ._,, , ..., , "'l an 2 ' = 2 1 o, ; a + ;z2 ' . 

function 2F1(·, ·; ·; ·) is known as the Gaussian hypergeometric function {39, Sec. 9.1}. 

Proof Using (3.12), (3.4) can be expressed as 

X 1+00 (o-2 - 152)"21 e
(3.17) 

When u < tJJ;f/ which is valid for the MGF2 , (3.17) can be expressed as 

1 

JnI'(a)J/11/12(/11 + /12 - U/j1f12r'-½ 
(3.18) 

X r+oo 150:-½ e-( f+½+ ~~~gi )oKo:_1. ( 111 + 132 u/31/328) d8,
lo 21111122 

by using the integration formula [39, eq. (3.387.6)] 

u > O,µ > 0,v > 0, (3.19) 

2It is believed that a :MGF existing in some neighborhood of u = 0 uniquely determines the corresponding 

distribution. This proof can be found in [40]. 
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where K ,.,_ ½ ( •) is the modified Bessel function of the second kind and of order v - ½. 
Then, using integration formula [39, eq. (6.621.3)] 

r+= xµ-le-QX K (f3x)dx = ft(2(3f f(µ + v)f(µ - v)
Jo ,., (a+f3)µ+v r(µ+½) 

(3.20) 
1 1 a - (3)

x 2F1 ( µ + v, v + f µ + 2;a+ f3 , µ> lvl,(a+/3) >0 

and setting t = /31 + /32 - u/31/32, b = 2f!if!2p-p), c = f!i~f!i, d = 2fJifJ~(l-p) and Zik,u) 

1-b(~+"+£)
" 2 

2 
b , (3.18) can be simplified to 

(k,u)r( )dM(k,u) _ 2a °' F ( . l · Z1 ) (3.21)
1 - f(a)r(a + 1)(1 - zi)2<> 2 1 2a, a, a+ 'z(k,u) - l . 

1 

Using the linear transformation of hypergeometric function [41, eq. (15.3.4)], 

(3.22) 

(3.21) can be expressed as 

M(k,u) _ f(2a)d°' H(k,u) 
1 1 (3.23) 

- r(a)r(a+ 1) . 

Following a similar procedure, (3.5) can then be written as 

Mt,u) = {+= e-(-Hi) r= e"t Jr.,1::,.(cr, -J)dcrdJ
lo 1101 (3.24) 

f(2a)d°' H(u,k) 

r(a)r(a + 1) 2 · 

Finally, using (3.23) and (3.24), (3.3) can be written as 

M ( ) = 2>-ud°'f(2a) ~ (->.u) (H(k,u) H(k,u)) 
1 2 (3.25)

,eff u f(a)f(a + 1) ~ k + ' 
k=O 

which ends the proof of Theorem 3.2.2. □ 

3.3 Effective SNR of Two Correlated Gamma Variables 

Definition 4. (Joint Distribution of Two Correlated Gamma Variables): 11 , 12 are governed 

by a joint gamma distribution with common fading parameter a > 0, scale parameters /31 > 0, 

(32 > 0, respectively and correlation coefficient p E [0, 1), when their joint PDF of two correlated 

gamma variables /42} is given by 

(3.26) 

( 
2fo {jjjj_) 11 2'. 0, 12 2'. 0,Xla-l 1- PV /31/32 ' 
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where 1 ( •) is the modified Bessel Function of the first kind and of order a: - 1. for simplicity, 

the notation 11, 12 ~ G(o:,fJi,/32,P) is used to denote that 11 and 12 follow a joint gamma 

distribution. When p ➔ 0, (3.26) will reduces to the independent joint PDF (3.11). 

Corollary 2. (Joint Distribution of Sum and Difference of Two Correlated Gamma Variables): 

Let 11, 12 ~G (a, /31 ,f]z, p). Set E 11 + 12 and ~ = 1 1 - 12. The joint distribution of sum 

and difference of two correlated gamma variables has the following expression: 

(a2 1F)''2 1 

h:,,1:;.(a,6) = .<:!.±1. o-1 

2<>f(o:)(/31/32) 2 (1 - p)p-2 

(3.27)X e 

X 

Proof. This Corollary can be proved by a similar method as in Corollary 1. □ 

Theorem 3.3.1. (MGF of Effective SNR of Two Correlated Gamma Variables}: Let 11 , 1'2 ~ 
G(o:,/31,/32,p). Set E = 1'1 + 12 and~ 11 - 12. The MGF of1eff has the following expression: 

M ( ) = 2,\ud<>f(2o:) ~ (-.AU) (H(k,u) H(k,u)) U < /31 + /32 - 2~,(3.28) 
"'left u f(o:)r(o: + 1) L... k 1 + 2 ' /31/32(1 - p)

k=O 

where t ✓ (/31 + /32 - uf31/32(l - p)) 2 - 4f31/32P, b = 2th82?-p), c d = th82p-p) 
(k,u) _ 1-b( f+~+f,) (k,u) _ 1-b( f+lj--f,) H(k,u) _ F (2 l· + l· (k,u)) H(k,u) _ 

Z1 - 2 , Z2 - 2 , 1 - 2 1 a:, , 0: , Z1 , 2 -

2F1(2a, l;a + l; z~k,u)). 

Proof. Using (3.4), (3.27) can be written as 

1 +00 
(k,u) _ -1Ml - £.±1. o-1 e

2<>f(a)(/31/32) (1- p)p-22 o 

Using the expansion of Bessel function [39, eq. (8.445)] 

+oo 1 (z)v+2k 
(3.30)I,,,(z) ~k!f(v+k+l) 2 ' 

changing the order of integration and summation, and some simplification, (3.29) can be rewrit-

ten as 

(3.29) 

(3.31) 
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When u < f?,+@2 and using (3.19), (3.31) can be written asfiiB2(l-p) 

(3.32) 

Note that the infinity summation in (3.32) can be removed by using the multiplication theorems 

[41, eq. (9.6.51)], 

+oo ( 2 
w,,(wz) = w±v I: w (3.33) 

k=O 

where W denotes I,,, ev"'iKv or any linear combination of these functions. When W refers to 

ev"'iKv, (3.33) can be rewritten as 

(3.34) 

N t th t b u· _ 1 , , _ (B1+B2-uB1B2(1-p))2-4p/31B2 tii+tJ2-uB,tJ2(l-p) (3.34)
• 0 e a Y se mg v - a - 2,""" - B1+tJ2-utJ1 2 1-p 'z 2/31B2P ' 

has the same form as the summation in (3.32). When u < ,:;;..w~,-;:,.,c.,;;.c;,~ by using (3.34), (3.32) 

can be further simplified to 

M(k,u) _ ~-~-- 1 
1 - J7rr(n) ✓,81,82p(l - p)(✓(,81 + ,82 - u,81,82(1- p))2 - 4p,81,82)"'-½ 

(3.35) 

As can be seen, the integral in (3.35) has the same form as that in (3.18). Thus similar proces

sions can be token on (3.35). Following a similar procedure as in the proof of Theorem 3.2.2, 

(3.35) can be expressed as, 

(3.36) 

Similarly, (3.5) can be also obtained, 

M(k,u) _ r(2n)do: H(k,u) (3.37)
2 - r(n)r(n + 1) 2 • 
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Substituting (3.36) and (3.37) into (3.3), it becomes 

M ( ) = 2>-ud"'f(2a) ~ (->.u) (H(k,u) H(k,u)) (3.38)
'Yeff u f(a)r(a + 1) L.., k 1 + 2 ' 

k=O 

which ends the proof of Theorem 3.3.1. □ 

3.3.1 Rayleigh Fading Channels 

For the important but special case of Rayleigh fading, the MGF in (3.28) can be simplified by 

setting a= 1, and noting that 2F1(2,1;2;x) = l~x· Subsequently, the corresponding MGF 

which only involves elementary functions is given by, 

(u) = 2>-u+2df (->.u)M l + b(! + ~) U < Usup· (3.39) 
'Yeff k=O k - c2 '(1 + b(1+ ~)) 2 

Although (3.28) and (3.39) involve infinite sum series, they converge rapidly and can be easily 

implemented on a computer. To the best of the authors' knowledge, (3.28) and (3.39) are novel. 

3.4 Average Effective SNR 

3.4.1 Analysis 

In this section, the novel expression of the average effective SNR "'feJ 1 of two gamma variables 

will be obtained based on MGF (3.28). It is known that the moments of the random variable 

can be found from the derivatives of the MGF according to [12, eq. ( 4.57)], 

(3.40)E[xk] = d~kMx(u)lu=O 

It shows that "'teJ f can be obtained by taking the derivative of (3.28) with respect to u and 

evaluating at u = 0.3 As (3.28) involves infinite sum series, in order to perform a term-by-term 

derivative, it is necessary to prove that (3.28) and its derivative converge uniformly for some 

range around zero. 

Corollary 3. (Uniform Convergence of MGF of Effective SNR of Two Gamma Variables) Let 

,1, ,2 ~ G(a,/3i,/32,p). The MGF of ieff and the derivative of MGF uniformly converge and 

the convergence range is give by, 

1 2(c-1)) . /31+/32-2~)(1
max ( --, b < u < min -, /3 /3 ( ) (3.41)

A A 1 2 1 - p 

3 It should be noted that MGF contains information about all the statistical moments of the underlying random 

variable. Thus the closed-form expression for the higher order moments can also be directly obtained from the 

higher order derivatives of (3.28). 
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Proof. Let 

(-l)k>.u(>.u + l)(>.u + 2) · · · (>.u + k - l) 
k! 

(3.42) 

From (3.42), it can be easily seen that Sk(u) is an alternating series, ISk(u)I is smaller than one 

and monotonically decreasing to zero when ½< u < ½. 
On the other hand, based on the integration representation of hypergeometric function [41, eq. 

15.3.1], 

b. . ~) - f(c) /1 tb-1(1 t)c-b-1(1 t )-adtF ( (3.44)2 1 a, ,c,"' - f(b)f(c-b) Jo - - z 

(3.43) can be rewritten in the integration form as 

It can be seen that zik.u) and z~k,u) are positive and monotonically decreasing functions (thus 

Bk(u) is positive and monotonically decreasing function) of u when Zik,u) < 1 and z~k,u) < 1. 

Applying these two conditions to Zik,u) and z~k,u), thus u > 2(c;l). To show Bk(u) monotonically 

decreases to zero, apply the first mean value theorem for integration on (3.45), there exist 

fa E (0, 1) and 6 E (0, 1) so that, 

Bk(u) f(a + 1) ((1 -( z(k,u))-2°' + (1 6z~k,u))-2°') /01 (1 - t)°'-ldt. (3.46)
r(a) 1 1 Jn 

Taking the limit ask-+ +oo in (3.46). It can be seen that Bk(u) decreases to zero a.s zik,u) and 

zt•u) decrease to -oo. Applying Leibnitz's theorem on Sk(u) and Bk(u), it can be proved that 

(3.28) converges uniformly. The proof of the uniform convergence of the derivative of (3.28)can 

be made in a similar method. □ 

Theorem 3.4.l. {Average Effective SNR of Two Correlated Gamma Variables) Let -y1 , -y2 ~ 
G(a, /31, fh, p). The average effective SNR denoted as 1eff has the following expression: 

_ 2ad0T(2a) 
"/eff =>.log(2) + m + (a+ l)f(a)f(a + 1) 

B ( ) = f(a + 1) /1(1 
k u f(a) Jo (3.45) 

( 
. . >.d0f(2a) ~ 

x z1G1 + z2G2 + f(a)f(a + l) ~ 

(3.47) 
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Proof. It is shown in Theorem 3 that the MGF (3.28) and its derivative converge uniformly 

within a range around zero. By performing a term-by-term derivative of (3.28) with respect to 

u, and evaluate it at u 0, the average effective SNR can be obtained. After some algebraic 

manipulations, the result in (3.47) is obtained. □ 

3.4.2 Rayleigh Fading Channels 

After taking the derivative of (3.39), the 1eff over Rayleigh fading channels can be obtained as, 

bo(cg + (4do 2fo + l)c5 + 4do)
1eff =,\ log(2) + bofo 

8do 
(3.48) 

Note that only elementary functions are now involved. To the best of the authors' knowledge, 

(3.47) and (3.48) are new. 

3.4.3 Numerical Examples 

The expression (3.47) shows that the average effective SNR also involves an infinite sum 

series. It can be guaranteed that it will uniformly converge to a certain value by Corollary 3. 

Table 3.1 shows that (3.47) converges rapidly and matches the simulation results perfectly with 

arbitrary combinations of parameters. 

0: /31 /32 p ,\ 110 '11 

1 2 4 0 1 1.8261 1.8326 1.8324 

2 3 5 0.5 2 6.2771 6.2895 6.2976 

4 6 3 0.5 5 14.1879 14.2126 14.2029 

5 8 8 0.7 10 37.9159 38.0424 38.0998 

Table 3.1: Average effective SNR of two correlated gamma variables ')'1, ')'2 ~G(cx, {31,fh, p) with MCS 

factor ,\. "j-5 and '5'10 stand for MGF-based average SNR with five and ten iterations, respectively. "y is 

the simulation result. 

3.1 shows the average effective SNR 1eff as a function of the correlation coefficient p 

for various values of MCS factor ,\. These results show that 1eff increase as the correlation 

increases. For a fixed value of p, 1ef f is obtained as ,\ increases. It also shows that the effect of 

correlation to decreases while,\ increases. As a special case, Fig. 3.l(b) shows that 1eff of 

two identical branches approximates to the average value of one branch4 11 as the correlation 

4 This can be proofed by setting 81 = 82 then taking the limit as p-+ 1 to the MGF (3.2S). 
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approaches to one. Fig. 3.2 shows the average effective SNR "ref f as a function of the correlation 

coefficient p for various values of the fading parameter a. These results show that "ref f increase 

as the correlation increases. For a fixed value of p, "ref f increases with the value of a. 

3.5 Outage Probability 

3. 5 .1 Analysis 

In this chapter, the outage probability Pout is defined as the probability that the average effective 

SNR falls below a certain predetermined threshold SNR rth and is defined as 

= l'th
Pout= P[reff::; 1'th] f,eff(r)dr, (3.49) 

where f,eff(·) is the probability density function (PDF) of ref!· 

As f,eff (r) is not known, to evaluate (3.49) directly could be very difficult. [10, eq. (1.6)] 

shows that the evaluation of outage probability can be performed by taking the inverse Laplace 
M-, (-u) .

transform to ef{, , that IS 

Pout= ,e-I (M,(-u)) = ~ Jc+joo M,(-u) eU-Ythdu, (3.50) 
U 27rJ c-joo U 

where .c- 1 (-) is the inverse Laplace transform, and c is chosen in the region of convergence of 

the integral in the complex u plane. Applying (3.28) in (3.50), Pout can be expressed as 

Pout = . f(2a) Jc+joo 2>-uda. ~ (-.Xu) (H(k,u) + H(k,u))du, (3.51)
1 221rJf(a)f(a + 1) c-joo f='o k 

which has to be evaluated numerically.5 

3.5.2 Numerical Examples 

Fig. 3.3 shows the CDF, namely F,eff (r) of output effective SNR ref f of two pairs of identical 

branches for various values of correlation coefficient p. The results show that for a fixed value of 

p, the branches with higher scale parameter /3 will have more chance to get a higher reff· For 

the outage probability, the front part of the CDF is dominant and Fig. 3.3(b) shows the head 

portion of the CDFs presented in Fig. 3.3(a). Although it shows that "feff increases when p 

increases in the previous section, it does not necessarily mean there is always a higher chance to 

get ref f over the given threshold for higher correlation. Fig. 3.3(b) shows that there is a cross 

point for each pair of curves. This means that there will be a higher probability for the branches 

5There are number of algorithms for numerical inverse Laplace transform in literature. Here, the de Hoog 

algorithm is used in this chapter, further information can be found in [43]. 
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Figure 3.1: effective SNR 'Yet f versus the correlation coefficient p with a 2, fh = 6, and 

>. 2,4,6,8: (a) /32 8; (b) /32 = 6. 
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with lower correlation to have ref f over the given threshold when the threshold is on the left 

hand side of the cross point. For simplicity, such situation is denoted as the head portion effectof 

EESM. Fig. 3.4 shows the outage probability Pout as function of the average SNR of the first 

branch "y1 for various values of correlation coefficient p. The results show that for a fixed value 

of "y1, Pout decreases and the effect of correlation becomes more visible as the average SNR of 

the second branch increases. Note that Pout decreases as correlation increases after a cross 

point.6 By comparing Fig. 3.4(a) and Fig. 3.4(b), it can be seen that an evident decrease of 

Pout when fading parameter a increases. 

3.6 Average Error Rate 

3.6.1 Analysis 

The MGF-based approach provides a simple but generic "recipe" for determining the average 

error rate performance of digital communication over fading channels with and without diversity 

[44]. In this section, the MGF-based methods is used to evaluate the average SER denoted by 

P8 (E) of some modulations of interest. 

Average SER of Binary Signals 

The SER P8 (E) of serval binary signals is given by [45] 

(3.52)Ps(E) = ~ 11 lYLre!f (-sin;(</>)) d<f> 

where g = l for BPSK, g = ½for orthogonal Binary Frequency Shift Keying (BFSK), and 

g 0.715 for BFSK with minimum correlation. 

As - sing(</;) < 0 which is sufficient to meet the constraint of u in (3.28). Thus, by substituting 

(3.28) in (3.52), the average SER of binary signals can be expressed as, 

(3.53) 

which can be evaluated numerically. 

6 It should be noted that the cross point is hard to distinguish in Fig. 3.4 because of the resolution and X-axes 

is in dB scale. This can be seen very clearly in Fig. 3.3 
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Average SER of M-PSK 

The average SER of M-ary Phase Shift Keying (M-PSK) signals is given by [45], 

(MMl).-

1 { ( 9PSK )) (3.54)P.(E =:;;: lo M'Y.Jf - sin2(cf>) de/> 

where 9PSK sin2(~ ). As < 0 which is sufficient to meet the constraint of u in 

(3.28). Thus, by substituting (3.28) in (3.54), the average SER of M-PSK can be expressed as, 

(3.55) 

which can be evaluated numerically. 

Average SER of M-QAM 

The average SER of M-ary Quadrature Amplitude Modulation (M-QAM) signals is also given 

by [45], 

4 ( 1 ) (it ( 9QAM )
Ps(E) =:;;: 1 - m lo M'Ye!f - sin2(cf>) de/> 

(3.56) 
- ± 1 - _1_ 2 .!t4 M ( 9QAM ) dcf> 

7r ( m) 1 'Ye!f sin2 (c/>) 

where 9QAM ~-"""" As - ;;~iC<P) < 0 which is sufficient to meet the constraint of u in (3.28). 

Thus, by substituting (3.28) in (3.56), the average SER of M-QAM can be expressed as, 

4r(2a) (i __1_) ['f 2-:~Ji1,.~ da 
1rr(a)r(a + 1) m lo 

+
00 

(~) ( (k- (k-~))X ~ si\(<f,) Hl , + H2 , sm (,P) dcj> 

(3.57)
4f(2a) ( 21¼ _AgqAM- ------ 1 2 sin2(,p) da 

1rr(a)r(a + 1) o 

+oo (~) ( (k -~) (k _ 9QAM))X ~ sink(ef;) Hl ' sin (<P) + H 2 ' sin2(d,) de/>, 

which can be evaluated numerically. 

3.6.2 Numerical Examples 

As MCS factor >. is used to fit EESM to the characteristics of the considered modulation and 

coding rate, >. shall be selected carefully. In this chapter, the following assumptions are made: 
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,\ 1 for BPSK, ,\ = 2 for QPSK and ,\ = 8 for 16-QA:\1 according to [20]. 7 

Fig. 3.5-3. 7 show the effect of correlation coefficient p and average S:\'R of the second branch 

on the average symbol error rate Ps(E) of BPSK, QPSK and 16-QAM. The results show 

that for a fixed "y 1 , Ps (E) decreases while increases. :\'ote that Ps (E) increases when the 

correlation between t·wo branches increases. This can be explained by the head portion effect 

described in Section 3.5. When fading parameter a getting larger, an evident decrease of P8 (E) 

can be obtained when fading parameter a increases. It is also observed that when >.,increases, 

the effect of p on Ps (E) decreases. 

3.7 Summary 

A performancP analysis of EES~I over two correlated, not necessarily identically distributed 

Nakagami-m fading channels wai:, presented. It was shown that by using the definition of EESM 

itself, it was possible to derive simple expression for the MGF of the effective SNR. The MGF 

was sufficient to derive formulae for the average effective SNR, outage probability and average 

symbol error rate of a wide variety of modulation schemes. Although some of them do not 

have simple formulae, they could still be evaluated quite efficiently by numerical methods. For 

all the mentioned performance measures, numerical results show the usefulness of the proposed 

formulae. 

7 It should be noted that [20] has determined the MCS factor >. for BPSK (>. = l) and QPSK (>, = 2), while 

for 16-QAM there is no straightforward way as the previous two, Here,.\= 8 refer to the MCS value of 16-QAM 

with coding scheme for illustration. 
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Chapter 4 

EESM Effective SNR over N 

Frequency Selective Cl1annels 

4.1 Introduction 

In the previous chapter, theoretical results for the MGF and the average of the effective SNR 

over two correlated sub-carriers has been derived. Numerical results shows that the expressions 

are very useful in analyzing the performance of the effective SNR over two sub-carriers. For a 

more general and more practical extension, analytical expressions for the :MGF and the moments 

of EESM effective SNR over arbitrary number of frequency selective channels are derived in this 

chapter. 

Analytical expression for the statistics in the case of general number of sub-carrier is much more 

difficult to obtain compared to the two sub-carrier case. For example, techniques like binomial 

theorem and hypergeometric integrations can no longer be used. In this section, order statistics 

of random variables is introduced in order to transform the EESM function into a more track

able form. The distribution of order statistics is very important in the performance analysis of 

various of diversity schemes involving branch selections [46][47] and [48). The main contribution 

of this chapter is to derive the ~1GF and the moments of the EESM effective SNR over a general 

number of correlated sub-carriers. 

The remainder of this chapter is organized as follows. In Section 4.2, a general method is 

presented in obtaining the MGF of EESM effective SNR over N jointly distributed fading 
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channels. The proposed expression is general in a sense that i.t docs not depend on a specific 

fading channel model. In addition, the validity and bounds of the MGF are also analyzed. The 

expression of moments ( especially first and second moments) are presented at the end of this 

section. In Section 4.3, the above methods are then used to obtain the Pxplicit expressions 

of the MGF and moments of EESM over arbitrary number of correlated Nakagarni-m fading 

channels. As a special but important case, the analytical results over independent Rayleigh 

fading channels are also provided. In Section 4.4, numerical and simulation results are compared 

to validate the analytical expressions of the MGF and moments. The effects of fading paranwtN, 

shape parameter and modulation and coding parameter are illustrated and discus::;ed separately. 

Finally, a summary of results and some concluding remarks are presented in Section 4.5. 

4.2 EESM Effective SNR Distribution 

In this section, the basic definition of EESM is firstly introduced. Due to the highly non-linear 

property of EESM, it is very difficult to obtain the distribution directly. In order to solve this 

problem, order statistics of random variables is introduced to characterize thP MGF of EESt..1 

effectiw SNR over N jointly distributed fading channels. Based on the MGF, methods to obtain 

the moments of EES1I effective SNR are then derived. 

Definition 5. The method that rnaps the instantaneom s·u,b-carrier SNRs X 1 , X 2 , ... , XN into a 

s-ingle instantanecrus effective SNR Xeff is called Exponential Effective SNR Mapping (EESM) 

where Xeff is given by 

.x > 0, ( 4.1) 

where X; is the SNR for the ith sub-carrier . .X is a scaling coefficient determined by the selected 

mod·ulation and coding rate which is denoted as MCS parameter for simplification. N specifies 

the number of OFDM sub-carriers that are being used to estimate the effective SNR. 

Definition 6. Let Yi. Y2, ... , YN be the order statistics of a sequence of random variables X., Xz, ... , XN 

s-uch that Y1 ::;; Y2 :S: ... , ::;; Y:,v. Given that the unordered joint PDF is fx 1 .x2 , ••. ,xN (x 1 , X2, ...XN ), 

the PDF of the order statistics i.5 defined a.s 

fY1.Y2 ,... .YN (Yi, Y2, ... , Ys) = L f XppXp
2 

•..• ,xPN (Y1, Y2, •··, YN) (4.2) 
p 

where Pisa set of indices and is defined as P = {Pill :S: P1,P2, ··•,PN :S: N, vu::/ v,p,, ::/ Pv}-
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Theorem 4.2.1. Let Yi, Y2, ... , YN be the order statistics of the corresponding sub-carrier SNR 

sequence Xi,X2, ... ,XN. The effective SNR is bounded as 

( 4.3) 

Proof. To proof this theorem, firstly rewrite ( 4.1) as 

XeJJ ,\ > 0, (4.4)= -,\log (t?;e-~), 
Take out Yi from the logarithm in ( 4.4) and regroup items, 

(4.5) 

:::; N - 1, thus Yi ::S $ Yi + ,\ log(N) □ 

Theorem 4.2.1 shows that the effective SNR is always larger than the SNR of the smallest 

branch. Furthermore, no matter how good the other branches is, the effective SNR will not 

exceed the smallest SNR plus ,\ log(N). 

Theorem 4.2.2. Let Yi, Y2, ... , YN be the order statistics of the corresponding sub-carrier SNR 

sequence Xi,X2, ... ,XN. If the MGF of Yi is finite in some range around zero then the MGF 

of Xef f is also finite and given by, 

Mxcff(u) = L N-JH(JN, ->.it)E[euY1 U(JN, Y)] (4.6) 
s 

where JN is a set of indices (ji,J2, ... ,JN-i), J ji is the summation of JN; 3(k) is a 

set of JN that 3(k) = {JNIJ; 0, 1, 2, ... ; I::~/ j; ~ k} and S = s<0). 

(4.7) 

and 

N 

IT ( 2'.l..:::XiU (JN, Y) = e >- · ( 4.8) 
i=2 

Proof. By the definition of MGF and use (4.1), the MGF is 

(4.9) 

As L;:i e-~ = L;:i e-~, Xi,X2, ... ,XN can be substituted by ordered variables Yi, Y2, ..., YN 

in (4.9). After manipulating the items, 

( 4.10) 
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where 

W = I:~2 (e-~ -1) ( 4.11) 
N 

As }'i Yi ? 0 when i > 1, Wiswell bounded as IWI :s; N;; 
1 < 1, thus 

r>-"E[e"Y1 
] :s; Mx.ff(u) :s; E[euY1 ] u? 0 ( 4.12) 

EfeUYil < M (u) < r>.uE[eUYt] u <_ 0 (4.13)c - 'Yef f -

(4.12) and (4.13) prove that the MGF of Xeff is finite if the MGF of Y1 exists and finite in 

some range around zero. As IWI < 1, the binomial theorem1 on (4.10) is able to be used. After 

some manipulations and reorganize the items, ( 4.10) becomes 

( 4.14) 

As (4.14) involves an infinite sum series, a proof that the Mx.ff(u) converges uniformly is 

necessary. 

When lul < ½, it can be easily seen that (-;u) is an alternating series and I(-;u) I is smaller 

than one and monotonically decreasing to zero. On the other hand, as IWI :s; , thus 

(4.15) 

Since E[e"Y1 ] is finite, E[euYi WjJ will also monotonically decrease to zero when j approximating 

infinity. Applying Leibnitz's theorem, it can be proved that (4.14) converges uniformly when 

lul < ½- As j is a nonnegative integer, thus multinomial theorem2 is used to expand W 3 in 

(4.14). 

The theorem follows after regrouping items and using some basic simplifications. □ 

4.2.1 Moments 

It is known that the moments of the random variable can be found from the derivatives of the 

MGF according to [12, eq. (4.57)], 

( 4.16) E[xk] = ::kMx(u)lu=O 

1The most general case of binomial theorem is the binomial series identity, given by, (x + a),, = 
~t~ (~)xkav-k, where (~) is a binomial coefficient and v is an arbitrary complex number. It converges 

when v is a positive integer or lxl < la!. 
2To expand a polynomial with nonnegative integer power n, the multinomial theorem is defined as (x1 + xz + 

)n """ ( n ) k1 k2 k.,, h """m k•. , + Xm = L.Jk k k k k k x1 x 2 •..Xm W ere L..Ji·=l i = n.} ' 2 • · · . I 1''1 1 , "2 • • • · • ·n 
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It shows that moments of the effective SNR can be obtained by taking the derivatives of ( 4.6) 

with respect to u and evaluating at u 0.3 In addition, it is very easy to represent the nth 

cumulant (i.e. mean and variance) in terms of the first n moments [49], and vice versa. 

The first and second moments of effective SKR over N general fading channels can be derived. 

The higher order moments can also be calculated by the same procedures. 

Corollary 4. Let Y1 , Y2 , ••• , YN be the order statistics of the corresponding sub-carrier SNR 

sequence X 1,X2 , •.. ,XN. The average output effective SNR of EESM over these sub-carriers is 

given by, 

E[XeJJ] = E[Y1] + AL(-l)JN-JR(JN )E[U(JN, Y)] ( 4.17) 
S(l) 

(J-1)!h R(J ) -w ere N - TII'~11 Ji!. 

Proof. Take the first derivative of (4.6) and evaluate at u O and followed by some manipula

tions and regrouping the items, ( 4.17) is obtained. □ 

As can be seen from (4.17), the dominant part of the average effective SKR is the smallest order 

statistics of the SNRs in each sub-carriers. This is reasonable as the PER of the information 

transmitted over these sub-carriers is mainly caused by the worst instantaneous SKR. As the 

second summation in (4.17) is always positive, thus the average effective SKR is always bigger 

than the smallest order statistics which matches the conclusion in Theorem 4.2.1. 

Corollary 5. Let Y1 , JS, ... ,YN be the order statistics of the corresponding sub-carrier SNR 

sequence X1, X2, ... , XN. The second moment of effective SNR over these sub-carriers is given 

by, 

E[X:nJ =E[Y/] + 2>. L(-1)1N-JR(JN)E[Y1U(JN, Y)] 
S0) 

( 4.18) 
+ 2A2 2:(-l)JN-JR(JN)T(JN )E[U(JN, Y)] 

s12) 

l 
i 

Proof. By taking the second derivative of ( 4.6) and evaluate at u = 0, ( 4.18) is obtained. □ 

3 It should be noted that MGF contains information about all the statistical moments of the underlying random 

variable. Thus the closed-form expression for the higher order moments can also be directly obtained from the 

higher order derivatives of (4.6). 
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Similarly to the average result, the second moment of the effective S:'.\R is dominated by the 

second moment of the smallest order statistics. As the rest part of the summation is always 

positive, it is always larger than the smallest order statistics which can also be verified by 

Theorem 4.2.1. 

In regarding to the variance of the effective SNR, one can easily calculate it in Lhe form of 

o-2 E_X;ff] - E[X,,1/2. 

4.3 EESM Effective SNR over Nakagami-m Fading Chan

nels 

In the previous section, general methods for obtaining the MGF and moments of the effective 

S>!R over l\' joint.ly distributed fading channels are proposed. To gain an insighL into the EESM 

effective SNR, the fading channel model need to be specified. Nakagami-m fading channel is 

an important fading channel model in the performance analysis of wireless networks. In this 

section, the explicit expressions of the MGF and moments over N correlated Nakagami-m fading 

channels are derived and studied. 

It should be noted that when the amplitude of a signal is Nakagami-m distributed with fading 

parameter m and average fading power P, then the corresponding S>IR X is gamma distributed 

with fading parameter a = m and scale parameter (3 = !;. A basic definition of gamma 

distribution is now introduced. 

Definition 7. X follows a gamma distr'ibution with fading parameter a > 0 and scale parameter 

8 > 0 when the PDF of X is given by 

X 2'_ 0, (4.19) 

where f(·) is the gamma function. 

An efficient approach to evaluate the Nakagami-m multivariate distribution is proposed in [50]. 

Based on this approach, the N joint gamma distribution is derived in (51]. 

Definition 8. Let the power amplitudes of N sitb-carriers foll011) nw.ltivariate Nakagami-m. dis

tribution, the pdf of the 8NRs X 1 , X2, ... , X,rv of the.,e .mb-car'r'icrs is gamma distributed and i8 

defined by, 

(4.20) 
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with jo = jN = 0 and 

K J' = 1w10: N-l 1 ( . lw1,2.12Jilw2,3l 2
i2 ... 1wN-l,Nl2 

)jN-l ( 4.21) 
( I\) r(o:) g jk![(jk + o:) /3f1+0:13~1+J2+n ... /3;;_::+JN-1+0:/3w-1+0: 

W = [wi,j] is a tri-diagonal matrix which is the inverse of the Green's matrix C and C is an 

approximation to the correlation matrix E /50}. The matrix E is defined as 'efi j, Ei,j 1 and 

'efi i j, E = Pi,j where Pi,j is the correlation coefficient of the ith and jth sub-carrier. For the 

exponential correlation model, C = E and 'efi j, E = 1 and 'efi i j, E = pli-JI. For the general 

correlation matrix E, one can still approximate it by the Green matrix C which can be found in 

[50}. 

By definition 6, the ordered distribution of SNRs over correlated Nakagami-m fading channels 

is then defined as 

(4.22) 

with jPo = jPN 0. By knowing the ordered statistics of SNRs, ( 4.22) can be plugged into ( 4.6) 

and the integration can be performed to obtain the expression of the MGF of the effective SNR. 

However, the integral involves N-fold integration which is very difficult to compute directly. The 

following two theorems are derived in order to solve this problem. 

1Theorem4.3.1. LetH(m,p;a,b) J zm- 1(a+bz)-{m+p+l)dz, a,b>0, then
0 

H(m,p;a,b) (4.23) 

Proof Taking consideration of the formula in [52, eq. (2.10):, that is 

(4.24) 
(a+ b)-(m+p) fo1 

tm-l(l - t)n-l(a + b(l t))Pdt 

The left hand side integral of (4.24) becomes H(m,p; a, b) when n l. 

H( a b) a -(p+ll(a + b)-m fol (4.25)m,p; ' Jo 

As a, b > 0 and O < t < l, Ia;'btl is always smaller than one. Thus binomial theorem can be 

used on ( 4.25), after regrouping the items, it becomes ( 4.23). □ 

Theorem 4.3.2. Let Y1 , Y2 , ... , YN be a sequence of real value and set 

( 4.26) 
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where a= (a1, a2, ... , an) and b (b1, b2, ... , bn) are two arrays of real values. H'hen ai > 0, i = 

1, 2, .. , N, z:;:1bi < 0 and Vi> 1, bi < 0, f N(a, b) is then given by 

(4.27) 

where for i::; 0, ki = 0 and ji O and a(k) is the Kronecker delta function which is defined as 

a(k) when k{1, 0 
0, whenk :/= 0 

Proof. Dirichlet transformation [52] is used in order to transform the N-fold integration ( 4.26) 

into an unordered integration. Let 

YI 0102 ...0N 

Y2 02.,.0N 
( 4.28) 

The Jacobian determinant J of the transformation, 

= f 0(Y1,Y2,--·,YN)[ 0N-2 0N-1J = 0 02 (4.29)2 3··· N-1 N0 (01,02, ... , 0N ) 

After some algebraic manipulations, ( 4.26) becomes, 

(4.30) 

where 

( 4.31) 

The quantity f(a, b) is now represented by an unordered integral of 01 , 02, ... , 0n. Thus the 

multiple integration can now be decoupled into N single integrals. 

The proof of the theorem by mathematical induction is given. To express the steps intuitively, 

a and b are both written in terms of their respective elements. 

When N = 1, it can be seen that 

(4.32) 
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As a check, note that ( 4.27) reduces to ( 4.32) at N =l. 

Now assume that (4.27) is true when N N 1, thus 

N-1 N-2 [ oo .r(L al) IT L (aN-i + ki-2 +?i-l - ki-l 

l=l i=l j,=0 Ji 

(- Et=l bN-l)-(aN-,+k,-2+j,-1-k,-1) 
X N-i-1 .

E1=1 a1 + ki-l + Ji 
(4.33) 

k1-1+j, (k . ) l
X " i-1 + Ji bki-1 +j, -k; fi(k _ )

L.., ki N-i-l N 2 
k;=O 

N-1 
X ( L bi)-(a1+kn-3+JN-z)_ 

l=l 

For N = N, firstly perform integration respect to 0N on (4.30). After regrouping the items, it 

becomes 

l l [ N 1111 11 N-l (4.34)= 0f1-l r(I: al) ... 0~.:_11 a,-1 ...0;i+a2-l 
0 l=l O O 0 

X (-bN - {hr-1)- a1dBN-1d0N-2···d02] d01 

where .;'N-l = {N = (b1B1 + b2)0203 ...0N-l + b30304 ... BN-1 + ... + bN-1BN-1• 

As can be seen from (4.34), the combination of the items in the square brackets is in the form 

of JN-I· Thus, re-write (4.34) as 

!N(a1, a2, ... , aN; b1, b2, ... , bN) = fo 1 

0f1 -ifN-1 (a1 + a2, a3, ... , aN; b2 + b101, b3, ... , bN )d~~35) 

Apply ( 4.33) in ( 4.35), after some manipulation and reorganizing the items, it becomes 

nL bi 

(4.36) 

b101)-(a1+a2+kn-3+Jn-2)d01. 

!=2 

The integral of (4.36) is in the form of H(m,p;a,b). By applying (4.25) in (4.36) with some 

simplifications, ( 4.27) is finally obtained. □ 
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The explicit expression of the MGF of the effective SNR is now able to be derived by Theorem 

4.3.2. 

Theorem 4.3.3. The MGF of the effective SNR over N correlated Nakagami-m fading channels 

is given by (4.6), where 

E[e"Y'U(JN, Y)] =1f [f (~~) (-l)J,-t,] L K(JN) L fN(a, b) (4.37) 
i=l ti=O i S P 

where a= {a1lai = jp,_, + jp, + a, i 1, 2, ... , N;jp0 = jpr,: = O} and b = {bilb1 

u - WpJ,PJ b- = -(~ + Wpi,Pi) i 2 3 N}
fJPl > i ). fJPi ' , , ... l 

Proof As shown in (4.8), U(JN, Y) is a product of polynomials with integer indexes. by ex

tending them, it becomes 

(4.38) 

where 

Applying the order statistics distribution (4.22) into (4.39) and regrouping the items, 

= 10011/N 11/2In ... 
0 0 0 

(4.40) 

~, bi i 2, 3, ... , N}. Since u < L;':1 L;':1 bi < 0. 
f:Jp1 

Thus the integration in ( 4.40) can be calculated by Theorem 4.3.2. After applying In into ( 4.38), 

the result becomes (4.37). □ 

Note that in obtaining the moments of Xeff, the first two moments of Y1 are needed as shown 

in ( 4.17) and ( 4.18). a more general theorem on the moments of the order statistics of correlated 

gamma distribution will be provided. 

Theorem 4.3.4. Let Y1 , Y2, ... , YN be an ordered gamma distribution sequence. The mth mo

ment of the nth order statistic is given by, 

E[Ynrn] = L K(JN) L fN(a, b) (4.41) 
s p 

where a { ail'v'i i= m: ai jPi-1 +jp, +a, an = jPn-1 +jPn +a+m, i = 1, 2, ... , N; jpo jPN = O} 

and b = {b;ll>; = - w:, ,,, ,i = 1, 2, ... , N} 
/J'f•i 
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Proof. The moments of the nt1,.order statistics of gamma distribution is given by 

E[Y;'] = Y:1' /Y1 ,Y2 , ... ,YN (yi, Y2, •··, YN )dy1dy2 ... dyN (4.42)fo00 l/lN ... fo'112 

Applying the order statistics distribution (4.22) into (4.42) and regrouping the items, 

Set a= {ail'v'i #- m: ai =jP,-1 + jp, +a:, an= jPn-1 + jp,, + O'. +m, i = 1, 2, ... , N;jpo = jPN O} 

and b = {bi Ibi = - w~~•,Pi , i = 1, 2, ... , N}. As both a and b match the constraints in Theorem 

4.3.2, the integration in ( 4.43) can be computed by Theorem 4.3.2. □ 

It should be noted that the moments of order statistics play a very important role in quality 

control and life testing problems and gamma distribution has gained a lot of interests in such 

areas [53][54][55]. To the authors' best knowledge, (4.41) is novel and is useful in analyzing the 

moments of gamma distributed order statistics. 

The moments (i.e. first and second moments) are able to be derived now. 

Corollary 6. The average effective SNR over N correlated Nakagami-m fading channels is 

given by (.4.- 17) where 

E[Y1] = LK(JN) L fN(a1, b1) (4.44) 
s p 

with a1 = {aila1 O} and 

b1 {bilbi i = 1,2, ... ,N}. The quantity E[U(JN,Y)] is given by 

(4.45) 

+ wpp""' ), i = 2, 3, ... , N}.
P; 

Proof. Equation ( 4.44) can be obtained by applying n l and m 1 in Theorem 4.3.4. To 

obtain E[U(JN, Y)], one can simply apply u = 0 in (4.45) as shown in Theorem 4.3.3. □ 

Corollary 7. The second moment of effective SNR over N correlated Nakagami-m fading chan

nels is given by ( 4- 18) where 

E[Yi2] = LK(JN) Lfn(a3, b3) ( 4.46) 
s p 
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where a3 {ai/a1 Jp 1 + o: + 2,ai 2,3, ... ,N;jp0 = ]pN O} and 

b3={bilbi= i=l,2, ...,N} 

and 

(4.47) 

where~= {aila1 = Jp1 + o: + l,ai = jp1_ 1 + ]p; + o:,i = 2,3, ... ,N;jp0 = jPN O} and 

b -{bib 1 h- WpJ,Pl b· + Wpi,Pi) ·-2 3 N}4 - t 1 A fJPJ , i fJ,,,_ , Z - , , ••• , • • 

Proof. By applying n 1 and m 2 in Theorem 4.3.4, ( 4.46) is then obtained. In order to 

obtain (4.47), a similar procedure can be employed as in obtaining U(JN, Y)] as shown 

in Theorem 4.3.3. D 

As shown above, the explicit expressions are proposed for the MGF and moments of Xeff over 

correlated Nakagami-m fading channels. 

4.3.1 Rayleigh Fading Channels 

When the fading parameter equals one, the Nakagami-m fading model reduce to a special but 

important case of the Rayleigh fading model. In this case, the above expressions can still be 

used. However, it is important to note that these expressions can be much simplified when the 

sub-carriers involved can be modeled as independent. 

Corollary 8. The MGF of the effective SNR over independent Rayleigh fading channels is given 

by (4.6) where 

( 4.48) 
1 

)Tin-1 '°'n-l(!i _l_)
U i=l L.,j=i >. + fJ,,;+1 

Proof. Applying o: 1, Vi j,wi,j = 1 and Vi-::/= j,wi,j = 0 in (4.20), (4.21) and (4.37), the 

desired result follows. □ 

Corollary 9. The average effective SNR over N Rayleigh fading channels is given by (4- 18) 

where 

1 
( 4.49) ~ n:=1 /3i (I.::=1 ¼ )2n;,:/ I:;:::/ (~) 
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and 

(4.50) 

Proof. Applying a 1, 'iii= j,wi,J 1 and 'iii ,f j,wi,J = 0 in (4.20), (4.21), (4.44) and (4.45), 

the desired result follows. D 

Corollary 10. The second moment of effective SNR over N Rayleigh fading channels is given 

by, 

E[X;ff] =E[Yi2] + 2A l)-1)JN-JR(JN)E[Y1U(JN, Y)] 
S(l) 

( 4.51) 
+ 2A2 I)-llN-JR(JN)T(JN)E[U(JN, Y)] 

s<2) 

where 

2
E[Y12] = ~ -n-------,-1-~l~- (4.52)

L.,, TI (3 .l.)3 Iln- '°'n-_ (-1-)
p i=I i {3; i=l L-J=t f3Pj+l 

and 

(4.53) 

Proof. Applying a= 1, 'iii= j,wi,J = 1 and 'iii ,f j,wi,j = 0 in (4.20), (4.21), (4.46) and (4.47), 

the desired result follows. D 

4.4 Numerical Results 

In this section, numerical results of the MGF and moments of effective SNR over Nakagami-m 

fading channels are provided. For simplification and illustration purpose, the sub-carriers are 

assumed to be identically distributed, and are correlated according to the exponential correlation 

model [50]. 

Fig. 4.1 shows the comparison between the proposed MGF of effective SNR and the MGF 

obtained by simulation over four correlated sub-carriers. Three different cases with different 

parameter configurations are illustrated: (a) a= 1, (3 = [1,3,5, 7], A= 2 and p = O; (b) 
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a: = 1.5, /3 [1, 3, 5, 7], ,\ = 4 and p = 0.5; (c) a: = 3, f-3 = [1, 3, 5, 7], ,\ 4 and p = 0.7. 

As for the analytical results, twenty-one iterations for each branch are used in ( 4.6), i.e. S = 
{JN lj; = 0, 1, 2, ... , 20; E!~1 j,. ~ O}. The methods for generation of correlated Nakagami-m 

fading channels can be found in [56] and [57}. In this paper, the 'sim's' method as proposed in 

[Ei7] was used. It can be seen from this figure that our analytical results match perfectly with 

the simulation results. 

Fig. 4.2 - Fig. 4.7 illustrate the normalized average and variance of the effective SNR versus the 

correlation coefficient p under various combinations of fading parameter, shape parameter and 

MCS parameter. These results show that both average and variance increase as the correlation 

increases. The average and variance of the effective SKR decrease as the number of sub-carriers 

increase. Figs. 4.2 and 4.3 illustrate the normalized average and variance of the effective SNR 

over two, three and four sub-carriers with fJ 2, ,\ = 2 and various fading figures et = 1. 2, 4. 

It can been seen that both average and variance increase with et at a given correlation. Recall 

that the average effective SNR is affected by both average channel quality of the sub-carriers 

as well as their variability. The former increases the effective S:'.\R, while the latter does the 

opposite. Figs. 4.2 and 4.3 suggest that the former effect has a larger impact on the effective 

SNR than the latter, resulting in a general increase in the effective SNR. The normalized average 

and variance of the effective SNR over two, three and four sub-carriers with o: = 2, ,\ = 2 and 

various shape factors /3 = 1, 2, 4 are shown in Figs. 4.4 and 4.-5. At a given correlation, it 

shows that both average and variance of effective SNR decrease with the shaping parameter /J. 

Note that the increase of f3 not only increases the mean of SNR per sub-carrier, but also the 

corresponding variance. The results suggest that the increase in channel variability due to the 

increase in /3 over-shadows the corresponding increase in the average S:\'R per sub-carrier, and 

thereby reduces the overall effective SNR. Finally, Figs. 4.6 and 4.7 show the norrnalized average 

and variance of the effective SNR over two, three and four sub-carriers with a: 2, /3 = 2 and 

various MCS factor ,\ = 2, 4, 8. The increase can be obtained in both average and variance of the 

effective SNR with increasing >.. As shown in (??), a smaller value of,\ causes the effective SNR 

to he more heavily influenced by the weakest sub-carrier, resulting in a stronger dependency 

between the two. In other words, the effective SNR would behave more closely to the SKR of the 

weakest sub-carrier asymptotically with decreasing ,\. This observation also directly confirms 

the validity of (4.17) and (4.18). 
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4.5 Summary 

In this chapter , general methods to obtain the MGF a nd moments of the EESM effect ive SNR 

ove r N joint ly distributed fading channels were proposed . T hrough these method , the explicit 

expressions for the MGF and the moments of the effective SNR over arbitrary number of corre

lated N akagarni-m fading channels were a lso derived. N urnerical results have been provided to 

illustrate t he proposed approach. 
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Figure 4. 1: Compar ison between the analytical MGF of effective SNR a nd t he MGF obta ined by 

simulation over four correla ted sub-carriers. (a): a,= 1, /3 = [l , 3, 5, 7], ).. = 2 and p = O; (b): a = 1.5, 
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Chapter 5 

Approximations of EESM 

Effective SNR Distribution 

5.1 Introduction 

In the previous two chapters, the expressions for the MGFs of EESM effective SNR over two 

and arbitrary number of sub-carriers are obtained. Performance measures such as average SNR, 

outage probability and SER are then analyzed by using either analytical or numerical methods 

on :vIGF. For example, the average effective SNR can be derived by differentiating the .\fGF 

and evaluate its derivative at zero. The exact analytical expression for the outage probability, 

however, is very difficult to obtain. Instead, it is evaluated using numerical method called in

verse Laplace transform. The MGF appears to be an important and useful statistic tool for 

studying the performance of a multi-carrier system using EESM. 

Another way to characterize the statistics of a random variable is via its respective PDF or 

CDF. In principle, the PDF can also be retrieved from the MGF through an inverse Laplace 

1transform operation, i.e. fx" 11 (x) -
2 

. {.c+joo Afx 
"· 
ff (u)e-ux. As the Jl.1GF of the effective 

'lr) • C-JOO 

:-iNR is in a complicated analytical form, the exact PDF expression is exceedingly difficult or 

even infeasible to determine. A numerical inverse Laplace transform is often used in order to 

determine the PDF. In this case, only numerical values of the PDF is available which cannot 

be used in further theoretical analysis involving the PDF. 

An alternative approach is to f,xplore the rnethorls for approximating the probability distribu

tions by simpler expressions, i.e. to fit the PDF of EESM effective SNR into a known distribu

tion. Further analytical works can be done based on such an approximation. One of the widely 
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used fitting criteria is so called Moment Matching Approximating (MMA). The MMA basically 

approximates the target PDF by fitting its moments to the target distribution. Recently, M~v1A 

has gained a lot of attentions in the performance analysis of wireless communication systems 

such as [58][59][60]. 

In this chapter, MMA will be used to study the accuracy of the EESM effective SNR approxima

tion. Three distributions including Gaussian distribution, Generalized Extreme Value (GEV) 

distribution and Pearson system are investigated. The number of moments used for matching 

really depends on the number of parameters the target PDF or CDF has. Typically, the more 

parameters the target PDF or CDF has, higher order moments would be required for approx

imations, and higher complexity would then be involved. Thus, distributions with four or less 

parameters are normally used in M~1A. For example, in approximating to the Gaussian distri

bution, the first two moments are needed to retrieve the respective mean and standard deviation 

parameters. 

In order to approximate the PDF of the EESM effective SKR distribution, the moments of the 

effective SNR are required. Benefiting from the explicit expressions of the MGF, the analytical 

results of the moments can be obtained by taking the derivatives of MGF. The first two mo

ments have been presented in Chapter 4, however, due to the complicated form of the MGF, 

higher order moments are more difficult to obtain. In the end of this section, the proof of the 

first four moments of the EESM effective SKR over N generalized fading channels are given. 

Theorem 5.1.1. Let Yi, },.2 , .•• , YN be the order 8tatistics of the corresponding s11.b-carrier SNR 

seqnence X1, X2, ... , XN. If the MGF ofXeff i.s al.so defined by (4,6'), then thefir.stfmtr moment.s 

is given by, 

E[XeJJ] =A I)-l)JN-JR(JN)E[U(.JN, Y)] + E[Y1] (5.1) 
S(l) 

S(2j 

+ 2.\ I)-l)JN-JR(JN)E[Y1 U(,hv, Y)] + E[Y?] 
s (1) 

(5.2) 

E[X;ff] =3A3 L(-l)JN-JR(.J N )T(2l(JN )E[U(JN, Y)] 
S(3! 

+ 6.\2
( ~1/ L N-JR(.JN )T(l1(JN)E[Y1U(.TN, Y)] 

Sl2! 

(5.3) 

+ 3,\ L(-l)JN-JR(.TN )E[Y/U(JN, Y)] + E[Y/j 
S(l) 
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E[XiJJl =4,\4 I)-l)JN-JR(JN)r<3l(JN )E[U(JN, Y)] 
S(4) 

+ 12,\3 I)-l)JN-JR(JN )T(2)(JN )E[Y1U(JN, Y)] 
5(s) 

(5.4) 
+ 12,\2 I)-IfN-JR(JN )T(1)(JN )E[YlU(JN, Y)] 

5<2J 

+ 4,\ I)-l)JN-JR(JN)E[Yi3U(JN, Y)] + E[Y14
] 

S(l) 

where 

(5.5) 

Proof. As obtained in Chapter 4, the MGF of EESM effective SNR over N Jointly Distributed 

Fading Channels is given in (4.6). The moments can be derived by taking the derivatives of 

theMGF and evaluate it atµ 0, i.e. the ith moments can be simply obtained by equating the 

ith derivatives at µ 0. However, as ( 4.6) is quite complicated, it is very difficult to obtain the 

expressions for higher order moments. We will give the proof of the first four moments. 

For simplicity, let's denote g(u) = (u - l) ... (u - J + l), f(u) = ug(u) and t(u) = r:,f:;/ 
(4.6) can then be re-rewritten as, 

(5.6) 

By taking the differentiations on (5.6), the relation of the moments is obtained, 

"""N-J (-.\)f(ll(o) E[U(J Y)] + E[Y]
L-, N-1. ! N, 1 (5.7) 
5(1) ni=l Ji· 

(5.8) 
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E fX3 ll ef f 

(fi.9) 

(5.10) 

(5.7),(5.8),(5.9) and (5.10) show that the moments of the effective S::-.l'R can be obtained by 

simply evaluating the derivatives off (u) at u 0. \Ve now try to calculate the derivatives of 

f(u). 

By taking the first derivative on f(u), we have, 

(5.11) 

Equating (5.11) at u = 0, we have 

(5.12) 

As gf 1)(11) g(u)t(u), apply this result to (f>.11), 

f(li(u) g(u) + ug(u)t(u) (5.13) 

By further taking the derivative on (S.13), aner some manipulation and reorganization, 

(5.14) 

Equating (5.14) at 11 = 0, we have 

(.'i.lS) 

By taking the derivative on (5.14), ,Ye then get the third derivative off (u), 
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Equating (5.16) at u = 0, we have 

(5.17) 

By taking the derivative on (5.16), we then get the third derivative of f(u), 

/ 4\u) =g(u) ( 4t3 (u) + 12t(u)t0 >(u) + 4t( 2)(u) + ut4 (u) + 6ut2 (u)t(ll(u) 
(5.18) 

+ 3utC1l 
2 

+ 4ut(u)t( 2l(u) + ut3 (u)) 

Equating (5.18) at u = 0, we have 

f 4l(o) =g(0) (4t3 (o) + 12t(O)t( 11 (0) + 4t(2l(o)) 

(5.19) 

=4(-l)J(J 1)! ( (~ ~)3 - 3(~ 1) (~ i~) + (~ i~)) 
By removing the items outside the brackets iu (5.15), (5.17) and (5.19), then setting the rests 

to T(ll(JN), r<2>(JN), and T(3l(JN) correspondingly, Theorem 5.1.1 is proved. D 

Note that the above expressions arc general, and can be apply to different channel fading models. 

To obtain the moments specific to, for example, the correlated Nakagami-m model, approaches 

in Chapter 4 can be applied. For example, E[Y1'], i = L2, 3, 4 can be calculated by Theorem 

4.3.4 and E[Y/U(JN, Y)], i = 0.1, 2, 3 can also be obtained by a similar method in the proof of 

Theorem 7. 

The remaining sections of this chapter are organized as follows: the approximation for the EESM 

effective SNR distribution to a Gaussian distribution is investigated in Section 5.2. The Central 

Limit Theorem (CLT) is used to inw•stigate the feature the dfective SNR when a sufficiently 

large number of sub-carriers are used. In Section 5.3, the definition of the GEV distribution 

is introduced. The EESM effective S:KR is then approximated by the GEV distribution. In 

Section 5.4, three major curve types (Le. Type L Type IV and Type \'1) in Pearson system 

is introduced. The approxirnation of Pearson system is then discussed. The approximation 

accuracy of all three distributions are presented and compared against simulation results in 

Section 5.5. Finally, a summary of results and some concluding remarks on the EESl'v1 effective 

SNR distribution approximation are presented in Section 5.6. 

5.2 Gaussian Approximation 

In this section, an approximation for the PDF of the EESM effective SNR distribution based on 

Gaussian distribution is derived. The validity of the Gaussian approximation will be assessed 
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in Section 5.6. 

The expression of Gaussian distribution is given by 

1 (x-',)2
f z(z) = r,ce- 2,,. , (5.20)

r:ry27r 

where 11 and (l are the mean aud standard deviation of Z respeclivcly. 

The corresponding CDF of Gaussian distribution is, 

Fz(z) ~ [1 + erf ( :;) ] (5.21) 

where erf( x) = .f~x e-t 
2 
dt is the error function [41]. 

According to CLT, the sum of a large number of random variables is approximately Gaussian 

distributed [61] [62]. Because of that, Gaussian distribution is very useful in approximating 

the distribution of the EESM effective SI\"R when the number of sub-carriers N is sufficiently 

large. The will happen in LTE when the wide-band feedback is enabled. In this case, the 

system ,vill use the entire bandwidth for generating the Channel Quality Indicator (CQI) [6:31. 

Depending on the bandwidth is used, the number of sub-carriers can be quite large. Since EESM 

is adapted to represent the S~Rs of many sub-carriers, wide-band feedback can simply take the 

SI\"R of all the sub-carriers and transform these SNRs into an effective SI\R. Thus, the Gaussian 

approximation would then be quite useful in modeling the statistics of the effective SNR. 

When we take a look at the expression of EESM in (1. 1). the CLT can be invoked on the 

summation part inside the logarithm operation of EESM. That is, 

IV1"'""" x.Xsum = NL.,, e-,: · (5.22) 
i=l 

The approximation would then be based on matching the moments of Xrnm instead of Xrff· 

The first and second moments of X,1 f is given by the following theorem. 

Theorem 5.2.1. Let the sub-ca·r·rirT SNR sequence X 1 , X2, ... , XN be gamma distr-ib'/1,led random 

variables. Assuming N is .mfficient large and X 1 , X 2 , .•. , XN are independent and with fading 

parameters ai and scale parameter /3i, i L 2, ... , N, respectively. Then X.,um is approximately 

Ga'/1,ssian distrib11.tcd and the parameters are given by 

(5.23) 

and 

[t. (I+ 2;,r•• i2 ,,~)I! (;r• (i + ~ r'a' I 

(5.24) 

-(t. (I+~r·r] 
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Proof. The moments of Xsum is given by 

(5.25) 

By apply the multinomial theor('m to (5.25), we have 

(5.26) 

• • . • • _.'::.l2£1. _k2X2 -~ \\ hen X 1 , X 2 , ... , XN are mdependently distributed, the expectation of e ,. e ,. ... e. " 

can be calculated separately as 

C -~ ]...Ele ,. (-5.27) 

where E[e-' {·] is Lhe :v1GF value of the random variate X, at u = ~- As the 11GF of gamma 

distribution is Mx(u) = (1 - /3u)-a, equation (5.25) can be rewritten as 

(5.28) 

With the knowledge of (5.28), the first two moments of Xsum are given by 

(5.29) 

and 

(5.30) 

By matching the first t\vo rnoments of X ,11111 to the Gaussian distribution, (5.2:3) and (5.24) are 

obtained. D 

\i\'hen the SNR.s of the sub-carriers are i.i.d., the parameters for the Gaussian approximation 
02will become simpler asµ.= (1 + ~)-o: and a ),, [ (1 + 2{3) - (1 + ~ )-2°']. For the case 

of correlated sub-carriers. although (5.26) can be evaluated by Theorem 4.3.2, to compute the 

moments would be quite complicated when N is very large. However, for illustration purposes, 

the moments in such a case would be obtained via simulations. 

·with the knowledge of the distribution of Xsum, we can now derive the expression of Xeff . 

Corollary 11. Let the sub-carrier SNR sequence X1 , X2, ... , XN be gamma distributed random 

variables. Assuming l\T is sufficiently large and X1 , X2, ... , XN are independently distributed with 
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ith fading parameters ◊i and scale parameter /3;, i = 1, 2, ... , N, respectively. The approximate 

PDF and GDF of the EESM effective SNR is given by 

and 

(5.31) 

(5.32) 

Proof. The CDF of Xeff can be written in Xsum according to 

(5.:33) 

As Xsum is proved to be Gaussian distributed in Theorem 5.2.1, we can then simply apply (5.33) 

into (5.21) and (5.32) follows. Taking the derivative of (5.32), we then get (5.31). □ 

5.3 GEY Approximation 

In probability theory and statistics, the GEV is a family of continuous probability distributions 

developed within the extreme value theory in order to combine the Gumbel, F:rechet and Weibull 

families also known as type I, II and III extreme value distributions. The GEV is very useful in 

modeling statistics of the extremum of a set of random variables [fi4l[65l[66]. It should be noted 

that the smallest instantaneous SNR value will be the dominant part of the EESM effective 

SNR. Because of that, the GEV approximation is considered in this thesis. The accuracy of the 

GEV approximation will then be numerically assessed in Section 5.5. 

The expression of GEV distribution is given by 

1 + ~(z - JL) > 0, (5.34) 
a 

where Jl· is the location parameter, a > 0 is the scale parameter and ~ is the shape parameter. 

The corresponding CDF function is 

-[lH(=)]-t 1 + ~(z - µ) > 0.Fz (z) = e er ' (5.35) 
a 

As the GEV distribution involves three parameters, three moments are required in order to 

calibrate the respective parameters by MMA. The first three moments of GEV distribution are 

then given by 

(5.36) 
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where b1 = µ. + %, b2 %, f; f'(l - i(), 'i.= 1, 2, ::1 and r(-) is the gamma function. 
' ' 

With the knowledge of the expressions of the moments, the MMA problem is to solving the 

following equations, 

l
b1 - b2f1 = E[Xc11] 

bi 2b1b2f1 + b~f2 E[X;ff] 

by - 3brb2r1 + 3b1b~f2 - b~I'3 = EfX!ff] 

Using (5.1), (5.2) and (5.3), (5.37) becomes set of tri-variate simultaneous non-linear equations. 

Unfortunately, the solutions to (5.37) are very difficult to obtain analytic-ally. However, such 

equations can be solved by common numerical analysis softwares such as :t-.fatLab and :Mathe

matica. 

5.4 Pearson System Approximation 

Another approach is to use the method of Pearson system to obtain the approximate expression 

for the PDF [67] [681 [691. The Pearson system of equation curves are derived from the following 

differential equation by Karl Pearson in 1895 r10]: 

'3 f"tt· h 1·· t " i th • · · t · ('"' ., ·) 4g 391 .r y 1 mg t e irs, 1our momen s, , e 1our parame .ers m ,).,>~ as a = _.:-
0 

12, it1JL2, m = 
1092 11 

~(92+3) • t'- d f 2gr3g1 -6 E.l · th f k .1b = 18 , m 1s 11e mo e o z, c = 18 . 9 1 = ~ 1s e square o s ewness anu
1092 

_ 
1291 

_ 
1092 

_ 
1291 

_ 

92 ~ is the kurtosis of Z. The termsµ; = E[(Z E[Z]) 
1 

] is the ith central moments of Z. Inµ2 / 

order to find the final solutions for r5.38), an integration with respect to z must be performed 

• · . · gi(q2+3)'' · · . · ['"' I · on (5.38). A cntenon ,,,_ = -1 
b -. 

2 

= --··c · ) 1s mtroduced m , 1 . DeJH:ndmg on the 
· ' UC 4 '192 - 391 ..110~Y2 - 391 .6> 

sign and scale of K, there are seven different solutions of distributions (named as Type I-\11). 

According to r12], general distributions such as Weibull, beta and Student's t are associated 

with the lines in the g1, g2 plane and limited models such as normal, exponential and uniform 

can be represented by points in the g1 , 92 plane. 

The most commonly used distributions in Pearson system are the Type I. Type IV and Type 

VI curves that correspond to the cases K < 0, 0 < K < 1, and K 2::: 1, respectively. Others are of 

less practical interests [72]. The main types will be introduced in the following section. 

73 

http:109:o:.:;2~;~18J.L2


5.4.1 Pearson Type I (-oo < K < 0) 

The PDF of Pearson type I distribution is given by 

(5.39) 

where .6. is the adjustment factor defined as .6. = E[Z] - (a1:,0:~~';~t1l + a1, a1 = 1;~1;,.;, 2 , a2 = 
~ b _ Jµ2[91(r+2)2+16(r+l); _ r-~ - l _ r+v~ l _ 4r2 r+l 
ml+m2 , 0 - 2 , m1 - 2 'm2 - 2 '€ - g1(r+2) +16tr+l 

and r 6(92-91-ll 
391 -292+6 . 

By performing the integration respect to Z on (5.39), the CDF of Pearson type I is obtained as, 

(J) 1 (a1+z-.6. )Fz (z) = B( )B ----;m1 + l,m2 + 1 , -a1 :S:: z:::; a2 (5.40) 
m 1 + 1, m2 + 1 a1 + a2 

where B(-;a,b) is the incomplete beta function [41]. 

5.4.2 Pearson Type IV (0 < K < l) 

The PDF of Pearson type IV distribution is given by 

fIV)(z)= 1 . (1+ (x-.6.)2)e-vtan-1(x•~"'J, (5.41) 
z · aF(r, v) a2 

r+2 V = . I€ _ r2where .6. = E[Z] + vra, F(v, r) = J!~ cosr(t)e-vtdt, a = ✓ µ 2 r 2 ~r-l), m 
2 ' V ' 

€ = 1Gr2 (r-1) and r = 6(92-91 -1) 
16(r-1J-gi(r-2) 2 391 -292+6 · 

In this case, to obtain the exact expression of the CDF is very difficult. But it still can be 

evaluated efficiently by numerical integration. 

5.4.3 Pearson Type VI (1 < K < oo) 

The PDF of Pearson type VI distribution is given by, 

(5.42) 

•h A _ E[Z]- a(m1+l) _ ✓µ2[9i(r+2)2+16(r+l)] _ r-;/r2-4, l _ r+,/r"-4,: ,,.. ere u - m, +m2 + 2 , a - 2 , m,1 - 2 , rn2 - 2 1, 

€ = 4r2(r+l) and r = 6(92-91 -1) 
91 (r+2)2+16(r+l) 3g1 -292+6 · 

By performing the integration respect to Z on (5.4.3), the CDF of Pearson type VI is obtained 

as, 

l ( Z _ ,6. ) m2 +1 
-------------- ---1
(m2 + l)B(m2 + 1, -m1 m2 -1) a (5.43) 

z-.6.)x 2F1 ( m2 + 1, -m1; m2 + 2; 1 - -a- ,z 2: a+ .6. 
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The procedure for approximating the EES?v1 effective SNR distribution by Pearson system is 

summarized in the following steps: 

1. Match the first four moments of Z with that of the effective SNR, i.e. E[Z] = E[Xef f] 

andµ, = E [cxeff - EiXeJJlf], i = 2, 3, 4. 

2. Obtain 91 , 92 based on Jli and then determine the value of K. 

~- Select a proper Pearson distribution type based on the vale of n. 

4. Obtain the parameters for the corresponding Pearson distribution. 

5.5 Numeric Results 

In this section, numeric results are provided to illustrate the accuracy of the approximations 

to the EESM effective SNR by Gaussian, GEV and Pearson distribution. These curves are 

compared with the complementary CDF curves obtained by using Monte-Carlo simulation. 

Note that Gaussian approximation is derived assuruing a large number of sub-carriers are in

volved. Hmvever, such a constraint is not required for the other methods. In order to provide 

illustrations more clearly, numerical results are presented in two parts: extreme case (with large 

N) and general case (with small N). 

5.5.1 Extreme Case 

The SNRs of each sub-carrier are assumed to be identically distributed with a = 4, f3 = 2 and 

the correlations between sub-carriers are assumed to be exponential. 

Fig. 5.1 shows the complementary CDF of the EESM effective SKR over N ::\'akagami-m fading 

channels. Although the case of correlated sub-carriers is not discussed in Section 5.2, the results 

of sub-carriers with exponential correlations are also presented for illustration purposes, and the 

respective moments are obtained using simulations. The accuracy of the approximations over 

different number of sub-carriers (i.e. 10, 100 and 500) is illustrated in Fig. 5.1 (a), Fig.5.l(b) and 

Fig.5.l(c), respectively. Fig. 5.1 (a) shows that a higher accuracy cannot be achieved when the 

number of sub-carriers is small (i.e. 10). It can be seen that the accuracy over independent sub

carriers is higher than that of the correlatC'd case. As shown in Figs.fd(a)-(c), with incrPasing 

the number of sub-carriers, the approximation accuracy also improves and the convergent speed 

is slower when the sub-carriers are correlated. \Vhen the number of sub-carriers gets sufficiently 
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large (i.e. 500), Fig.5.l(c) shows that the accuracy of the Gaussian method becomes increasingly 

better. 

5.5. 2 General Case 

The approximation accuracy of GEV and Pearson over correlated Nakagami-m fading channels 

are compared. The results are assessed in two separate scenarios. In the first scenario, identical 

Nakagami-m fading is assumes and, for illustration purposes, results for Gaussian approximation 

are also included. The second scenario is to investigate the accuracy of GEV and Pearson 

approximation when the SNRs of the sub-carriers are non-identical. 

5.2 and Fig. 5.3 are the complementary CDF curves of the EESM effective SNR over 

two and four identical Nakagami-m fading channels, respectively. In all cases, the Gaussian 

approximation has the worst accuracy compared to the other two methods. This also matches the 

conclusion drawn in Fig. 5.l(a). For the approximation accuracy over independent sub-carriers 

illustrated in Fig. 5.2(a) and 5.3(a), both GEV and Pearson system match the simulated 

results very well. In Fig. 5.2(b) and Fig. 5.3(b), it can be seen that Pearson approximation 

achieves a slightly higher accuracy compared to the GEV distribution. 

The complementary CDF curves of the EESM effective SNR over two and four non-identical 

Nakagami-m fading channels are illustrated in Fig. 5.4 and Fig. 5.5, respectively. Despite the 

fading of each sub-carrier is non-identical and quite different from each other, the approximation 

results show that both GEV and Pearson curves still agree closely to the simulation results. 

5.6 Summary 

In this chapter, three MMA methods including Gaussian, GEV and Pearson distribution are 

introduced in approximating the EESM effective S:--JR distribution. As an illustration, numerical 

results based on the Nakagami-m channel model show that the Gaussian approximation is not 

very accurate when the number of sub-carrier is small but is acceptably more accurate when 

the number of sub-carrier becomes sufficiently large. Both GEV and Pearson distribution have 

a reasonable accuracy in the general case. When the sub-carriers are correlated, results suggest 

that the Pearson approximation is slightly more accurate than the GEV method. On the other 

hand, GEV provides simpler and easier expressions for PDF and CDF as compared to the 

Pearson system. 

76 



10◊ r:-:~~-'"'9i~CS!~s::-:"'."-:-:-~"'."-:-:----C:-:7:c~=====::;, 

,o-• 
u.. 
0 
(.) 

c 
s 
~ 10-

~ 

l 
(.) 

4 

: . 1 

. . 1 
. - . . . . . ., 

6 8 10 12 
EESM effective SNR 

(a) 

i 
10--""; 

3 4 5 6 7 8 
EESM effective SNR 

(b) 

10° 

1Q-l 

lL 
0 
(.) 

c 
J!l 
[ii ,o-, 
E., 
a. 
E 

.......8 

: : \'. 

. ·:1,\\ 
.\; e

10-' 
3 3.5 4 4.5 5 5.5 6 6.5 

EESM effective SNR 

: '.. 

\ 

(c) 

Figure 5.1: Complementary CDF of the EESM effective S\'R over N Nakagami-m fading channels. The 

S:NRs are identically distributed with a = 4,B = 2 and the correlations are assumed to be exponential. 

MCS parameter,\= 2. (a) N=lO. (b) :N=l00. (c):N=500. 
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Figure 5.2: Complementary CDF of the EESM effective SNR over two Nakagami-m fading channels. 

The SNRs are identically distributed with 0; 4,/3 = 2 and the correlations are assumed to be expo

nential. MCS parameter A= 2. (a) p 0. (b) p = 0.5. 
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Figure 5.3: Complementary CDF of the EESM effective SNR over four Nakagami-m fading chan
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Figure 5.5: Complementary CDF of the EESM effective SNR over four Nakagami-m fading channels 

with o: [2, 4, 6, 8],/3 = [1, 2, 4, 8] and the correlations are assumed to be exponential as p = [O, 0.5]. 

MCS parameter .>.. = 2. 
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Chapter 6 

Conclusions and Future Work 

6.1 Conclusions 

The importance of studying the statistics of the EESM effective SKR is shown in this thesis. 

The theoretical results on the characterization of EESM effective SKR over frequency selective 

charmels are provided. The research gains an analytical insight i11to the key factor;.; that affects 

the performance of a multi-carrier system using EESM. The main research results achieved in 

this thesis are drawn in the following conclusions. 

The first attempt of this thesb iB to characterize the effective S.'.\R over two fading channels 

in which both the number of sub-carriers and the correlation are considered in Chapter 3. 

Although the case of two sub-carriers limits its applicability, such work shows an initial effort 

in characterizing the statistics of EESM. 

• General methods for obtaining MGF of effective S:'JR over two fading channels have been 

firstly derived. The validity and convergence bound of the expression are subsequently 

proved and derived. The proof shows that the MGF is always exist and valid within the 

given bound. One important feature of such an approach is that the method i,c; valid over 

an? kind of fading models. "When the joint distribution of the sum and the difference of 

two random variables is known, one can always obtain the MGF of the effective SXR by 

the proposed approach. 

• The :tvIGF of effective S:'.',JR over two independent and correlated :'.\akagami-m fading chan

nels has been deriwd after obtaining the joint distribution of the sum and the difference of 

two corresponding gamma variables. The expression of the MGF involves an infinite sum-
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rnation series of hypergeometric functions and has been proved to be uniformly convergent. 

The MGF of effective SNR over two Rayleigh fading channels has been also provided. 

• Average effective SNR over two Nakagami-m fading channels has been derived by differen

tiating the corresponding MGF. Numeric results show an rapid convergence under various 

combination of fading parameters and MCS factor. Only a few iterations are required in 

order to reach an accurate estimation. Numeric results also show that the average effective 

increases as the increase of the correlation factor and the fading figure. It also shows that 

the average effective SNR incre&'-CS and the influence of correlation to the average effective 

SNR decreases while MCS factor increases. 

• By performing the inverse Laplace transform on the corresponding MGF, the outage prob

a.bility of the effective SNR over two Nakagami-m fading channels has been derived. As 

the high complexity of the MGF, the outage probability has to be evaluated by numeric 

methods. A ,·head portion effect" has been also observed, such an effect illustrates that 

the correlation will not only increase the average effective SNR but also simultaneously 

enlarge the variance. 

• The expressions of the average SER of the effective SNR over two Nakagami-m fading 

channels have been derived. A few commonly used modulation methods including M-PSK 

and M-QAJv1 are used and the corresponding SER performance is assessed by numeric 

mdhods. The results show that the SER decreases while the fading figure increases. 

Due to the ·· head portion effect" and the SER high sensitivity to the low SNR. the SER 

increases while the correlation between two sub-carriers increases. 

To obtain the analytical result of EESM over arbitrary number of sub-carriers tends to be a 

more difR('ult challenge. In Chapter 4, advanced mathematical methods have been used in order 

to characterize the statistics of the effective SNR. 

• By adapting the order statistics from a set of random variables, general methods in ob

taining the MGF of effPctive SNR over arbitrary mmthf'r of sub-carriers have been derived. 

The existence and validity of the approaches arc analytically proved and discussed. In ad

dition, a general upper and lower bound has been presented and shows that the effective 

SNR is bounded by the sub-carrier with the smallest SNR together with the MCS factor 

and sub-carrier number. 

• The first and second moment of the effective SNR over arbitrary number of sub-carriers 

have been also derived analytically. The expressions show that the smallest order statistics 

of the SNRs in each sub-carriers dominates the average and variance of the effective SNR. 
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• After applying the order statistics from multi-variate garnma distribution and performing 

the Dirichlet integration, the MGF of the effective S:\'R over N Kakagami-m fading chan

nels have been obtained. Kumeric comparisons show that the theoretical result matches 

the simulation result perfectly under various combination of fading parameters and MCS 

factor. 

• The explicit expression of moment~ of the order statistics from multi-variate gamma dis

tribution have been extensively derived. Such an expression is believed to be very useful 

in solving the quality control and life testing problems. 

• The first and second moment of the effective SKR over N Nakagami-m fading channels 

have been also derived. The expressions show that both the average and variance of the 

effective SKR increase as the correlation increases while decrease as the number of sub

carriers increase. lt is also observed that both the average and variance increases as the 

shape parameter increases due to the increase of the mean of SNR. per sub-carrier and its 

corresponding variance. It also shows that the effective SNR would gains a higher influence 

by the SNR of the weakest sub-carrier asymptotically with decreasing the MCS factor. 

Although the analytical results of the ~1GF and the moments of the effective SNR over N 

correlated Nakagami-m fading channels are known through the methods presented in Chapter 3 

and 4, the exact form of the PDF or CDF is very difficult to obtain. !vHv1A methods including 

Gaussian, GEV and Pearson distribution are introduced and compared in Chapter 5. 

• The explicit expressions of the first four moments of the effective S'.\R have been derived. 

These results are used in the MMA methods in order to approximate the distribution of 

the effective S:\'R. 

• An effective SKR distribution approximation based on Gaussian distribution has been 

derived analytically. The average and variance of the effective S:\'R are used in order to 

calibrate the respective parameters by MMA. The numeric results show that the accuracy 

of the approach oYer independent sub-carriPrs is higher than that of the corrPlated case. 

An unreasonable approximation accuracy is observed when the number of sub-carriers is 

small. It also shows that Gaussian distribution can be used to approximate the distribution 

of the effective S.'.\'R when the number of sub-carriers are sufficiently large. 

• Regarding a highly dependence for the effective S.'.\'R on the smallest S.'.\'R branch, an 

approximation method based on GEV distribution has been derived. Three moments of 

the effective S.'.\'R are used in order to calibrate the corresponding parameters by MMA. 

84 



~umeric results show a well-match between the GEY approximation and the simulation 

results. 

• By fitting the first four moments, an approximation based on Pearson sysr,em has been 

also derived. The comparisons between the Pearson system with the simulation results 

show a reasonable accuracy in approximating the effective S::\R distribution. 

6.2 Future Work 

In this section, some directions of the future work are presented. 

6.2.1 Simplification of the Analytical Results 

The main advantage of the analytical result is to chanictcrize the EESM effective SNH over 

frequency selective channels without resorting to simulations. However, since the expressions 

of the MGF and the moments of the effective S::\R is quite complicated, to compute the exact 

numeric value is time consuming when the number of sub-carrier gets large. The next step of the 

research is then to simplify the analytical results ofEESM effective S::\R, so that the pcrfonnancc 

of the effective S~R can be evaluated efficiently. For example, the infinite summations in the 

MGF can be approximated by several dominant parts. 

6.2.2 Novel Scheduling Method based on Statistics of Sub-channels in 

OFDMA Systems 

Imagine an OFDMA system with N sub-channels and each sub-channel contains A1 sub-carriers. 

A base station can estimate the charnwl qualities of the sub-carriers from K users via upli11k 

channel sounding signals. While the sub-carriers among all Uo'ers are undergoing independent 

fading, the fading of sub-carriers corresponding to each user are correlated. 

Assume that the sub-channels are statistically stationary. Also, assume that the SNRs of the 

sub-carriers in each sub-channel can be characterized by a multivariate gamma distribution and 

the corresponding parameters can be estimated after initial channel soundings. Our approach 

can then be used to calculate the average effective SNR, outage probability 1 or a certain 

statistical criterion of each sub-channel under each MCS. The scheduling method can then 

jointly allocate an optimal combination of sub-cham1els and MCS for Pach user in order to 

maximize the total system throughput based on the selected criterion. In otlier words, our 

1Given the MGF or the moments of the effective S.>iR, the average outage probability can be calculated 

numerically by inverse Laplace transform or approximated by a simple distribution. 
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approach exploits the long-term statistical properties of the channel in selecting au optimal 

combination of sub-channels and !vICS, and thereby reducing the system complexity by avoiding 

the need of frequent feedbacks of instantaneous channel qualities. 

6.2.3 Statistics of the EESM Effective SINR m a MIMO-OFDMA 

System 

The research presented in this thesis is concentrated on a multi-carrier system, i.e. OFDMA. 

A natural extension si to generalize the work to the MlMO-OFDivIA system where a general 

number of sub-carriers and antennas can be incorporated. Such results will be expected to play 

a very important role in performance analysis of EESM and its applications. 

In [3], the concept of EESM is extended to a MIMO-OFDMA system, where the effective Signal 

to Interference plus Noise Ratio (SINR) is given by 

(6.1) 

The t.{'rm N, is the number of spatial streams, tv·u is the number of sub-carriers, and 1f is 

the SINR for stream i on sub-carrier j. In the case of N 8 = 2, and Nu = l, i.e. 1 subcarrier 

or 1 carrier, we have two data streams with one carrier - a special case of a MIMO-OFDMA 

system. Furthermore, let's assume that the SINR of each spatial stream due to fading can be 

approximated by the gamma distributions via suitable parameterizations. Our current results 

can then be used to analytically model the statistics of the EES:t\1 effective SINR with a single 

carrier in the context of MIMO. 

86 



References 

[l] 3GPP. Evolved Universal Terrestrial Radio Access (E-UTRA); Physical channels and mod

ulation, Release 8. Technical Document, TSG-RA;'J TS 36.211 v8.8.0, 3rd Generation 

Partnership Project, Sep. 2009. 

[21 IEEE 802.16e. Air Interface for Fixed and Mobile Broadband Wireless Access Systems. 

Technical Document, TSG-RAN 802.16e-2005, Institute of Electrical and Electronics En

gineers. Feb. 2006. 

[3] S. Simoens, S. Rouquette-Leveil, P. Sartori, Y. Blankenship, and B. Classon. Error pre

diction for adaptive modulation and coding in multiple-antenna OFDM systems. Signal 

Processing, 86(8):1911-1919, August 2006. 

[4] 3GPP. Feasibility study for OFDI'vf for UTRAN enhancement, Release 6. Technical Docu

ment, TSG-R.AN TR. 25.892 vl.1.0, 3rd Generation Partnership Project, Mar. 2004. 

[5] :':. Nakagami. The m-distribution, a general formula for intensity distribution of rapid 

fading. In W.G. Hoffman, editor, Statistical Methods in Radio Wave Prvpagation. Oxford, 

England: Pergamon, 1960. 

[6] T. Eng and L.B. Milstein. Coherent DS-CDMA performance in Nakagami multipath fading. 

Comm'unications, IEEE Tranwction.5 on, 43(234):11311-1143, Feb/Mar/Apr 1995. 

[7] K. Peppas and N.C. Sagias. A trivariate Nakagarni-m distribution with arbitrary covariance 

matrix and applications to generalized-selection diversity receivers. Communications, IEEE 

Tmnsactions on, 57(7):1896-1902, July 2009. 

[8] J. R.eig, L. Rubio, and V.M.R. Penarrocha. Performance of dual selection combiners over 

correlated ::--Jakagami-rn fading with different fading parameters. Communications, IEEE 

Transactions on, 54(9):1527-1532, Sept. 2006. 

87 

https://TSG-R.AN


[9] Q.T. Zhang. Outage probability in cellular mobile radio due to Nakagami signal and interfer~ 

ers with arbitrary parameters. Vehicular Technology, IEEE Transactions on, 45(2):364-372, 

May 1996. 

[10] K.S. Marvin and M.-S. Alouini. Digital Communication over Fading Channels. John Wiley 

& Sons. Inc., 2000. 

[ll] Ericsson. Consideration on the system-performance evaluation of HSDPA using OFDM 

modulation. Technical Document, TS 25.211 V3.l.0 Rl-0:30999, 3rd Generation Partnership 

Project, Oct. 2003. 

[12] S. Miller and D. Childers. Probability and Random Process: With Applications to Signal 

Processing and Communications. ELSEVIER Academic Press, 2004. 

[13] K. Brueninghaus, D. Astely, T. Salzer, S. Visuri, A. Alexiou. S. Karger, and G.-A. Scraji. 

Link performance models for system level simulations of broadband radio access systems. 

In Proceedings of the 16th IEEE International Symposium on Personal, Indoor and Mobile 

Radio Communications (PIMRC 2005), volume 4, pages 2306-2311 VoL 4, Sept. 2005. 

[14] M. Lampe, T. Giebel, H. Rohling, and W. Zirwas. Per-prediction for PHY mode selec

tion in OFDM communication systems. In Global Telecommunications Conference, 2003. 

GLOBECOM '03. IEEE, volume 1, pages 25-29 Vol.l, Dec. 200:3. 

[15] Vv"'"INNER. Assessment of advam·ed beamforming and mimo technologies, 2003. 

[16] Ericsson. Effective-SNR Mapping for Modeling Frame Error Rates in Multiple-state Chan

nels. Technical Report C30-20030429-010, ;-ird Generation Partnership Project 2, Apr. 

2003. 

[17] K. Sayana, J. Zhuang, and K. Stewart. Link performance abstraction based on mean 

mutual information per bit (MMIB) of the LLR channel. Standardization Document IEEE 

C802.16m-07/097, IEEE 802.16 Broadband \Vireless Access \Vorking Group, May 2007. 

[18] M. Pauli, U. \Vachsmrurn, and S. Tsai. Quality determination for a wireless communications 

link. Patent US 2004/0219883, U.S. Patent Office publication, Nov. 2004. 

[19] Y.W. Blankenship, P.J. Sartori, B.K. Classon, V. Desai, and K.L. Baum. Link error 

prediction methods for multicarrier systems. In Vehicular Technology Conference, 2004. 

VTC2004-Fall. 2004 IEEE 60th, volume 6, pages 4175-4179 Vol. 6, Sept. 2004. 

[20] Ericsson. System-level evaluation of OFDM - further consideration. Technical Document, 

TSG-RAN WGl Rl-031303, 3rd Generation Partnership Project, Nov. 2003. 

88 



[21] Nortel. Initial Results on Link-level Performance Modelling for System-Level Evaluation 

with Coloured Interference. Technical Document, TSG-RA.'.\ WGl Rl-040296, 3rd Gener

ation Partnership Project, Spain, Feb. 2004. 

[221 Nortel. l\1odelli11g of Performance with Coloured l11terference Using the EESM. 'fodmical 

Document, TSG-RAN \VGl Rl-040509, 3rd Generation Partnership Project. Canada, May 

2004. 

[23] Huawei. Full verification of the EESM for OFDM in realistic interference scenarios. Teclmi

cal Document, TSG-RAX \VGl Rl-040508, 3rd Generation Partnership Project, Canada, 

May 2004. 

[24] M. Moisio and A. Oborina. Comparison of effective SINR mapping with traditional AVI 

approach for modeling packet error rate in multi-state channel. In NEH'f2AN, pages 461~ 

473, 2006. 

[25] E. Westman. Calibration and evaluation of the exponential effective SINR mapping (EESM) 

in 802.16. M.S. thesis. The Royal Institute of Technology (KTH), Sept. 2006. 

[26] A. Karim. Exponential effective signal to noise ratio mapping (EESM) computation for 

WiMAX physical layer. M.S. thesis, Washington University. May 2007. 

[27] S. Kant and T.L. Jensen. Fast Link Adaptatfon for IEEE 802.1 ln. M.S. thesis, Institute 

of Electronic Systems, Aalborg University, Aalborg, Deumark. Aug. 2007. 

[28] F. Wang. A. Ghosh, R. Love, K. Stewart, R. Ratasuk, R. Bachu, Y. Sun, and Q. Zhao. 

IEEE 802.16e system performance: analysis and simulations. In Proceedings of the l{ith 

IEEE International Symposium on Personal, Indoor and lvfobile Radio Comm1mication.s 

(PIMRC W05}, volume 2, pages 900-904, Arlington, USA, Sept. 2005. 

[29] B. Classon, P. Sartori, Y. Blankenship, K. Baum, R. Love, and Y.K. Sun. Efficient OFDM

HARQ system evaluation using a recursive EESM link error prediction. In Proceedings 

of IEEE i-Vircless Communications and }Vetworking Conference (WCNC .2006), volume 4, 

pages 1860~ 1865, Las Vegas, USA, April 2006. 

[30] H. Liu, L. Cai, H. Yang, and D. Li. EESM based link error prediction for adaptive 

MIMO-OFDM system. In Proceedings of the 6/'ith IEEE Vehicvlo:r Technology Conference 

(VTC:2007-Spring), pages 559-563, Dublin, Ireland, April 2007. 

[31] W. Sun, X. Chen, Z. Fei, and J. Kuang. Link adaptation of LDPC codes based on ex

ponential effective-SNR mapping link quality model. In Proceedings of Fut11re Generation 

89 



Communication and Networking (FGCN 2007), volume 2, page; 228-232, .Jeju, South Ko

rea, Dec. 2007. 

[32] W. Choi, N. Himayat, S. Talwar, and M. Ho. The effects of co-channel interference on 

spatial diversity techniques. In Proceedings of H'ireless Communications and Networking 

Conference (WCNC 2007), pages 1936-1941, Kowloon, Hong Kong, March 2007. 

[33] R. Giuliano and F. Mazzenga. Dimensioning of OFDM/OFDMA-based cellular networks 

using exponential effective SINR. Vehicular Technolngy, IEEE Transact-ions on, 58(8):4204-

4213, Oct. 2009. 

[:34] G. Song, K. Stewart, R. Love, X. Zhuang, and Y. Sun. Asymptotic performance of broadcast 

services in IEEE 802.16e with CSTD. In Proceedings of the 64th IEEE Vehicular Technology 

Conference, 2006 (\/TC-2006 Fall), pages 1 5. Sept. 2006. 

:35] C. Tellambura, A. Annamalai, and V.K. Bhargava. Unified analysis of switched diversity 

systems in independent and correlated fading channels. Communications, IEEE Transac

tions on, 49(11 ):19:i5-196.S, Nov 2001. 

r36] S. Ikki and M.H. Ahmed. Performance analysis of cooperative diversity wireless networks 

over Nakagami-m fading channel. Communications Letters, IEEE, 11(4):334-336, April 

2007. 

[37] K.S. Ahn. Performance analysis of MIMO-!\IRC system in the presence of multiple interfer

ers and noise over Rayleigh fading channels. Wireless Communications, IEEE Transactions 

on, 8(7)::{727-3735, July 2009. 

[:-l8] J.I. :\'ans. The disLribution of the logarithm of the sum of two log-normal variates . .Journal 

of the American Statistical Association, 64:655-659, 1969. 

[39] D. Zwillinger and A. Jeffrey. Table of Integrals, Series, and Products. San Diego, CA: 

Academic, 6 edition, 2000. 

:40] J.H. Curtiss. A note on the theory of moment generating functions. The Annals of Math

ematical Statistics, 13(4):4:J0-433, 1942. 

[41] !\1. Abramowitz and I.A. Stegun. Handbook of Mathemat.ical Function.,. U.S. Dept. Com

merce, 1 edition, 1972. 

[42] W.F. Kibble. A two-variate gamma type distribution. Sankhya, 5(5):137-1-50, 1941. 

90 



[43] F.R. de Hoog, J.H. Knight, and A.N. Stokes. An improved method for numberical inversion 

of Laplace transform. SIAM Journal of Scientific Computing, 3(3):357-366, Sept. 1982. 

[44] M.-S. Alouini and M.K. Simon. An MGF-based performance analysis of generalized se

lection combining over Rayleigh fading channels. IEEE Transactions on Comm11n'ications, 

48(3):401-415, Mar 2000. 

[45] M.-S. Alouini and A.J. Goldsmith. A unified approach for calculating the error rates 

of linectrly modulated signals over generalized fading channels. IEEE Transactions on 

Communications, 47:1324-1334, Sept. 1999. 

[46] Q.T. Zhang and H.G. Lu. A general analytical approach to multi-branch selection combining 

over various spatially correlated fading channels. Comm11,nications, IEEE Transactions on, 

50(7):1066-107:3, Jui 2002. 

[47] R. Kwan, P. Ho. and C. Leung. On joint order statistics in correlated Nakagami fading 

channels. Communications Letters, IEEE, 11(9):717-719, September 2007. 

[48] Z. Hadzi-Velkov, N. Zlatanov, and G. Karagiannidis. On the second order statistics of tbe 

multihop Rayleigh fading channel. Communications, IEEE Transactions on, 57(6):1815-

1823, June 2009. 

:49] M.G. KPndle. The Advanced Theory of Statistics. London, UK, 3 edition, 1947. 

[50] G.K. Karagiannidis, D.A. Zogas, and S.A. Kotsopoulos. An efficient approach to multivari

ate Nakagami-m distribution using Green's matrix approximation. IEEE Transactions on 

Wireless Comm1mications, 2(5):883-889, 2003. 

[51] R. Kwan, P. Ho. and C. Leung. On joint order statistics in correlated nakagami fading 

channels. In Proceedings of the l-Vireless Communications and Networking Conference 2007 

(WCNC 2007), pages 2043-2047, Mar. 2007. 

[52] D.G. Kabc. Dirichlet's transformation a11<l distributions of linear functiorn; of ordered 

gamma variates. Annals of the In.stitnte of Statistical Mathematics, 18:367-374, 1966. 

[53] P.C. Joshi. A note on the moments of order statistics from doubly truncated exponential 

distribution. Annals of the Institute of Statistical Mathemat'ics, 31:321-324. 1979. 

[54] U. Balasooriya and K.P. Hapuarachchi. Extended tables for the moments of gamma

distribution order statistics. IEEE Transactions on Reliability, 41:256-271, 1992. 

91 



[55] H.M. Barakat and Y.H. Abdelkader. Computing the moments of order statistics from 

nonidentical random variables. Statistical Methods and Applications, 13:15-26, 2004. 

[56] Q.T. Zhang. A decomposition technique for efficient generation of correlated Nakagami 

fading channels. IEEE Jomnal on Selected Areas in Commun-ications, 18:2385-2392, 2000. 

[57] C.H. Sim. Generation of poisson and gamma random vectors with given marginals and 

covariance matrix. Journal of Statistical Computation and Simulation, 47(8):1-10, Aug. 

1993. 

[58] K. Mitchell, K. Sohraby, A. van de Liefvoort, and J. Place. Approximation models of 

wireless cellular networks using moment matching. Selected Areas in Communications, 

IEEE Journal on, 19(11):2177-2190, Nov 2001. 

[59] M. Pratesi, F. Santucci, and F. Graziosi. Generalized moment matching for the linear 

combination of lognormal rvs: application to outage analysis in wireless systems. Wireless 

Communications, IEEE Transactions on, 5(5):1122-1132, May 2006. 

[60] H. Lee, J. Andrews, R. Heath, and E.J. Powers. The performance of space-time block 

codes from coordinate interleaved orthogonal designs over :\'akagami-m fading channels. 

Communications, IEEE Transactions on, 57(3):653-664, March 2009. 

[61] W. Feller. The fundamental limit theorems in probability. Bulletin of the American Math

ernatica,l Society, 51:800-832, 1945. 

[62] M. Blum. On the central limit theorem for correlated random variables. Proceedings of the 

IEEE, 52(3):308-309, March 1964. 

[63] H. Holma and A. Toskala. LTE for UMTS - OFDMA and SC-FDMA Based Radio Access. 

John \Viley &: Sons. Inc., 2009. 

[64] J.E. Morrison and J.A. Smith. Stochastic modeling of flood peaks using the generalized 

extreme value distribution. Water Resource Research, 38(12), Dec. 2002. 

[65] H. Hirose. l\faximum likelihood estimation in the 3-parameter Weibull distribution: a look 

through the generalized extreme-value distribution. D·ielectrics and Electrical lnM1lation, 

IEEE Transactions on, 14(1):257-260, Feb. 2007. 

[66) G. Orjuhin. Maximum field inside a reverberation chamber rnodeled by the generalized ex

treme value distribution. Electromagnetic Compatibility, IEEE Transact-ions on, 49(1):104-

113, Feb. 2007. 

92 

http:Wirele.ss


[67] R. Kwan and C. Leung. On the applicability of the Pearson method for approximat

ing dLstributions in wireless communications. Communications, IEEE Transactions on, 

55(11):2065-2069, .'.\ov. 2007. 

[68] S. Chen. H. ~ie, and B. Ayers-Glassey. Lognormal sum approximation with a variant of 

type IV Pearson distribution. Communications Letters, IEEE, 12(9):630-632, September 

2008. 

[69] M. Di Renzo. F. Graziosi, and F. Santucci. Approximating the linear combination of 

Jog-normal rvs via pearson type IV distribution for UWB performance analysis. Comm:u

nications, IEEE Tmnsactions on, 57(2):388-403, February 2009. 

[70] K. Pearson. Contributions to the mathematical theory of evolution. II. skew variation 

in homogeneous material. Philosophical Transactions of the Royal Society of London A., 

186:343-414, 1895. 

[71] W.P. Eldert.on and ~.L. Johnson. Systems of Freqimecy Ourves. Cambridge University 

Press, June 1969. 

[72] B. Schmeiser. Methods for modelling and generating probabilistic components in digital 

computer simulation when the standard distributions are not adequate: a survey. SIGSIM 

Simul. Dig., 10(1-2):38-43, 1979. 

https://Eldert.on



