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ABSTRACT 

 

 

In robotics, path planning refers to the process of establishing paths for robots to 

move from initial positions to goal positions without colliding into any obstacle 

within specified environments. Constructing roadmaps and searching for paths in the 

roadmaps is one of the most commonly used methodologies adopted in path planning. 

However, most sampling-based path planners focus on improving the speed of 

constructing roadmaps without taking into account the quality. Therefore, they often 

produce poor-quality roadmaps. Poor-quality roadmaps can cause problems, such as 

time-consuming path searches, poor quality path production, and even failure of the 

searching. This research aims to develop a novel sampling-based path planning 

algorithm which is able to incrementally construct high-quality roadmaps while 

answering path queries for robots with many degrees of freedom.  

 

A novel K-order surrounding roadmap (KSR) concept is proposed in this research 

based on a thorough investigation into the criteria of high-quality roadmaps, 

including the criteria themselves and the relationships between them. A KSR contains 

K  useful cycles. There exist a value T for which we can say, with confidence, that 

the KSR is a high quality roadmap when  K=T.  

 

A new sampling-based path planning algorithm, known as the KSR path planner that 

is able to construct a roadmap incrementally while answering path queries, is also 

developed. The KSR path planner can be employed to answer path queries without 

requiring any pre-processing. The planner grows trees from the initial and goal 
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configurations of a path query and connects these two trees to obtain a path. The path 

planner retains useful vertices of the trees and uses these to construct the roadmap 

and adds useful cycles to the existing roadmap in order to improve the quality. The 

roadmap constructed can be used to answer further queries. With the KSR path 

planner algorithm, there is no need to calculate the value of K to construct a high 

quality roadmap in advance. The quality of the roadmap improves as the KSR path 

planner answer queries until the roadmap is able to answer any path queries and no 

further useful cycles can be added into the roadmap. If the number of path queries is 

infinite, a high quality KSR can be constructed. 

 

The novelty of this KSR path planner is twofold. Firstly, it employs a vertex category 

classifier to understand local environments where roadmap vertices reside. The 

classifier is developed using a decision tree method. The classifier is able to classify 

vertices in a roadmap based on the region information stored in the vertices and their 

neighbours within a certain distance. The region information stored in the vertices is 

obtained while the edges connecting the vertices are added to the roadmap. Therefore, 

employing the vertex category classifier does not require much additional execution 

time. Secondly, the KSR path planner selects suitable developed strategies to prune 

the existing roadmap and add useful cycles according to the identified local 

environments where the vertices reside to improve the quality of the existing roadmap.  

 

Experimental results show that the KSR path planner can construct a roadmap and 

improve the quality of the roadmap incrementally while answering path queries until 

the roadmap can answer all the path queries without any pre-processing stage. The 

roadmap constructed by the KSR path planner then achieves better quality than the 

roadmaps constructed by Reconfigurable Random Forest (RRF) path planner and 

traditional probabilistic roadmap (PRM) path planner.  
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CHAPTER 1 

 

INTRODUCTION 

 

 

Traditional industrial robots are programmed primarily to carry out repetitious tasks 

in order to assist human beings, typically in dull, distant and dangerous environments. 

New generations of robots, for example, mobile and humanoid robots, are expected to 

help human beings in many other ways, such as rescue, healthcare, homecare, etc.  

Path planning is essential to these robots to provide the expected services as they are 

often required to move from one place to another. For example, a nurse robot that 

looks after lonely elderly people in their homes, may be asked to fetch a newspaper. 

The robot must be able to find its way to the newspaper. In addition to robotics, path 

planning has also found applications in many other areas, such as computer games 

where it is employed to plan motions of virtual entities in order to make smart video 

game characters (Kenneth et al, 2004), computational biology and chemistry where 

path planning has been used to study protein folding and drug design (Burchan 
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Bayazit et al, 2001), and autonomous helicopter navigation (Pettersson and Doherty, 

2006).  

 

In robotics, path planning is defined as the process of establishing paths that allow a 

robot to move from an initial position to a goal position within a specified 

environment without colliding with obstacles. Path planning as a research topic has 

attracted increasing attention and various path planning algorithms (planner) based on 

various path planning methods have been introduced since the mid  1990s (Kavraki et 

al, 1996; LaValle, 1998; Bohlin and Kavraki, 2000; Geraerts and Overmars, 2004; 

LaValle, 2006) 

 

 

1.1 Motivation  

 

Among all categories of path planning methods, sampling-based path planning 

methods are often used in situations where a robot possesses high degrees of freedom 

(degrees of freedom ≥ 3) (Hwang and Ahuja, 1992). The sampling-based path 

planning methods produce a roadmap which is a graph consisting of vertices which 

are collision free sampling points (places) and edges to link these vertices. The robot 

is able to move along edges from one vertex to another vertex without colliding with 

obstacles. As a roadmap is a graph, graph search algorithms can then be employed to 

search for a path which consists of several edges to connect the initial position to the 

goal position within the roadmap. This process is known as answering path queries.  
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The traditional way to employ sampling based path planning methods to answer 

multiple path queries is to establish a roadmap before answering any path query. The 

roadmap obtained normally covers the entire environment. However, some sections 

of the roadmap may not be used when answering queries. The set of given initial 

positions and goal positions for a robot can be clustered together                                                                                                       

an environment. The sections of the roadmap that cover these parts are used more 

frequently than sections that cover the other parts. Actually, for answering a small 

number of queries, it might not be necessary to develop such a large roadmap. 

Another kind of sampling based path planning methods have been proposed based 

building up trees from the initial and goal positions of a path query and connecting 

these two trees to answer the path query. However, the method of building up trees 

requires growing new trees for every newly raised path query. Therefore, it is difficult 

to determine which method should be selected to answer path queries without 

knowing the number of path queries. 

 

One solution to this problem is to incrementally construct a roadmap (Li and Shie, 

2002) while answering path queries. However, this solution focuses on building up a 

roadmap as quickly as possible but neglecting the quality of a roadmap. A poor-

quality roadmap may contain many redundant paths or loops, which can lead to high 

costs in terms of storage memory for the roadmap and search time to obtain a path in 

the roadmap. A poor-quality roadmap may contain no useful cycles, which may mean 

that it is not able to provide alternative paths for searching the optimal path. A poor-
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quality roadmap may also contain two or more disconnected graphs, which do not 

represent the real connection situation of the environment causing failure in finding a 

path.  

 

This research tackles the quality problem in incremental roadmap construction based 

on roadmap quality criteria. A high-quality roadmap can be constructed incrementally 

in such a way that, given a new path query with a pair of initial and goal positions, 

two trees grown from initial and goal positions are established. They will grow 

towards each other by making use of the existing roadmap, if possible in order to 

connect with each other to find a path. After answering the query, a quality check on 

the newly developed trees is carried out based on high-quality roadmap criteria based 

on previous work of improving the quality of roadmaps (Simeon et al, 2000; 

Schmitzberger, 2002; Li and Shie, 2002; Nieuwenhuisen and Overmars, 2004; 

Roland, 2006). Only those parts of the trees that are considered able to contribute to a 

high-quality roadmap are retained and merged into the existing roadmap in order to 

improve the quality of the existing roadmap; other parts will be discarded. Therefore, 

the quality of a roadmap can be improved while also answering path queries. 
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1.2 Aim and Objectives 

 

This research aims to develop a sampling-based path planning algorithm which is 

able to construct a high quality roadmap incrementally while answering path queries 

for robots that have many degrees of freedom (degree of freedom ≥ 3). 

 

The specific research objectives are:  

a) To summarise criteria of high quality roadmaps.  

b) To analyse the relationship between the criteria. 

c) To propose a new roadmap construction concept considering the criteria of 

high quality roadmaps.  

d) To develop a method to identify the various local environments where vertices 

of a roadmap reside. 

e) To design strategies to improve the quality of roadmaps according to the local 

environment of vertices in a roadmap. 

f) To establish a path planning algorithm which makes use of various designed 

strategies to construct a high quality roadmap as answering queries. 

 

This research was carried out based on the general robot path planning research 

assumptions that the dynamic properties of robot are ignored and the motion of robot 

is restricted to non-contact motion. 
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1.3 Thesis Organisation 

 

Chapter 2 explains the background knowledge required to solve the path planning 

problem. Various path planning methods are reviewed especially in sampling based 

path planning methods. The basic framework consisting of various technologies 

employed by sampling-based path planning methods is introduced. 

 

Chapter 3 summarises the criteria of a high quality roadmap and analyses the 

relationships between them. A novel roadmap construction concept called “K-order 

surrounding roadmap” (KSR) is proposed. A KSR is constructed by considering the 

criteria of high quality roadmaps. A high quality K-order surrounding roadmap can be 

constructed against some construction principles, when a suitable value of K is 

employed. 

 

Chapter 4 presents a roadmap vertex category classifier based on machine learning 

methods. The classifier is able to identify the category of a vertex in the roadmap 

according to the region information stored in the vertex and its neighbouring vertices 

within a user-defined distance. 

 

Chapter 5 presents a novel path planning algorithm called KSR path planner based on 

the novel roadmap construction concept proposed in Chapter 3. The KSR path 

planner constructs a roadmap in an incremental fashion, while answering path queries. 

After answering a path query, the KSR path planner employs the roadmap vertex 
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category classifier to understand the local environment of the vertices in the roadmap 

and select suitable strategies to improve the quality of the roadmap.  

 

Chapter 6 reports the experimental results and the evaluation of the proposed 

technologies. The performance of the roadmap vertex category classifier and a 

roadmap quality improvement function (KSR pruning) used by the KSR are tested. 

The KSR path planer is evaluated to answer path queries in various experimental 

scenarios. In addition, the comparative evaluation of the KSR planner with two 

commonly used path planners, namely the PRM planner (Kavraki et al,1996) and the 

RRF planner (Li and Shie, 2002) is reported.  

 

Chapter 7 summarises this research and makes suggestions for further work. 
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CHAPTER 2 

 

SAMPLING-BASED PATH PLANNING METHODS AND 

TECHNOLOGIES 

 

 

Chapter 2 introduces the background knowledge to understand the existing path 

planning methods. In addition, it also illustrates the technology required to develop 

sampling-based path planning algorithms. 

 

The path planning problem consists of learning the environment where a robot and 

obstacles reside and finding a collision-free path that connects the initial and the goal 

positions of the robot. There are three types of path planning methods, classified 

according to the strategies used to learn the environment. They are geometry-based 

path planning methods, physics-based path planning methods and sampling-based 

path planning methods. Section 2.1 in this chapter explains these methods in detail. 

Sampling-based path planning methods employ sampling and probabilistic 
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technology to learn the environment and can answer path queries for a robot with 

many degrees of freedom within an acceptable execution time. Therefore, they 

represent the most commonly used path planning methods. There are three strategies 

to make use of sampling-based path planning methods to develop path planners. They 

are i) probabilistic roadmap methods, ii) tree-based methods and iii) incremental 

learning methods, which are reviewed in section 2.2. Independent of which sampling-

based path planning method is selected, the same primitive technology is required to 

construct sampling-based path planning. Section 2.3 summaries and explains the 

technology required.  

 

 

2.1 Terminology and Path Planning Methods Classification 

 

2.1.1 Terminology 

 

The physical space which consists of robots and obstacles is called the work space of 

robots. The work space can be a two dimensional (2-D) work space or three 

dimensional (3-D) work space depending on the dimensions of the physical space. 

The work space can also be illustrated with a diagram where robots and obstacles 

appear in their real shapes and are proportional to their real sizes. Figure 2.1 shows an 

example of a work space, in which a rectangular robot is depicted by a solid black 

rectangle that can only move in the work space without any rotational movement. 

Obstacles are depicted with several triangles in solid grey. The location of the robot 
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in the work space can be represented by the location of any point in the robot. For 

example, P  and P′  are the locations of the mid-point of the robot in Figure 2.1. The 

collision-free area where the robot does not collide with any obstacles is required to 

be extracted in order to find a path in this area to answer a path query. The white area 

in Figure 2.1 is the area that is not taken by obstacles. However, the white area is not 

necessarily a collision-free area for the robot. As illustrated in Figure 2.1, while both 

P  and P′  are located in the white area, the robot does not collide with any obstacle 

when it is in position P , but it would collide with the two obstacles if it moves to the 

position P′ .  

 

 
Figure 2.1: Work space illustration 

 

The notion of a configuration space (C-space) was proposed to solve the problem of 

the presentation of a collision-free area in a work space (Lozano-Perez, 1983). The 

position and orientation of a robot is regarded as a robot configuration (q) which is 

expressed as a vector of position and orientation parameters. The minimum number 

of parameters required for a robot configuration is determined by the number of 

degrees of freedom (dofs) of a robot (see Figure 2.2). The set of all possible robot 

 

(a) Robot does not collide with obstacles 

 

(b)Robot collides with obstacles 

P  

P′  
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configurations forms a C-space.  The set of configurations that result in collisions 

between the robot and obstacles is called C-obstacle space (Cobst) of the robot. The set 

of configurations that do not result in collisions between the robot and obstacles is 

called the C-free space (Cfree) of the robot. Therefore, 

 C-space freeobst CC ∪=  (2.1) 

 

. 

 

Figure 2.2: Examples of robots with various degrees of freedom (dofs) 

 

As a C-space represents the set of all possible configurations of a robot, the robot can 

be represented as a point in the C-space. Therefore, the use of C-space converts a 

 

(a ) A rigid robot translating without rotating in 

the 2-D work space has 2 dofs 

 

(b) A rigid robot translating and rotating in a 2-

D work space has 3 dofs 

 

(c) A rigid robot translating and rotating in the 3-

D work space has 6 dofs 

 

(d) A fixed articulated robot with two 

rotate joints has 2 dofs 

q(x, y) q(x, y, A) 

q(x, y, z, a, b, c) q(a, b) 
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complex problem of path planning for a dimensioned robot into a simple problem of 

path planning for a point robot. Figure 2.3 shows an example of a visualised C-space 

where the same rectangular robot used in Figure 2.1 is illustrated as a point. The 

white area in the diagram represents freeC  where the robot can move without colliding 

with any obstacles.  

 

 

Figure 2.3: A robot in a configuration space 

 

In a C-space, a non-directional straight line connecting two collision-free 

configurations, jq  and kq , is called a path segment and can be represented by 

),( kj qqS . If a robot is able to move from jq  to kq  or from kq  to jq  without 

colliding into obstacles, then ),( kj qqS  is called a collision-free path segment 

otherwise, it is called collision path segment. A path connecting two configurations 

1q  and 2q  in a C-space is a collection of continuous collision-free segments. 1q  and 

2q  are the start and end configurations in the path. The path is represented by 

),( 21 qqP . 

 

A path query for a robot with given initial configuration iq  and goal configuration gq  

is represented by ),( gi qqQ . If there exists at least one path, ),( gi qqP , in freeC  to 
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connect iq  and gq , then iq  and gq  are connectable and ),( gi qqQ  is a answerable 

path query. Otherwise, iq  and gq  are un-connectable and ),( gi qqQ  is an un-

answerable path query. If any configurations in freeC  are connectable, then freeC  is 

said to be connected. Otherwise, the freeC  is dis-connected. 

 

A path planner refers to a path planning algorithm which is able to answer path 

queries in a C-space.  

 

 

2.1.2 Classification of path planning methods  

 

As information about a robot and obstacles are represented in the C-space, to perform 

path planning for a robot, a path planner has to develop its understanding of a C-

space in terms of obstC  and freeC . There are three mainstream strategies for 

developing the understanding of C-space, namely by using geometrical information, 

by modelling a C-space as a potential field, and by sampling the C-space. Path 

planning methods can then be classified, according to the strategy employed, into 

geometry-based, physics-based, and sampling-based categories, respectively.  

 

Geometry-based path planning methods represent freeC  as a graph by calculating 

exact obstC . With geometrical information such as the shapes and the positions of 

obstacles and the shape of a robot, obstC  of a C-space is calculated using Minkowski 
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addition (Hwang and Narendra, 1992). Given a set A  representing a rectangular 

obstacle and a set B  representing a triangular robot in a work space as shown in 

Figure 2.4a, obstC  can be obtained by Minkowski addition, such as: 

 { }BaAabaBAumMinkowskis ∈∈+=⊕= ,|     (2.2) 

 

The corresponding C-space consisting of obstC  (the shaded area) and freeC  (the other 

area) is illustrated in Figure 2.4b  

 

freeC  can be represented by a graph consisting of vertices which are collision-free 

configurations, and edges which are collision-free path segments linking these 

vertices. Then, the path planner is able to search a path in the graph to answer a path 

query. For example, cell decomposition is a kind of geometry-based path planning 

method. A calculated freeC  is decomposed into regions, called cells (see Figure 2.5a), 

and a connectivity graph is constructed to represent connectivity of the freeC  (Figure 

2.5b). A vertex in the graph represents a cell. The edge connecting to vertices in the 

graph represents that two cells share the same boundary. A cell decomposition 

planner is then able to search a set of cells and connect them using the initial and the 

goal configurations from the graph. A path can be constructed by connecting the 

middle point of shared boundary of these connected cells to answer path queries 

(Figure 2.5a).  
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Figure 2.4: Translation from work space to configuration space 

 

 

Figure 2.5: Cell decomposition path planning method 

 

Geometry-based path planning methods belong to the category of traditional explicit 

methods. In principle, this kind of method is complete because they will return a path 

if one exists and will still terminate in a finite time if a path does not exist. 

Unfortunately, computing such a graph of freeC  is an NP-complete problem: the 

complexity of this task grows exponentially as the number of the robot’s dofs 
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increases (Asano et al, 1985). Therefore, this kind of method can only be used to 

answer path planning queries for robots with low dofs (HWANG, 1992). 

 

Physics-based path planning methods represent a C-space as a potential field and a 

robot as a particle in the field. The field contains obstacle potential and goal potential. 

The obstacle potential works as a repulsive potential to push the robot away from the 

obstacles and the goal potential as an attractive potential to pull the robot towards the 

goal configuration. A potential function )(qU  is defined to model the field. It is the 

summation of obstacle potential )(qUobst  and goal potential )(qU goal  thus: 

 )()()( qUqUqU goalobst +=  (2.3) 

 

The obstacle potential )(qUobst  is generated by obstacles. A robot receives the largest 

positive potential when it is in obstC  (see Figure 2.6a). The value of the potential 

decreases as the robot moves away from obstC . The goal potential )(qU goal  is 

generated by a goal position. A robot receives the largest negative potential when it is 

positioned at the goal (see Figure 2.6a). The value of the potential increases as the 

robot moves away from the goal. 
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Figure 2.6: Obstacle potential and goal potential (Hwang and Narendra, 1992)  

 

Potential function )(qU  slopes down toward the goal configuration so that the robot 

can reach the goal configuration from any other configuration by following the 

negative gradient of )(qU . An algorithm proposed by Baraquand and Latombe (1990) 

is based on the potential field representation of a C-space and is able to answer path 

 
 

(a) The obstacle potential has a high value 

inside obstacles 

(b) The goal potential has a unique minimum 

at the goal position G 

 

(c) A local minimum T traps the robot if it 

starts from S 
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queries for robots with high dofs. However, a potential function usually contains 

several local minima at some configurations other than the goal (Figure 2.6c). These 

minima can trap a robot so that the planner may not be able to return a path in 

answering a path query. In addition, the expression for the potential becomes very 

cumbersome when there are many concave objects. Unless the robot is a point, and 

unless obstacles are non-overlapping convex objects, physics-based path planning 

method alone cannot be used as a global algorithm (Hwang and Narendra, 1992). 

 

Sampling-based path planning methods model a freeC  using a graph. Unlike 

geometry-based methods, sampling-based path planners employ sampling and 

probabilistic technology to sample the C-space in order to obtain collision free 

configurations and construct a graph rather than calculating the exact obstC . It checks 

whether the sampled configurations and the path segments connecting them are 

collision-free or not. The graph is, then, constructed based on these collision-free 

configurations and path segments. The vertices of the graph are collision-free 

configurations and the edges represent collision-free path segments for a robot to 

move from one vertex to another vertex. The sampling-based path planning method is 

provably probabilistically complete, which is that as the number of sampled 

configurations increases without bound, the probability that the algorithm can not 

find a path for a reachable path query approaches zero (Overmars, 2002). This kind of 

method does not require the exact calculation of obstC  and thus turns out to be very 

efficient, easy to implement and applicable to solve many path planning problems for 

robot with many degrees of freedom (Kavraki et al, 1996; Kavraki et al, 1998; 
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Nissoux et al, 1999; Amato et al, 2000, Bohlin and Kavraki, 2000; Kuffner and 

LaValle, 2000; LaValle and Kufner, 2001; Li and Shie, 2002; Jaillet and Simeon, 

2004; Plaku et al, 2005; Thomas et al, 2007).  

 

Therefore, this research adopts a sampling-based path planning method to develop a 

path planning algorithm that can answer multiple path queries for robots with many 

degrees of freedom. 

 

2.2 Sampling-Based Path Planning Methods 

 

2.2.1 Probabilistic roadmap methods 

 

Probabilistic roadmap methods (PRMs) were introduced by Kavraki (1996) and have 

been further developed in recent years (Bohlin and Kavraki, 2000; Simeon et al, 2000; 

Sanchez and Latombe, 2001; Isto, 2002; Geraerts, 2006). A PRM planner requires a 

pre-processing stage before answering any path query. In the pre-processing stage, 

which is illustrated in Figure 2.7a, a PRM planner constructs a roadmap. A roadmap 

is a graph which consists of vertices to represent collision-free configurations and 

edges to represent collision-free edges. The roadmap is able to capture the 

connectivity of freeC . The roadmap obtained in the pre-processing stage acts as a set 

of paths, which is illustrated in Figure 2.7b. When a path query ),( gi qqQ  is raised, 

the PRM planner will connect initial and goal configurations ( iq  and gq ) to the 
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roadmap. The PRM planner then searches for a path within the roadmap to answer the 

query or returns fail if there is no path in the graph to connect iq  and gq . 

 

A PRM planner is able to perform multiple path queries within a static environment 

that is, and environment where all obstacles do not move. Once a roadmap is 

constructed, various queries can be answered quickly using the same roadmap 

constructed in the pre-processing stage. PRMs are also called multiple-query path 

planning methods. It is assumed that many path planning problems will be solved for 

the same environment. In this case, it is worthwhile to pre-process information and to 

store it in a data structure that allows fast path planning queries.  

 

 

Figure 2.7: PRMs 

 

 

 

 

(a) Pre-processing stage 

 

(b) Answer a path query 

qi 

qg 
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2.2.2 Tree-based methods 

 

Tree-based methods use a Rapid-exploring Random Tree (RRT) (LaValle, 1998) 

structure to explore a C-space. There are two strategies that can be used to construct a 

RRT. The first one is called RRT_extension, which is illustrated in Figure 2.8. A 

collision-free configuration randomq  is selected randomly. The nearest configuration 

nearq  in the tree to randomq  is chosen. A new vertex newq  which locates in the direction 

from nearq  to randomq  and has a user-defined minimum edge distance extendStep from 

nearq  is added to the RRT, if ),( randomnew qqS  is a collision-free path segment. 

Therefore, RRT_extension is able to extend a tree towards a randomly selected 

direction. The other one is called RRT_connection, which is illustrated in Figure 

2.9(b). Let q  be a collision-free configuration. The nearest configuration nearq  in the 

tree to q  is chosen. The tree grows along the direction from nearq  towards q  until it 

meets an obstacle and a new vertex newq  and an edge connecting nearq  and newq  are 

added to the tree (see Figure 2.9 a). Otherwise, q  will become the new vertex of the 

tree and an edge connecting newq  and q is added to the tree (see Figure 2.9 b). 

Therefore, RRT_connection is able to guide a tree to grow towards a specific position.  
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Figure 2.8: RRT_extension 

 

 

Figure 2.9: RRT_connection 

 

Tree-based path planning methods answer a path query ),( gi qqQ  by connecting two 

RRTs which grow from iq  and gq  of the path query, called iRRT  and gRRT  

respectively. A tree-based path planner adds a new configuration newq  to iRRT  using 

RRT_extension firstly and connects newq  with gRRT  by executing RRT_connection If 

iRRT  and gRRT  are connected, the planner returns a path ),( gi qqP . Otherwise it 

adds a new vertex to gRRT  using RRT_extension and connects iRRT  and gRRT  

again using RRT_connection. The whole process will be repeated until both iRRT  

and gRRT  are connected or the repeat number reaches a pre-defined maximum.  

qnear q 
q qnew 

(b) RRT-connection without meeting obstacle (a) RRT-connection meeting obstacle 

qnear 

qnew 

qnear 

qrandom 
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LaValle, the developer of the original tree-based methods, (1998) declared that the 

tree-based methods were designed to answer a single query in a changing 

environment. However, Kallman and Mataric (2004) carried out a series of 

experiments to analyse the trade-off between maintaining a dynamic PRM and 

applying a tree-based planner to answer many path queries within changing 

environments. Their experiments showed that those maintaining a dynamic PRM 

were faster and more capable of planning difficult motions than tree-based methods 

in a changing environment (Kallman and Mataric, 2004).  

 

In contrast to the PRM path planning method, tree-based path planning methods do 

not require any pre-processing stage to construct a graph to represent the whole Cfree. 

Therefore, in a static environment, it can be more efficient to employ a tree-based 

path planning method to solve a path planning problem which only contains a few 

path queries. However, there is no approach to decide which method (PRM path 

planning method or tree-based path planning method) is more efficient and effective 

based on the number of path queries of a path planning problem. 

 

 

2.2.3 Incremental learning methods  

 

Incremental learning methods introduced the new idea of constructing a graph to 

represent freeC  incrementally while answering queries. This method overcomes the 
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problem of both PRMs and the tree-based path planning method. It does not require a 

pre-processing stage in order to construct the graph representing the entire freeC  and 

is able to answer multiple path queries. 

 

There is currently only one path planning algorithm based on incremental learning, a 

planner proposed by Li and Shie (2002). The proposed path planning algorithm is 

called Reconfigurable Random Forest (RRF). RRF answers queries using tree-based 

methods. After successfully answering a query, it records two newly grown trees and 

merges them with those that were constructed for answering previous queries. During 

the course of answering more queries, the trees recorded gradually form a forest. 

However, the planner usually returns detour paths (Figure 2.10) due to the natural 

characteristics (no cycle) of the tree structure of the forest. In addition, as the planner 

records all vertices and edges obtained from answering each query, the size of a forest 

increases quickly and more memory space is required to store the forest. Although a 

pruning method is proved by RRF, the pruning method is applied after a certain 

number of path queries are answered and is not efficient to prune all useless vertices 

sufficiently.  

 

Therefore, this research adopts incremental learning methods to design a new path 

planning algorithm to overcome the problems of RRF. 
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Figure 2.10: Detour path (solid lines) obtained from a tree graph without cycle (constructed by adding 

the dashed line) 

 

 

2.3 Sampling-based Path Planning Technology  

 

Sampling-based path planers employ different strategies when constructing a graph to 

represent a freeC , but they all share several important primitive technologies, as 

explained in this section. Normally, in order to build a graph to answer path queries, a 

sampling-based path planner needs to sample C-space. C-space, which is the set of all 

possible robot configurations, is actually a manifold –a kind of topology space 

(LaValle, 2006) –and is constructed from basic manifolds. Section 2.3.1 introduces 

three basic manifolds and section 2.3.2 presents the method which makes use of these 

basic manifolds to construct C-space for robots with various dofs. By knowing the C-

space, the path planner can select the appropriate strategy to sample C-space. Various 

 

Obstacle 

qi 

qg 
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strategies to sample C-space are reviewed and summarised in section 2.3.3. Once a 

robot configuration is obtained, the sampling-based path planner employs a collision 

detection package to check whether the robot configuration sampled is collision-free 

or not and then takes the collision-free configurations as graph vertices. It also checks 

whether the link between two vertices is a collision-free path segment or not and 

takes collision-free path segments as graph edges. Sampling-based path planners, 

employ technologies such as distance metrics, interpolation and path segment 

collision detection during the process of constructing the graph to represent freeC  in 

this way. These technologies will be explained in sections 2.3.4, 2.3.5 and 2.3.6 

respectively.  

 

 

2.3.1 Basic manifolds 

 

A basic manifold is a set of independent displacements or rotations that completely 

specify the displaced position or orientation of the robot.  

 

a) One dimensional (1-D) translation manifold 

A 1-D translation manifold is a basic manifold that consists of a set of all possible 

displacements of a robot along a line and is able to describe one dof for a robot. For 

example, if a robot can only move along a horizontal line, then it has one dof which 

moves left and right. The 1-D translation manifold M  is the set of real numbers R : 

 }  |  { RaaM ∈=  (2.4) 
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b) One dimensional (1-D) rotation manifold 

The 1-D rotation manifold is the set of all possible rotations of a rigid robot in a 2-D 

work space or a revolution joint in an articulated robot in 2-D or 3-D work space and 

is able to describe one dof for a robot. For example, if an articulated robot has a joint 

connecting parts 1A  and 2A , then the robot has one dof which is the point at which 

part 1A  rotates against part 2A  with angle θ . θ  is a rotation angle with range 

constraints such as [ ]πθ 2,0  ∈  or [ ]2/,2/ ππθ  −∈ . All of the possible rotations form 

a unit cycle 1S . Therefore, the 1-D rotation manifold 1S  is: 

 1S { }1),( 221 =+∈= yxRyxS  (2.5) 

 

 

c) Three dimensional (3-D) rotation manifold 

The 3-D rotation manifold is the set of all possible rotations of a rigid robot in a 3-D 

work space and describes three dofs of a robot. For example, a rigid airplane robot, as 

illustrated in Figure 2.11, is able to tilt forward and backward (pitching), turn left and 

right (yawing) and tilt side to side (rolling). 
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Figure 2.11: Rotation of a rigid airplane robot in a 3-D work space 

 

However, it is not as simple as representing all possible rotations of a rigid robot in a 

2-D work space by using a unit cycle, all possible rotations of a rigid robot in a 3-D 

work space are represented by a solid ball with radius π . Any point p  in the solid 

ball is a possible rotation of the rigid robot. The vector vec  from the centre point of 

the ball to p  represents the rotation axis and the length of vec  represents the rotation 

angle. The 3-D rotation manifold is usually represented by 3PR . 

 

There are three methods to describe a rotation of a rigid robot in a 3-D work space: 

a) Euler angles 

Euler angles describe the orientation of a rigid body in 3-D work space as a 

composition of rotations from a reference frame (x axis, y axis and z axis) to a rotated 

frame ( x′ axis, y′ axis and z′ axis), which is illustrated in Figure 2.12. The 

intersection of the plane xy and the plane yx ′′  is a line called N. Therefore, a rotation 

is able to be represented by ),,( γβα  where [ ]ππγα  ,, −∈ , [ ]πβ  ,0∈  or 

[ ]2/,2/ ππ  − . α  is the angle between the x  axis and N, β  is the angle between the z 

 
pitching 

yawing 

rolling 
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axis and z′  axis and γ  is the angle between the x′  axis and N. This Euler angle 

rotation representation is called the z-x-z convention.  

 

This method is simple to understand and very compact, requiring only three 

parameters. However, Euler angles have some drawbacks. Firstly, there is no 

universal standard for Euler rotations. Different research domains use different 

sequences of Euler angles; Secondly, Interpolation between two poses represented in 

this system does not follow the great arc between the rotations, but involves wild 

swings about the canonical axes. That is, rotations represented by Euler angles also 

suffer the problem of Gimbal lock which is the loss of one degree of freedom. The 

gimbal lock is caused by x and z axis being in the same order after rotating the y axis 

90 or -90 degrees. 

 

 

Figure 2.12: Rotation is represented by Euler angle 
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b) Rotation matrices 

A rotation matrix is any matrix that is able to act as a rotation of Euclidean space. A 

rotation matrix is an orthogonal matrix whose determinant is equal to 1. 

 

A rotation about three orthogonal axes (x-axis, y-axis, z-axis) can be represented by 

three 33×  matrices. 

 

The matrix to represent a counter-clockwise rotation α   about the z axis is given by: 
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(2.6) 

 

The matrix to represent a counter-clockwise rotation β  about the y axis is given by: 
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(2.7) 

 

The matrix to represent a counter-clockwise rotation γ  about the x axis is given by: 

 ( )















−=

γγ
γγγ

cossin0
sincos0
001

xR

 

(2.8) 

 

A single rotation matrix to represent the orientation of a rigid robot in the 3-D work 

space can be formed by multiplying these matrixes to obtain a 99×  matrix:  
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 )( )( )(),,( γβαγβα xyz RRRR =  (2.9) 

 

Rotation matrices are a method with elegant and straightforward syntax. They are 

efficient for transformation of coordinates and there exist some specialised hardware 

(Dave et al, 2007) for such operations. Several rotations are achievable by 

multiplying several rotation matrices. However, the nine elements of a rotation matrix 

are not independent of each other. In addition, multiplication of several rotation 

matrixes will not only rotate, but also shear or scale the object. Although this problem 

can be avoided by replacing the resulting matrix with the closest orthonormal matrix 

after each multiplication, this operation is time-consuming due to the use of matrix 

multiplication calculations.  

 

c) Quaternions 

A quaternion representation of rotation is written as a normalised four-dimensional 

vector ],,,[ 4321 qqqqq = . It describes a rotation with angle θ  through a unit vector e 

such that ],,[ zyx eeee =  in Euler axis. A quaternion representation of the rotation is 

expressed as follows: 
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=

2
cos4

θq
 

(2.13) 

 

Using quaternions to represent rotation avoids the Gimbal lock problem, compared to 

the Euler angle method and is more efficient and stable for multiplication, compared 

to the matrix method (LaValle, 2006). In addition, it is easy to interpolate between 

two orientations represented by quaternion. Interpolation is a very important issue for 

path segment collision detection and will be explained in section 2.3.6. 

 

 

2.3.2 Configuration space 

 

A robot configuration space can be constructed by applying the Cartesian operation to 

basic manifolds (LaValle, 2006). 

 

Configuration spaces in 2-D work space 

a) Configuration space of a point robot in a 2-D work space 

A point robot moving in a 2-D work space has two dofs. If a XY co-ordinate system is 

employed to describe the 2-D work space, the robot is able to move along the X axis 

or the Y axis. All of the possible translation along the X axis and the Y axis produce 

two 1-D translation manifolds, xM  where ℜ=xM  and yM where ℜ=yM  

respectively. Then the C-space representing all possible translations of a point robot 
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moving in a 2-D work space ( tDPointRoboC2 ) can be obtained by applying the Cartesian 

product of xM  and yM :  

 2
int2 ℜ=+= yxRobotDPo MMC  (2.14) 

 

b) Configuration space of a rigid robot in a 2-D work space 

A rigid robot in a 2-D work space is able to translate and rotate. The Cartesian 

product of manifold 2
1 ℜ=M  representing all possible translations and a basic 1-D 

rotation manifold 1
2 SM =  representing all possible rotations produce a C-space 

( tDRigitRoboC2 ) of a rigid robot moving in a 2-D work space.  

 12
212 SMMC tDRigitRobo ×ℜ=×=  (2.15) 

 

c) Configuration space of an articulated robot with revolute joints in a 2-D work 

space 

An articulated robot with a revolute joint connecting two parts 1A  and 2A  of the 

robot is able to translate and rotate as a rigid robot moving in a 2-D work space. In 

addition the revolute joint connecting 1A  and 2A  is able to rotate. The Cartesian 

product of a manifold 2
1 ℜ=M  representing all possible translations, a basic 1-D 

rotation manifold 1
2 SM =  representing all possible rotations and a basic 1-D rotation 

manifold 1
3 SM =  representing all possible rotations of the revolute joint of the 

articulated robot produce a C-space ( edRobotDArticulatC2 ) of an articulated robot with a 

revolute joint moving in a 2-D work space.  
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 112
3212 SSMMMC edRobotDArticulat ××ℜ=××=  (2.16) 

 

 

The C-space (
nedRobotDArticulatC2 ) of an articulated robot with n  revolute joints moving 

in a 2-D work space is:  

  
n

nedRobotDArticulat SSSC 1112
2 ××××ℜ=  (2.17) 

 

 

Configuration spaces in 3D work space 

 

a) Configuration space of a point robot in a 3-D work space 

The position of a point robot in 3-D work space has three dofs. If the 3-D work space 

is represented by the XYZ co-ordinate system then the robot is able to move along X 

axis, the Y axis or the Z axis. All of the possible translations of the robot along the X 

axes, Y axes and Z axes produce three manifolds, ℜ=xM , ℜ=yM  and ℜ=zM  

respectively. Then the C-space representing all possible translations of a point robot 

moving in a 3-D work space ( RobotDPoC int3 ) can be obtained by applying the Cartesian 

produce of xM , yM and zM : 

 3
int3 ℜ=××= zyxRobotDPo MMMC  (2.18) 
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b) Configuration space of a rigid robot in a 3-D work space 

A rigid robot moving in a 3-D work space is able to translate and rotate. The 

Cartesian product of a manifold 3
1 ℜ=M  representing all possible translations of a 

point robot moving in a 3-D work space and a manifold 3
2 PRM =  representing all 

possible rotations produces a C-space ( DrigidC 3 ) of a rigid robot moving in the 3-D 

work space.  

 33
213 PRMMC Drigid ×ℜ=×=  (2.19) 

 

c) Configuration space of an articulated robot with revolute joints in a 3-D work 

space 

An articulated robot A  with one revolute joint connecting parts 1A  and 2A  of the 

robot is able to translate and rotate in a 3-D work space. In addition, the revolute joint 

is able to rotate. The Cartesian product of a manifold 3
1 ℜ=M  representing all 

possible translations, a manifold 3
2 PRM =  representing all possible rotations and a 

manifold 1
3 SM =  representing all possible rotations of the revolute joint of the robot 

produce a C-space ( edRobotDArticulatC3 ) of an articulated robot with a revolute joint in a 3-

D work space is :  

 133
3213 SPRMMMC edRobotDArticulat ××ℜ=××=  (2.20) 

 

The C-space (
nedRobotDArticulatC3 ) for an articulate robot with n  revolute joints moving in 

a 3-D work space is:  
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n

edRobotDArticulat SSPRC
n

113
3 ××××ℜ=  (2.21) 

 

2.3.3 Sampling strategies 

 

There are many sampling strategies proposed by path planning researchers.  

 

a) Traditional sampling strategies 

Traditional sampling-based planners draw samples with a uniform probability over 

every degree of freedom. Kuffner (2004) pointed out that uniformly sampling Euler 

angles will generate non-uniform distributed orientations in a 3-D work space. If 

orientations are visualised on a 3D sphere, the distribution has clear bias towards the 

poles of the rotation sphere. Therefore, it is better to generate random angles based on 

uniform spherical sampling or represent rotation by quaternions.  

 

b) Random sampling  

This employs a random number generator to generate random values. These random 

values construct a random sequence which is statistically close to a uniform density 

Quasi-Random sampling. This is a kind of random sampling method and employs 

machine implementation to generate a deterministic sequence of pseudo-random 

numbers (Herring and Palmore, 1989). These numbers are designed to meet 

performance criteria which are based on uniform probability densities. Therefore, 

Quasi-Random sampling methods design the deterministic sequences to construct 

points sets which can solve the task more efficiently, without worrying about 
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statistical closeness to a uniform density (Branichy et al., 2001). The most commonly 

used point sets are Hammersley set, Halton set and Faure set(Branichy et al., 2001).  

 

c) Narrow passage sampling 

A sampling-based path planner which performs uniform sampling often works well, 

except when encountering an environment which contains a narrow passage and the 

solution path is required to pass through this narrow passage. Since such passages 

occupy a small part of the C-space, the probability of sampling in this area is small. 

Therefore, various narrow passage sampling methods have been proposed to identify 

narrow passages by the samples obtained in order to fix this problem (Kavraki et al, 

1996; Hsu et al, 1998; Amato et al, 1998; Nissoux et al, 1999; Hsu et al, 2003). 

Although these sampling methods are able to identify narrow passages, it is required 

to test the whole C-space in order to detect narrow passages which is time-consuming. 

 

d) Medial axis sampling 

The medial axis is a method to represent the shape of objects by finding the 

topological skeleton, a set of curves which run roughly along the middle of an object. 

A Voronoi diagram can be regarded as a discrete form of the medial axis. The medial 

axis of freeC , denoted by )( freeCMA  has lower dimension than freeC , but is still a 

complete representation for planning the motion and is capable of representing the 

connectivity in a narrow passage area. )( freeCMA  or simplified Voronoi diagrams 

provide paths of maximal clearance between the robot and the obstacles. Therefore, 

there are algorithms proposed to obtain samples near or on the medial axis of 
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obstacles to construct roadmaps (Wilmarth et al, 1999a, 1999b; Hoff et al, 1999; 

Holleman and Kavraki, 2000) Although these algorithms are able to obtain the 

samples near to or on the medial axis of the obstacle, it is time consuming to calculate 

medial axis of the obstacle.  

 

 

2.3.4 Distance metrics 

 

Since it is infeasible to attempt to connect all collision-free configurations to build a 

roadmap, a sampling-based path planner makes heavy use of distance computations 

in order to determine which vertices it should attempt to connect. For example, PRM 

planners often connect the nearest-K vertices to a new vertex to construct a roadmap 

and connect initial or goal configurations to the nearest vertices from the roadmap in 

order to find a path within the roadmap. A tree-based planner grows the tree using a 

user-defined distance to a random selected configuration. All of these operations 

require the distance calculation between two or more configurations. 

 

The approach to calculate distance is different depending on the selection of the 

metric space. A metric space is an ordered pair ),( dM  where M  is a set of real 

numbers and d  is a metric on M , that is, a function RMMd →×: , Such that：  

 0),( ≥yxd  (2.22) 

 0),( =yxd  if and only if yx =  (2.23) 

 ),(),( xydyxd =  (2.24) 
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 ),(),(),( zydyxdzxd +≤  (2.25) 

 

d  is the distance metric which has the characteristics of non-negativity, reflexivity, 

symmetry and triangle inequality. A configuration space is a Cartesian product of 

basic manifolds, as explained in section 2.3.2. Metrics extend across Cartesian 

products as well (LaValle, 2006). This kind of Cartesian product often incorporates 

weights ( iw ) which can be used to control the relative importance of translation and 

rotation distance metrics. For example: the C-space of a rigid robot in a 2-D work 

space is 12 SRC ×= . Let ),( 2
2

RdR  and ),( 1
1

sdS be two metric spaces used for 2-D 

translation manifold 2R and 2-D rotation manifold, 1S . Then the metric space ),( cdC  

can be constructed for the Cartesian product 12 SRC ×=  by defining the metric 

),( zzdc ′ . 

 121),( src dwdwzzd w +=′  (2.26) 

 

In which 0, 21 >ww  are any positive real constants used to represent the importance 

of translation 2R and rotation 1S . 

 

In this thesis, we list some metric spaces used for the basic manifolds introduced in 

section 2.3.1: 

a) Metric space in 1-D translation manifold   

Let ),( rdR  be the metric space for a 1-D manifold RM = , then  
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 xxxxdd rr ′−=′= ),(
 

(2.27) 

 

b) Metric space in 1-D rotation manifold 

Let ),( 1
1

sdS be the metric space for 1-D rotation manifold 1SM =  and θ  the rotation 

angle. There are two situations. The first one is that the range of θ  is smaller than 

π2 , which often occurs for revolute joints in manipulator arms. Then 

 θθθθ ′−=′= ),(11 ss dd
 

(2.28) 

 

The second situation is that the rotation or ring revolute joint is periodic, which 

meansθ can be smaller than zero. In this situation, the distance should be the shortest 

path around the cycle. Then 

 )2,min(),(21 θθπθθθθ ′−−′−=′= ss dd
 

(2.29) 

 

c) Metric space in 3-D rotation manifold 

Let ),( 3
3

PRdPR  be the metric space for 3-D rotation manifold. As quaternions are the 

best way to represent 3-D rotation, as explained in section 2.3.1, we will employ the 

quaternion representation to calculate the 3-D rotation distance. As suggested by 

Kuffner (2004), a simple and convenient measure of approximate rotation distance 

can be defined using an inner product of two unit quaternions ),,,(1 zyxwQ =  and 

),,,(2 zyxwQ ′′′′= .  

 )1(),( 2121 QQdd ss •−=′= θθ  (2.30) 
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 zzyyxxwwQQ ′+′+′+′=• 21  (2.31) 

 

 

2.3.5 Interpolation 

 

The vertices of the roadmap represent collision-free configurations and the edges of a 

roadmap connecting two configurations show that a robot is able to move from one 

configuration to the other without colliding with any obstacles. Although the edge 

represents the moving trajectory of the robot, the robot still does not know how to 

move from one configuration to another configuration. Interpolation is a method to 

calculate any configuration of a robot on the edge of a roadmap in order to know how 

a robot moves step by step from one end to the other end of the edge. Let 1q , 2q  be 

two configurations connected by an edge e , and q  be any configuration on the edge. 

This section will explain how to employ suitable interpolation calculation methods to 

calculate q  for various basic manifolds. 

 

a) Interpolation in the 1-D translation manifold   

In a 1-D translation manifold, RM = , linear interpolation can be used to calculate q . 

Let 11 xq =  and 22 xq = , then: 

 )(*)( 121121 xxtxqqtqq −+=−∗+=     [ ]1,0∈t  (2.32) 
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b) Interpolation in the 1-D rotation manifold 

In a 1-D rotation manifold 1SM = , let 11 θ=q , 22 θ=q , ),( 1
1

sdS  is the metric space 

and any value q  between 1q , 2q . q  can be calculated by linear interpolation, then  

 ( )2,11 1 qqdtqq s∗+=     [ ]1,0∈t  (2.33) 

 

c) Interpolation in the 3-D rotation manifold 

A quaternion is the best way to explain the rotation of a rigid robot in a 3-D work 

space. Spherical linear interpolation (SLERP) is a method to calculate an 

interpolation value between two quaternions. Let 1h  and 2h  be two quaternions and 

h  be the interpolation value, then  

 
( )( ) ( )

( ) 21 sin
sin

sin
1sin hthth

θ
θ

θ
θ

+
−

=
     [ ]1,0∈t   ( )21,arccos hh=θ  

(2.34) 

 

 

2.3.6 Path segment collision detection 

 

A new edge connecting two vertices 1v  and 2v  will be added to the roadmap if path 

segment ),( 21 vvS  is collision-free. Since a collision detection package can only be 

used to verify whether a particular configuration is collision-free or not, it is 

impossible to check every configuration on the path segment in order to check 

whether the path segment is collision free. Collision detection is the most time-

consuming process in path planning (Amato et al, 2000). Therefore, the path planner 

should only check a finite number of configurations on a path segment with certain 
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density and try to decrease the requirement to do collision detection during path 

planning. 

 

There are three methods employed to select configurations from a path segment. The 

native method, which is straight-forward, is to check every configuration along the 

path segment until a collision is found or the end vertex is reached. Once a collision 

is found, the algorithm terminates and can verify that the path segment is not 

collision-free. An alternative is the recursive method which recursively divides the 

path segment into smaller and smaller segments by undertaking collision detection on 

the mid-point of each segment until a collision is found or all of the selected 

configurations are checked. This method obtains better performance if there is a 

collision (Geraerts and Overmars, 2002). Rotate-at-s (Dale and Amato, 2001) is 

another method which translates to the goal configuration firstly to perform collision 

detection. It then rotates to the end vertex to perform collision detection. Therefore, it 

partitions the original path segment into two mini-path segments by constructing an 

intermediate configuration. This intermediate configuration is constructed by using 

new translational parameters and old rotational parameters (Dale and Amato, 2001). 

The mini-path segment collision detection is verified by employing the native method 

introduced above. However, Geraets and Overmars (Geraerts and Overmars, 2002) 

claimed that this kind of method requires much more time than the other two methods 

and is supported by their experimental results. Therefore, the simulation of the 

algorithm developed in this research adapts the recursive method to perform path 

segment collision detection.  
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Deciding the density of selected configurations in a path segment is another 

significant problem. Because a path planner should ensure that the movement of a 

robot between two selected configurations with a certain density is collision-free 

without further collision detection between these two configurations. If the shortest 

distance from obstacles when the robot resides in configuration 1q  is d , the robot is 

able to move from 1q  towards any direction without collision with the pre-condition 

that the translation and rotation distance of every point in the robot is smaller than d . 

A configuration  2q  is the configuration next to 1q  in the path segment and the upper 

bound displacement of the robot movement between 1q  and 2q  is D. If D is smaller 

than d , then the robot can move from 1q  to 2q  without collision and there is no need 

to select more configurations between 1q  and 2q  for collision detection purposes. 

Therefore, D can be selected as the density metric between 1q  and 2q .  

 

 

2.4 Summary 

 

This chapter has reviewed the classification of path planning methods. Sampling-

based path planners employ sampling and probabilistic technology to sample the C-

space in order to construct a graph without calculating the exact obstC . Therefore, they 
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can answer path planning queries for robots with high dofs within acceptable 

execution time and are widely employed to solve path planning problems. 

 

There are three strategies to employ sampling-based methods to develop path 

planners. PRM methods can answer multiple path queries, but it requires the 

construction of a roadmap representing the whole C-space before answering any path 

query. Tree-based path planners grow trees from the initial and goal positions of a 

path query and can find a path quickly without a pre-processing stage. Since it does 

not store any roadmap constructed, it requires the path planner to grow new trees to 

every path query and it can be inefficient to solve the multiple path queries problem. 

Incremental learning methods overcome the problems of PRM methods and tree-

based methods and construct a roadmap while answering path queries without pre-

processing,  and store the roadmap for further reuse.  

 

In addition, sampling-based path planning technology has been reviewed in this 

chapter. These methods allow configuration space construction of various robots, 

sampling strategies to sample C-space, distance calculation and interpolation methods 

between two configurations, and the method of path segment collision detection. The 

simulation of the designed algorithm in this research adopts the technology reviewed 

in this chapter. 
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CHAPTER 3  

 

SURROUNDING ROADMAPS  

 

 

This chapter summarises the criteria of a high quality roadmap and analyses the 

relationships between them. A novel roadmap construction concept called “K-order 

surrounding roadmap” (KSR) is proposed. The quality of KSR is analysed. There can 

be a high quality K-order surrounding roadmap constructed against some construction 

principles with suitable values of K. 

 

Most sampling-based path planners focus on improving the speed of constructing 

roadmaps without taking into account the quality. Once the roadmaps are constructed, 

the path planners search the roadmaps for paths generated to answer path queries. The 

roadmaps constructed in this way are usually of poor quality. It can be time-

consuming to search out paths in such poor quality roadmaps. The quality of the 

paths found in the poor quality roadmaps can be low, for example the paths may 

contain detours to connect the initial and goal configurations of path queries. 
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Although some path planners have been proposed that take into account the quality of 

the roadmaps produced, they merely focus on meeting a certain criterion of high 

quality roadmaps while constructing the roadmap without considering other criteria. 

To aim at solving the problems, this chapter introduces a variety of criteria of high 

quality roadmaps, analyses the relationships between them and reviews various 

strategies to improve roadmap quality according to the criteria in section 3.2. A novel 

concept of roadmap construction based on high quality criteria is proposed in section 

3.3. The roadmaps constructed based on this concept are called surrounding roadmaps. 

The quality of surrounding roadmaps is analysed. With this roadmap construction 

concept, a high quality KSR can be constructed incrementally and the suitable value 

of K for the KSR can be obtained as well.  

 

 

3.1 Roadmap 

 

A roadmap is a graph-based representation representing the freeC  of a robot. The 

roadmap works as a set of collision-free paths, and the robot is able to move 

following the paths in the roadmap without colliding with any obstacle.  

 

Definition 3.1 (Roadmap):  

For a robot, a roadmap R  to represent the freeC  of the robot is a graph such that 

),( EVR = ; where { }nvvvV ,,,   21 =  is a set of vertices, which represents a set of 



 48 

collision-free configurations, and  { }neeeE ,,,   21 =  is a set of edges. Each edge 

connects two vertices of V and represents the fact that the robot is able to move 

between these two configurations without collisions. 

 

A roadmap can be a tree (see Figure 3.1a) or a general graph (containing cycles) (see 

Figure 3.1b). A roadmap can be connected (see Figure 3.2a) or disconnected 

(consisting of a set of connected roadmaps) roadmap (see Figure 3.2b). A connected 

roadmap is a graph in which there exists at least one path in the roadmap connecting 

every pair of vertices ( ),(   ,, jiji vvPVvv ∃∈∀ ). A disconnected roadmap R  is a graph 

which can be divided into two or more connected components, each disconnected 

component is called a mini-roadmap r , and ( )irR  = . Each mini-roadmap can be a 

tree or a general graph.  

 

 

Figure 3.1: Roadmaps 

 

(b) A non-tree structure roadmap (a) A tree structure roadmap 
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Figure 3.2: Connected and unconnected roadmaps 

 

 

3.2 Roadmap Quality 

 

Given a freeC , a number of different roadmaps can be constructed by employing 

various path planers. Some of these roadmaps may be not able to answer multiple 

queries for any connectable iq  and gq . Some may be not capable of providing 

alternative paths to support optimal path planning. Some others can be costly when 

they are used to answer queries due to their complexity. Constructing useful and 

affordable roadmaps is a key issue of sampling-based path planning. Roadmap 

quality refers to the usefulness of roadmaps and the cost of constructing the roadmaps. 

Normally, there are four criteria, called the coverage (section 3.2.1), connectivity 

(section 3.2.2), useful cycles (section 3.2.3) and roadmap size (section 3.2.4), which 

are employed to evaluate and compare the quality of roadmaps.  

 

(b) A disconnected roadmap (a) A connected roadmap 
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3.2.1 Coverage 

 

The prerequisite of making use of a roadmap to answer a path query ),( gi qqQ  is that 

iq  and gq  can be connected to the roadmap directly without colliding with any 

obstacle. The existence of a collision-free connection from iq  or gq  to the roadmap 

depends on whether iq  or gq  is in the visibility domain (Simeon et al, 2000) of the 

roadmap. The visibility domain of a roadmap is the union of visibility domains of all 

vertices in the roadmap. The visibility domain )(qVis  (Simeon et al, 2000) of a 

configuration q , as illustrated by the shaded area with grid pattern of Figure 3.3, is a 

set of configurations ( q′ ) in freeC   and every path segment ( )qqS ′,  is collision-free. 

The visibility domain ( )qVis  is defined as: 

 ( ) { }freefree CqqSCqqqVis ⊂′∈′′= ),(,|  (3.1) 

q′  is regarded as being visible from q . 

 

The visibility domain ( )RVis  of a roadmap R  such that ( )EVR ,=  is the union of the 

visibility domain of every vertex in the roadmap and is formulated as: 

 ( ) ( )( )VvRVisRVis i ∈=     
(3.2) 
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Figure 3.3: The visibility domain of a configuration q   

 

The area of the visibility domain of a roadmap is called the covered freeC area of the 

roadmap. The percentage of covered freeC  by a roadmap in the freeC  can be measured 

by the freeC  coverage ratio. 

 

Definition 3.2 ( freeC  coverage ratio):  

freeC  coverage ratio (CCR) is the ratio of the volume of the covered freeC  area to the 

volume of the general freeC  area. 

 

Let )(cov RVol ered  be the volume of covered freeC area by a roadmap R  and )(RVol
freeC  

be the volume of the freeC  which is represented by R , then the CCR can be 

calculated by the following formula:  

 
)(
)(cov

Rvol
RVolCCR

freeC

ered=  
(3.3) 

Obstacle q 

( )qVis  
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A CCR can take a value in the range [ ]1 ,0 . The higher the CCR is, the greater the 

area of a freeC  that is covered by the roadmap R . If a roadmap fully covers the freeC , 

the CCR takes the value of 1. This is called total coverage (Roland, 2006). Total 

coverage means that the visibility domain of a roadmap is freeC  exactly. Therefore, 

total coverage of a roadmap ensures that each configuration q  such that freeCq∈  can 

be connected to at least one vertex of the roadmap without colliding with any obstacle. 

 

Calculating the CCR of a roadmap based on the formula 3.3 requires the computation 

of the area of the visibility domain of every vertex in the roadmap, which involves 

complex geometric calculations and therefore is time-consuming (Roland, 2006). 

Roland (2006) suggested an easier, approximate calculation method. This method 

consists of dividing a C-space into a grid of equal-sized square cells. The finer the C-

space is divided, the more exact the CCR obtained using this method. If a 

configuration q  in the middle of a cell is collision-free, the cell is considered to 

belong to freeC  and is called a freeC  cell. If q  is visible from at least one vertex of a 

roadmap, the cell is called visible cell. Let ( )RNvis  be the number of all visible freeC  

cells for a roadmap R  and ( )RN
freeC  be the number of all freeC  cells in the freeC  

which can be represented by R . Then, the CCR of R  can be calculated by using the 

following formula:  

 
)(

)(
RN

RNCCR
freeC

vis=
 

(3.4) 
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With a higher value for the CCR, any given pair of connectable iq  and gq  is much 

more likely to be connected to the roadmap. Therefore, the CCR can be used as one 

of the criteria to measure and compare the quality of roadmaps to answer path queries.  

 

Improving the CCR is a key method used to improve the quality of a roadmap. Since 

all of the proposed sampling strategies aim at achieving a high CCR, the various 

sampling strategies illustrated in chapter 2 are also the strategies used to improve 

CCR. 

 

 

3.2.2 Connectivity  

 

If there is an answerable path query ),( gi qqQ  and iq  and gq are in the visibility 

domain of a roadmap, the success of finding a path in the roadmap depends on the 

connectivity of the roadmap.  

 

If a roadmap representing a connected freeC  is a connected roadmap as illustrated in 

Figure 3.4a, then the roadmap is considered to achieve maximal connectivity (Roland, 

2006). If a roadmap uses several mini-roadmaps to represent a dis-connected freeC , as 

illustrated in Figure 3.4b, and each mini-roadmap is a connected roadmap, then this 

roadmap achieves maximal connectivity.  
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Figure 3.4: Roadmaps achieving maximal connectivity 

 

Maximal connectivity of a roadmap ensures that a path is able to be found in the 

roadmap to answer any answerable path query ),( gi qqQ , if iq  and gq   are in the 

visibility domain of the roadmap. Therefore, connectivity of a roadmap is a key 

criterion to evaluate the quality of a roadmap. A roadmap with poor connectivity is 

not useful when answering path queries even though the roadmap achieves total 

coverage.  

 

The number of mini-roadmaps used to represent the same connected freeC  can be 

employed to measure the connectivity of roadmaps. A roadmap with a smaller 

number of mini-roadmaps representing a connected freeC  gains better connectivity 

than the roadmap with a larger number of mini-roadmaps to represent the same 

connected freeC .  

 

(a) A maximally connected roadmap 
representing a connected Cfree 

(b) A maximally connected roadmap 
representing a disconnected Cfree 
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The number of mini-roadmaps contained within roadmaps can be used in conjunction 

with CCR to compare the quality of roadmaps which represent a connected freeC . For 

a raised path query ),( gi qqQ , there greater possibilities to connect iq  and gq   to the 

roadmap with high connectivity without collisions and a greater possibility that iq  

and gq  are connected to the same mini-roadmap in the roadmap with high 

connectivity. If  iq  and gq  can be connected to the same mini-roadmap without 

collisions, a path can be found from the roadmap to answer the path query. Therefore, 

the roadmaps with the smallest number of mini-roadmaps and higher CCR gain better 

quality.   

 

Connectivity of a roadmap can be improved by adding more vertices and edges to the 

roadmap in order to connect mini-roadmaps in a connected freeC . Traditionally, a 

native path planner improves the connectivity of a roadmap by connecting a newly 

added vertex v  to all other vertices v′ s in the roadmap, if ),( vvP ′  is a collision-free 

path segment. This method will add a large number of redundant edges to the 

roadmap by employing path segment collision detections. Collision detection is the 

most time-consuming process in path planning, which was explained in Chapter 2. 

Therefore, some strategies were proposed to control the number of edges added to the 

roadmap. Kavraki and Latombe (1994) proposed a strategy that only the edges 

between a newly randomly selected vertex v  and its k  (a parameter) closest vertices 

from v  in the roadmap are added to the roadmap. Kavraki (1996) proposed a strategy 

that only the edges between a newly randomly selected vertex v  and all other vertices 
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in the roadmap within certain distance from v  are allowed to be added to the 

roadmap. 

 

3.2.3 Useful cycles 

 

A high quality roadmap is able to provide alternative paths for selection by a path 

planner to determine the effective (e.g. fewer detours) paths when answering a query. 

The alternative paths connecting the same two configurations are cycles in the 

roadmap. Within a roadmap achieving total coverage and maximal connectivity, a 

path planner still may not be able to find optimal paths without the existence of useful 

cycles. 

 

There are three different types of useful cycles that have been introduced by various 

researchers (Schmitzberger, 2002; Nieuwenhuisen and Overmars, 2004; Leonard and 

Thierry, 2007): un-reducible cycles, un-convertible cycles and non-first-order 

deformation cycles. 

 

a) Un-reducible cycles 

Homotopy preserving probabilistic roadmaps (HPPRs) were proposed by 

Schmitzberger (2002). HPPRs are roadmaps which are able to provide an exhaustive 

list of all paths, which are not in the same homotopic class, to answer path queries. 

The definition of a homotopic class is given below: 
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Definition 3.3: (Homotopic class)  

Let 0P  and 1P  be two paths connecting the same two configurations. If 0P  can be 

continuously distorted into 1P  without colliding with any obstacles, these two paths 

0P  and 1P  are said to be in the same homotopic class. All such paths form a 

homotopic class. 

 

All paths connecting the same two configurations form irreducible cycles which are 

considered as useful cycles. Figure 3.5 illustrates such an irreducible cycle. The path 

1P  connecting two configurations iq  and gq  (solid lines) cannot be distorted into the 

path 2P  connecting iq  and gq  (dashed lines), while staying collision-free. The path 

loop constructed by 1P  and 2P  is an irreducible cycle.  

 

 

Figure 3.5: An un-reducible cycle 

 

A HPPR planner employs the visibility graph of a newly sampled collision-free 

configuration to check whether this configuration or new edges connecting this 

qi 

qg 

P1 

P0 
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configuration to other vertices in a roadmap is necessary. Let R  such that ( )EVR ,=  

be a roadmap representing freeC , then the visibility roadmap ( )qRvis  such that 

( ) ( )EVqRvis ′′= ,  for a sampled collision-free configuration q  is a sub-graph of R , 

where VV ⊂′  and EE ⊂′ . V ′  and E′  are both in the visibility domain of q . For 

example, Figure 3.6 illustrates a visibility graph of a configuration consisting of 

vertices, represented by bigger solid points, and edges, represented by wide lines. For 

any randomly selected collision-free configuration q , the HPPR planner checks the 

connectivity of the visibility roadmap ( )qRvis . If ( )qRvis  is a connected roadmap, then 

q  is a useless configuration which is not necessary. Otherwise, q  is considered a 

useful vertex to improve the connectivity of the roadmap or to form useful cycles by 

adding new edges connecting q  to other vertices in the roadmap. Then the HPPR 

planner adds q  as a new vertex and all necessary edges to the roadmap. This process 

will be repeated until the visibility roadmap of any randomly selected collision-free 

configuration is a connected roadmap. Finally, the HPPR planner constructs a 

roadmap which contains all necessary cycles to capture all homotopy classes in the 

freeC . Since the roadmaps constructed with this method may contain reducible cycles, 

it requires an elimination process to delete redundant paths to ensure that the roadmap 

only contains irreducible cycles. 

 

Although a HPPR planner is able to construct a roadmap which only contains un-

reducible cycles to represent all homotopy classes in a freeC , it is time-consuming to 

obtain the visibility graph of a configuration and check reducible paths that can be 
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eliminated (Schmitzberger, 2002). Therefore, HPPR planners are only practically 

applicable to solve path planning problems in a 2-D work space.  

 

 

Figure 3.6: The visibility graph of a configuration q 

 

b) Non-convertible cycles (Nieuwenhuisen and Overmars, 2004) 

Nieuwenhuisen and Overmars (2004) proposed a concept which is called 

convertibility of two paths connecting the same two configurations. If two paths are 

in the same homotopic class, and they can be distorted into each other by a series of 

simple smoothing steps without colliding with obstacles, the paths are said to be 

convertible. Otherwise, the paths are said to be non-convertible. The path loop 

constructed by two un-convertible paths is a useful cycle. For example, in Figure 3.7, 

paths 1P  and 3P  represented by solid lines to connect iq  and gq  are un-convertible 

with each other and construct a useful cycle. Since the path 1P  can be distorted into 

the path 2P  by simple smoothing steps, the cycle constructed by 1P  and 2P  is not a 

useful cycle. It is necessary for a roadmap to provide such useful cycles in order to 

q 
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enable a path planner to search for an optimal path to answer a path query. If the 

roadmap in Figure 3.7 only contains a path 1P , then 1P  is searched for by a path 

planner to answer a path query ),( gi qqQ . 1P  can be smoothed into 2P  with simple 

smoothing optimisation technology (Nieuwenhuisen et al, 2004). However, it is 

difficult to convert 1P  into 4P  (dashed line) which is the optimal path for the query. 

Therefore, it is essential that the path planner provides a path 3P  which can be 

converted into 4P  with simple smoothing optimisation technology. 

 

 

Figure 3.7: Convertible paths and un-convertible paths 

 

Nieuwenhuisen and Overmars (2004) also proposed a method to add useful edges to a 

roadmap in order to construct un-convertible cycles. Let q  be a randomly selected 

configuration in freeC  and ( )qN  is a set of neighbouring vertices, such that )(qNq ∈′ . 

( )qqd ′,  and ( )qqdg ′,  are the distance and graph distance between q  and q′  

respectively. The graph distance between q  and q′  is the length of the shortest path 
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obtained from the roadmap to connect q  and q′ . If there is no path in the roadmap 

that connects q  and q′ , ( )qqdg ′,  is ∞ . The edge ( )qqe ′,  is K-useful, if 

( ) ,qqdK ′× ( )qqdg ′′< , , where q′  is a vertex in R  and K  is a parameter. A path 

planner only creates cycles by adding a new edge ( )qqe ′,  between two vertices q  

and q′  in a roadmap, if there exists a path in the roadmap to connect q  and q′  and 

the edge ( )qqe ′,  is K  useful where TK > . T  is the optimal value to measure the 

usefulness of an edge, which is obtained from experiments (Nieuwenhuisen and 

Overmars, 2004). This method is able to add un-convertible cycles to a roadmap. 

However, there is no standard to measure the value of T  and it requires users to 

perform experiments to find out the value of T  in order to measure the usefulness of 

an edge. 

  

c) Non-first-order deformation cycles 

Path deformation roadmaps (PDRs) are proposed by Leonard and Thierry (2007). 

PDRs are able to capture representative paths of different homotopy classes. In 

addition they also contain additional cycles constructed by the paths in the same 

homotopy class that cannot be easily deformed into each other. This idea of adding 

cycles constructed by the paths in the same homotopy class is similar to the idea 

proposed by Nieuwenhuisen and Overmars. However, PDR planners present the 

exact method to measure the usefulness of a cycle by introducing a new concept 

called K-order deformation to characterise particular subsets of paths in the same 

homotopic class. A K-order deformation cycle is constructed by two paths 1P  and 2P  

in the same homotopic class, that can be connected by K  ruled surfaces. A ruled 
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surface is a surface that can be swept by moving a straight line in a space. Figure 

3.8(a) illustrates a first-order deformation cycle constructed by two paths 1P  and 

2P which can be connected by a ruled surface. Figure 3.8(b) illustrates a second-order 

deformation cycle constructed by two paths 1P  and 2P  which can be connected by 

two ruled surfaces.  

 

 

Figure 3.8: K-order deformation cycles 

 

A PDR planner considers that non-first-order deformation cycles are useful cycles. It 

employs the visibility graph of a randomly selected collision-free configuration to 

check the necessity of adding useful cycles to a roadmap, R . For any randomly 

sampled collision-free configuration q , the PDR planner will test the connectivity of 

the visibility graph ( ) ( )vvv EVqR ,=  of q . If ( )qRv  is an un-connected roadmap, the 

planner will select two vertices iv  and jv  that come from two different mini-

(a) A first-order deformation cycle (b) A second-order deformation cycle 

1P  

2P  

1P  
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roadmaps in ( )qRv  respectively and check the existence of paths in R  to connect iv  

and jv . If no such paths exist in R , new edges ) ,( qve i  and ) ,( qve j  will be added to 

the roadmap in order to improve the connectivity of the roadmap. If such paths exist 

in R , the path planner will check whether path ) , ,( ji vqvP  can be connected to these 

paths by a ruled surface. If no such a ruled surface exists, new edges ) ,( qve i  and 

) ,( qve j  will be added to the roadmap in order to construct non-first-order 

deformation cycles.  

 

PDR planners do not require a large number of duplication tests and are able to solve 

path planning problems in a 3-D work space, when compared to HPPR planners; 

PDR planners do not require user-defined parameters by taking advantage of 

containing an explicit measurement to evaluate the usefulness of edges, when 

compared to the method proposed by Nieuwenhuisen and Overmars (2004). 

 

 

3.2.4 Roadmap size 

 

Roadmap size is the number of vertices in a roadmap (Kavraki et al, 1996). A smaller 

roadmap assures shorter time to search for a path when answering path queries and 

also benefits from lower memory consumption. Roadmap size cannot be used alone 

to measure and compare the quality of roadmaps. The roadmap size sometimes 

contradicts the CCR and connectivity of roadmaps. This is because with a very small 

number of vertices, it is hard for a roadmap to achieve maximal connectivity and a 



 64 

high CCR. Even though a roadmap achieves maximal connectivity and total coverage, 

useful cycles can be constructed by adding more vertices or edges to the roadmap. 

Therefore, if both roadmaps achieve total coverage, maximal connectivity and 

contain the same number of useful cycles, the roadmap with smaller size has higher 

quality. 

 

Two strategies to decrease the size of a roadmap were proposed. One is a pruning 

strategy in RRF path planners (Li and Shie, 2002). A roadmap constructed by a RRF 

path planner consists of tree structure mini-roadmaps. RRF path planners prune the 

trees of all the vertices which are close (within a user-defined distance d) to both of 

their parent vertices, children vertices or sibling vertices in order to decrease the size 

of the roadmap. As the deletion of these vertices causes disconnection of the trees, the 

RRF path planner will reconnect these trees (Li and Shie, 2002), which requires a 

large number of path segment collision detections to ensure collision free 

reconnection. The other strategy is proposed by Geraert (2006), which cuts a roadmap 

into the minimal spanning tree of the roadmap graph in order to decrease the number 

of vertices. This cutting process maintains the CCR and the connectivity of the 

roadmap (Geraert, 2006). However, it removes some useful edges and vertices which 

construct useful cycles in the roadmap. 
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3.2.5 Conclusion 

 

From the analyses above, it is clear that the quality of a roadmap can be improved by 

increasing the freeC  coverage ratio and the connectivity of the roadmap, adding useful 

cycles to the roadmap and decreasing the size of the roadmap. Sometimes it is 

ineffective to achieve one perfect condition by meeting a certain criterion and 

sacrificing other criteria and may also lead to greater roadmap-construction time. 

Therefore, it is essential to consider the four criteria together and make a trade-off  

between them with reference to user preference in order to construct a high quality 

roadmap. The trade-off is that decreasing the roadmap size to improve the roadmap 

quality should not decrease the quality of roadmap in terms of decreasing the CCR 

and breaking the connectivity and the existing useful cycles of the roadmap. 

 

 

3.3 Surrounding Roadmaps 

 

The criteria listed in section 3.2 can be employed to evaluate the quality of roadmaps. 

In addition they can be guidance in the development of a path planner to construct 

high-quality roadmaps. A novel roadmap construction concept is proposed based on 

these criteria. The roadmaps constructed following this concept are called 

surrounding roadmaps. 
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3.3.1 2-D surrounding roadmaps 

 

Definition 3.4: (2-D surrounding roadmap): 

Let O  be a set of obstacles in a 2-D work space. A roadmap ( )EVR ,=  is a 2-D 

surrounding roadmap (SR) if: 

• There exists one and only one non-first-order deformation cycle in R  to 

surround subO . For every obstacle OOsub ⊆ , 

• For any two connectable configurations 1v  and 2v  ( Vvv ∈21, ) such that 1v  

and 2v  are in different non-first-different cycles surrounding two different 

obstacle subsets, there exists a path in R  to connect them. 

 

The quality of 2-D SRs can be analysed in simple 2-D SR problems and then 

extended to general 2-D SR problems. A simple 2-D SR problem refers to making 

use of a 2-D SR to answer queries in a 2-D work space containing only one obstacle. 

A general 2-D SR problem refers to making use of a 2-D SR to answer queries in a 2-

D work space which contains  1≥  obstacles.  

 

Path queries can be classified into two types: simple queries and difficult queries. If 

the initial and goal configurations of a query can be connected by a straight line 

without colliding with any obstacles, the query is a simple query and the straight line 

is the path to answer this query. Otherwise the query is a difficult query. Answering a 

difficult query depends on connecting the initial and goal configurations of the query 

to a roadmap and searching out paths from the roadmap. 
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The quality of 2-D SRs are analysed against the four criteria discussed in section 3.2. 

Figure 3.9 shows an example of a simple 2-D SR problem with an obstacle, O . The 

SR in Figure 3.9 is represented by solid lines. A 2-D SR is employed to answer a 

difficult query, ( )gi qqQ , . The discussion of the quality of 2-D SRs to solve simple 2-

D SR problems can be based on this example without loss of generality.  

 

Figure 3.9: A 2-D surrounding roadmap  

 

a) CCR 

As an SR is a cycle surrounding an obstacle O , and O  is the only obstacle in a 

simple 2-D SR problem, the visibility domain of the SR covers the area of a freeC  

outside the cycle. The visibility domain of the SR is able to cover the whole area of 

the freeC  inside the cycle, if there are a certain number of vertices distributed in SR, 

as illustrated in Figure 3.9. In some special cases where the obstacles are in concave 

shapes, some special vertices which are able to cover the concave part of the freeC  are 

needed in the SR. For example, a vertex v  is required to cover the concave part 

qi 

qg left 

P 

right 

Obstacle O 
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(represented by the shaded area) of the freeC  in Figure 3.10. From the discussion 

above, it is obvious that if a SR in a 2-D simple problem contains a certain number of 

vertices to surround the obstacle, it is able to achieve high CCR (with a concave 

obstacle) or even total coverage (with a non-concave obstacle or with several special 

vertices to cover concave part of the concave obstacle) in the general case.  

 

Figure 3.10: The concaved area in a Cfree 

 

b) Connectivity 

As an SR is a cycle surrounding O  in a simple 2-D SR problem, any pair of vertices 

in the SR are connected. There exists at least one path in the simple 2-D SR to 

connect any two vertices Therefore, the SR achieves the maximal connectivity 

naturally. 

 

c) Useful cycles 

Since an SR is a non-first-order cycle in a simple 2-D SR problem, it is able to 

provide all useful alternative paths which can not be easily deformed into each other 

to answer difficult queries. For example, in Figure 3.9, the useful alternative paths, 

v 
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connecting iq  and gq , are two paths which can go around the obstacle O  from either 

the left side or the right side of O . The SR  in Figure 3.9 is able to provide these two 

paths, as long as iq  and gq  are connected to the SR , for a path planner to select the 

shorter path for answering the query. 

 

d) Size 

As an SR in a 2-D simple problem achieves maximal connectivity and a high CCR, 

and contains a useful cycle, there is no need to add an additional large number of 

vertices to the SR. Therefore, the SR has small size.  

 

It can be seen from the above discussion that all 2-D SRs are high quality roadmaps 

in terms of coverage, connectivity and useful cycles. Among all of the 2-D SRs 

constructed to solve the same simple 2-D SR problem, the SR with highest CCR and 

smallest size has the best quality. 

 

In a general 2-D SR problem, answering a difficult query can be considered as a 2-D 

simple problem. For example, figure 3.11 shows an example of a general 2-D SR 

problem with three obstacles ( 1O , 2O  and 3O ). A 3-D SR, called 2SR , is employed 

to answer queries. In figure 3.11(a), the obstacle set O , such that }{ 1OO = , resides 

between iq  and gq  of a randomly selected query ( )gi qqQ , . There must be a non-

first-order cycle, named 1R , in 2SR  to surround O . Then O , ( )gi qqQ ,  and 1R  make 

up a simple 2-D SR problem. 1R  is the surrounding roadmap of this simple 3-D SR 
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problem. Therefore, 1R  is a high quality roadmap used to answer ( )gi qqQ , . In Figure 

3.11(b), the obstacle set O′  such that },{ 32 OOO =′ , resides between iq′  and gq′  of a 

randomly selected query ( )gi qqQ ′′, . There must be a non-first-order cycle, 2R , to 

surround O′ . If 2O , 3O  and the area between them are considered as a large obstacle, 

then O′ , ( )gi qqQ ′′,  and 2R  make up a simple 2-D SR problem. 2R  is the surrounding 

roadmap of this simple 3-D SR problem. Any SR with acceptable size in a 2-D 

simple problem is a high quality roadmap Therefore, 2R  is a high quality roadmap used 

to answer ( )gi qqQ ′′, . 

 

Figure 3.11: A general 2-D SR problem 

 

For any randomly selected query in a 2-D general SR problem, there must be a non-

first-order cycle in a 2-D SR to surround the obstacles between the initial and goal 

configurations of the query. If these obstacles and the area between them are 

considered as a large obstacle, then it becomes a simple 2-D SR problem and this 
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non-first-order cycle is a high quality roadmap to answer this query. Therefore, 2-D 

SRs are high quality roadmaps to handle general 2-D SR problems. If there are two 2-

D SRs, The roadmap with higher CCR and smaller size has higher quality.  

 

 

3.3.2 3-D surrounding roadmaps 

 

Definition 3.5: (3-D surrounding roadmap) 

Let O  be a set of obstacles in a 3-D work space which is a connected area. A 

roadmap ( )EVR ,=  representing a connectable freeC  is constructed by adding paths 

to connect two vertices 1v  and 2v , such that Vvv ∈21, , in order to construct a non-

first-order deformation cycle to surround an obstacle subset subO  such that OOsub ⊆ . 

The roadmap constructed using this method is called a 3-D surrounding roadmap 

 

Definition 3.6: (K-order 3-D surrounding roadmap) 

Let O  be a set of obstacles in a 3-D work space. A 3-D surrounding roadmap 

( )EVR ,=  is called a K-order 3-D surrounding roadmap (KSR), if there are K  non-

first order deformation cycles constructed in R . 

 

The quality of 3-D KSRs can be analysed in simple 3-D SR problems and then 

extended to general 3-D SR problems. A simple 3-D SR problem refers to making 

use of a 3-D KSR to answer queries for a robot moving in a 3-D work space which 

contains only one obstacle. A general 3-D SR problem refers to making use of a 3-D 
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KSR to answer queries for a robot moving in a 3-D work space which contains any 

number ( 1≥ ) of obstacles and the freeC  of the robot is a connected freeC .  

 

According to definition 3.5, an arbitrary 3-D KSR achieves maximal connectivity. 

This is because any new vertex or edge added to the roadmap is used to construct 

cycles by connecting two vertices existing in the roadmap. Also according to 

definition 3.5, an arbitrary 3-D KSR contains useful cycles. This is because for any 

randomly selected difficult query, there exists at least one non-first-order deformation 

cycle, which surrounds the obstacles between the initial and goal configurations of 

the query and is able to provide alternative paths to answer the query. 

 

The other two criteria to measure the quality of a roadmap are CCR and size. The 

CCR and size of a KSR depend on the value of K. A high quality KSR can be 

achieved by developing path planning algorithms to adjust the value of K and to 

control the size at the same time. 

 

In an extreme case, where ∞=K  and all vertices in KSRs should keep a certain 

distance from the obstacles, then a type of KSR, called R , is constructed. Each R  

becomes a surface to enclose the obstacles and achieve total coverage. However the 

size of R  becomes infinite as the number of vertices is infinite and therefore R  can 

not be used as a roadmap to answer queries. For example, Figure 3.12 illustrates such 

a R , exampleR . 
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Figure 3.12: A 3-D KSR with K = ∞ 

 

 

Figure 3.13: A KSR with finite value of K  

 

A new kind of KSR, R′ , can be obtained by eliminating a small number of cycles 

from R , which means that K becomes a finite number and the obtained R′  are able to 

answer path queries. For example, the KSR, exampleR′ , in Figure 3.13 is such a R′  

obtained from exampleR  in Figure 3.13. Although R′  is able to answer queries and have 

total coverage as well, they contain a large number of duplicated cycles and are large 

in size. There are two kinds of duplicated cycles. One type of duplicated cycle is a 

R’example 

C2 C1 

Rexample 
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cycle that can be deformed into other cycles in the roadmap. The other kind of 

duplicated cycles are first-order deformation cycles, such as 1C  in Figure 3.13. The 

other one is first-order deformation cycles, such as 2C  in Figure 3.13.  

 

A large number of duplicated cycles can be eliminated from R′  without decreasing 

the CCR of R′  to obtain a new kind of KSR called as R ′′ . R ′′  achieves total coverage 

with a certain number of non-first-order cycles and is smaller than R′  in size. Figure 

3.14 illustrates such a KSR exampleR ′′ . Therefore, R ′′  are high quality roadmaps to solve 

simple 3-D KSR problems.  

 

 

Figure 3.14: A KSR obtained by eliminating a large number of duplicated cycles 

 

A new kind of KSR named as R ′′′ , can be transformed from R ′′′  by moving the 

vertices to the positions with any distance perpendicularly from the obstacles surface. 

Then the shape of cycles in R ′′′  is changed. This kind of transformation does not 

affect the quality of the KSR, for example, exampleR ′′′  in Figure 3.15. Therefore, R ′′′  

exampleR ′′  
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obtained after transformation are high quality roadmaps to solve simple 3-D KSR 

problems.  

  

 

Figure 3.15 A KSR with transformed cycles 

 

From the discussion above, it is clear that a 3-D KSR can be a high quality roadmap 

to solve the simple 3-D SR problem by controlling the value of K  in terms of 

achieving high CCR and controlling the number of duplicated cycles. A value T can 

be found, such that when K=T, the CCR and the size of a 3-D KSR can be well 

balanced. When K  is bigger than T, the CCR will not be further improved and the 

number of duplicated cycles is increased as K  increases.  

 

In a general 3-D SR problem, answering a difficult query can be considered as a 

simple 3-D SR problem. Let DSR3  be a KSR in a general 3-D SR problem, which is 

constructed by controlling the number of duplicated cycles where K  is big enough to 

achieve a high CCR. For any randomly selected path query, there must be a 3-D SR 

DSubSR3 , such that DDSub SRSR 33 ⊆  and consists of a set of non-first-order cycles, to 

exampleR ′′′  
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surround the obstacles between the initial and goal configurations of the query. If 

these obstacles and the area between them are considered as a large obstacle, then it 

becomes a simple 3-D SR problem and DSubSR3  is a high quality roadmap to answer 

this query.  

 

Therefore, not every 3-D KSR is a high quality roadmap. Only the 3-D KSRs 

constructed by controlling the number of duplicated cycles where K  is big enough to 

achieve high CCR are high quality roadmaps to handle 3-D SR problems. An 

algorithm designed to incrementally construct such a high quality roadmap (without 

the requirement to know the value of K in advance) will be introduced in Chapter 5. 

 

 

3.4 Summary 

 

This chapter has investigated the criteria to measure roadmap quality. They are 

coverage, connectivity, useful cycles and roadmap size. The relationships between 

them are analysed. A roadmap with poor connectivity cannot answer path queries 

effectively even though the roadmap achieves total coverage. Within a roadmap 

which achieves total coverage and maximal connectivity, the path planner may still 

have difficulty when finding paths in a roadmap without useful cycles. Decreasing the 

size of a roadmap can improve the quality of a roadmap without decreasing the CCR 

and connectivity and reducing useful cycles in the roadmap. Therefore, it is essential 

to consider the four criteria together in order to construct a high quality roadmap.  
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A novel roadmap construction concept, called surrounding roadmaps, has been 

proposed in this chapter. All 2-D SRs with small size are high quality roadmaps to 

solve 2-D path planning problems. A 3-D KSR is a high quality roadmap, when an 

optimal value of K  is employed. A 2-D SR can be treated as a KSR with an optimal 

value of K  which is one. Therefore, the concept of a surrounding roadmap can be 

considered as the concept of K-order surrounding roadmaps (there exist the 

possibility to have a KSR to be a high quality roadmap). 
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CHAPTER 4  

 

CLASSIFICATION OF ROADMAP VERTICES 

 

This chapter presents a roadmap vertex category classifier based on machine learning 

methods. The classifier is able to identify the category of a vertex in the roadmap 

according to the region information stored in the vertex and its neighbouring vertices 

located within a user-defined distance. 

 

The concept of the surrounding roadmap (SR) is proposed in Chapter 3. However, not 

all surrounding roadmaps are high quality roadmaps. Only the SRs constructed with 

balance between size and other criteria are high quality roadmaps. In different 

environment regions, high quality SRs are constructed differently to represent these 

regions with different strategies to balance roadmap size and other high quality 

roadmap criteria. It is crucial for a path planner to identify the environment regions in 

order to select suitable strategies to construct high quality SRs in various environment 

regions. Although there were some existing algorithms proposed to classify the 

environment, most of them focused on classifying the whole environment into exact 
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regions, which is time consuming. Since these algorithms aim to identify every region 

in the whole environment before constructing roadmaps, and incremental path 

planners explore the environment according to the path query incrementally, it is not 

suitable to apply the proposed classification algorithm in an incremental path planner. 

 

Therefore, a classification method is proposed to classify a vertex according to the 

features of vertices in various categories. The features are calculated based on the 

region information stored in the vertex and its neighbouring vertices within a certain 

distance from the vertex. The region information is counting numbers and can be 

obtained by executing the roadmap construction functions which are employed by an 

incremental path planner to answer path queries.  

 

Section 4.1 in this chapter reviews previous classification methods. In Section 4.2, the 

categories of vertices are discussed according to the regions the vertices reside in. 

Then, in Section 4.3, the features of vertices for various categories are proposed. 

Finally, in Section 4.4, the algorithm for building decision trees is employed to 

develop a vertex category classifier. 

 

 

4.1 Classification Methods 

 

A classification method is able to classify input data into a finite set of categories 

through a classification mechanism. In a typical computer-aided classification system, 
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a classifier is usually trained with a set of data classified by humans in order to 

generate a set of classification rules. The classifier then is able to classify new data 

based on these rules. This process is called machine learning. The aim of the learning 

process is to find relationships between the training data and the categories and 

therefore achieve classification for new data. There are four widely used machine 

learning methods, which are Artificial Neural Networks, Bayesian Learning, Genetic 

Algorithms and Decision Trees. 

 

An Artificial Neural Network (ANN) consists of multiple Artificial Neurons (AN) 

which are modeled on human brains. Normally an ANN is built with multiple layers 

of ANs. Information is passed between ANs that are connected to each other. Input 

data is computed recursively through all layers in an ANN until it reaches a result, i.e., 

a classification. For example, a Kohonen map is a form of neural network proposed 

by Kohonen (1982) and aims to cluster input data into a number of clusters in order to 

achieve classification. A Kohonen map has two layers: an input layer and a cluster 

layer. The input layer feeds input data to the cluster layer. An AN in the cluster layer 

that most closely matches the input data is a result (output). This AN provides the 

output classification. ANNs have been employed amongst pattern recognition 

systems, where it is very hard to logically describe the relationship between input 

features and output classification. Therefore, ANN learning has been successfully 

applied to many practical problems such as learning to recognise handwritten 

characters (LeCun et al, 1989), learning to recognise  spoken words (Lang et al, 1990) 

and learning to recognize faces (Cottrell, 1990). However, it is usually difficult to 
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train an ANN especially for ANNs with complex structure, and requires a large 

training data set.  

 

Bayesian Learning (BL) provides a probabilistic approach to achieve classification. 

For given input data, it calculates the probability of every hypothesis that the data 

belongs to a certain category. The hypothesis that achieves maximum probability is 

considered as the classification result. The probability is calculated based on the 

training data which supports alternative hypotheses. This method provides a more 

flexible approach to learning by combining the training data and new input data to 

determine the final probability of a hypothesis (Mitchell, 1997). Therefore, it is 

employed to make probabilistic predictions. However, it requires initial knowledge of 

many probabilities and is time-consuming to calculate the probabilities of each 

hypothesis for the given input data (Mitchell, 1997).  

 

A Genetic Algorithm (GA) is an adaptive searching algorithm modelled on the 

evolutionary processes of natural selection and genetic mutation. First, a group of 

initial values (a population) is generated randomly. Then the fitness and selection 

probabilities for the current population are computed. Finally, the new generation is 

computed based on current fitness and selection probabilities until a satisfactory 

solution, for example, a classification is obtained. GA is extremely powerful for 

optimisation rather than classification compared to other machine learning methods 

(Mitchell, 1997). It is also used in practical applications such as code breaking and 

timetable scheduling. 
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A Decision Tree (DT) is a simple conceptual classification method which is widely 

used in machine learning systems. A DT is a tree-like graph where each branching 

node represents a choice between two or more alternatives. Every branching node is a 

part of a path to a leaf node (bottom of the tree). The leaf node represents a 

classification, which is computed through the tree from the given input. DT 

classification is a method for approximating discrete-valued target functions, in which 

the learned function is represented by a tree graph. A simple DT is illustrated in 

figure 4.1. It has the most commercial usage in different industry sections, including 

financial investment, software development, forecasting etc. Unlike other machine 

learning methods, DT is a ‘White-Box’ system. The logic inside a DT is usually easy 

to describe exactly. A DT is easy to understand and interpret.  

 

 

Figure 4.1: A simple Decision Tree 

 

The classification of vertex category is a discrete-valued classification. All 

classification methods reviewed in this section are able to carry out such a 
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classification. However, the decision tree method does not require a large training set. 

Furthermore, it is simple to execute, as well as being easy to understand and interpret 

exactly. Therefore, the decision tree method is employed to perform vertex category 

classification in this research.  

 

 

4.2 The Categories of Roadmap Vertices 

 

An environment can be classified into four types of region (Dale and Amato, 2001). 

They are: 

a) Free region 

A free region contains no obstacles. A robot is able to move freely in such a region. 

For example regions A and E in Figure 4.2 are free regions.  

b) Cluttered region 

A cluttered region contains many obstacles. For example, regions C and F in Figure 

4.2 are clustered regions. 

c) Narrow passage 

A narrow passage region contains a narrow passage between other types of regions. 

For example, region B in Figure 4.2 is narrow passage region. 

d) Blocked 

Blocked region is totally surrounded by obstacles without any path to go to other 

regions. For example, region D in figure 4.1 is a blocked region. 
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Figure 4.2: Environment region classification 

 

The method of classifying the environment into various regions, which is proposed 

by Dale and Amato (2001), has the problem that there were no exact quantitative 

definition and rules to define these regions and the boundaries of the regions. 

Although there were two methods (Dale and Amato, 2001; Morales et al, 2004) 

proposed to classify an environment into the region listed above, they require the 

process to break a large region into small regions with various types and identify the 

boundary of these regions. It is much easier to classify the vertices in the roadmap 

depending on the local environment which they represent.  This makes it possible for 

the path planner to understand the environment without the knowledge of exact 

environment regions. Hence the path planner is able to select suitable strategies to 

improve the roadmap quality according to the various local regions where the vertices 

reside without region classification for the whole environment. 
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Therefore, roadmap vertices are classified into four categories according to the 

features of the local environment where they reside and user specified parameters.  

 

 

Figure 4.3: The categories of roadmap vertices 

 

a) Free vertices 

If a vertex v  in a free region and the distance to the nearest obstacle from v  is larger 

than freeDis , then the vertex is classified as a free vertex, such as vertices av  and bv  

in Figure 4.3. freeDis  is a user-defined value to specify the distance between a free 

vertex and obstacles. The local environment around the roadmap constructed by free 

vertices is free of obstacles. A high quality SR to represent such a local environment, 

like the SR which is one example of high quality SRs in figure 4.4, contains a small 

number of vertices.  
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Figure 4.4: A high quality SR constructed by free regions 

 

b) Near-obstacle vertices 

If a vertex is not a free vertex and the distance between the vertex and free vertices is 

equal to or shorter than freeDis , then the vertex is classified as a near-obstacle 

vertex, such as the vertex cv .in figure 4.3. Such vertices are in the boundary area of 

each region. A part of the local environment around near-obstacle vertices is 

relatively free and the other part is near obstacles. A high quality roadmap in such an 

environment should go around the obstacle, for example, the SR in figure 4.5. 

 

 

Figure 4.5: A high quality SR constructed by near-obstacle vertices 
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c) Narrow-passage vertices 

If a vertex is in a passage where the maximal diameter of the passage is shorter than 

passageH  and the length of the passage is longer passageL , then we call this a 

narrow-passage vertex. For example, vertex dv  in figure 4.3 is a narrow-passage 

vertex. passageH  and passageL  are user-defined values according to the size of a 

robot and the users definition of what constitutes a narrow passage in the 

environment. The local environment near narrow-passage vertices is quite narrow. A 

high quality SR in the narrow-passage region is a path going along the passage to 

connect to other vertices. It is essential to keep the path in this region. Figure 4.6 

illustrates an example of high quality SRs in such an environment. 

 

Figure 4.6: A high quality roadmap constructed by narrow-passage vertices 

 

d) Cluttered vertices 

If a vertex is not a free vertex, a near-obstacle vertex or a narrow-passage vertex, it is 

a cluttered vertex, such as the vertex ev  in figure 4.3. The local environment near 

cluttered vertices is relatively complex, compared with the environment near other 

types of vertices. A high quality SR in the more cluttered environment requires more 
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useful cycles to surround obstacles compared to the high quality SR in the less 

cluttered environment. Figure 4.7 illustrates such an example of high quality SR 

constructed by cluttered vertices.  

 

Figure 4.7: A high quality roadmap constructed by cluttered vertices 

 

In knowing the categories of the vertices in a roadmap, a path planner is able to 

understand the local environments near the vertices and select suitable strategies to 

construct high quality SRs in various local environments.   

 

 

4.3 Features of Roadmap Vertices 

 

The vertices can be classified by analysing the features of the vertices with various 

categories. With an incremental path planning method, all the vertices in a roadmap 

are generated from the functions of RRT_extension (LaValle, 1996) and 
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RRT_connection (Kuffner and LaValle, 2000) executed by an incremental path 

planner, as explained in Chapter 2. All the information obtained from these two 

functions reflects the obstacle distribution around the vertex in the roadmap and can 

be employed to analyse the features of the vertices with various categories in the 

roadmap.  

 

An RRT_extension function checks whether there exists a collision-free short path 

segment to connect a vertex v  to a new vertex v′  in a certain direction in a roadmap. 

The length of the path segment is a user-defined small distance extendStep which is a 

required value setup to execute the function of RRT_extension. extendStep is the 

minimum length of the edges to construct a roadmap according to the expectations of 

users. If such a collision-free path segment exists, it is said that there exist successful 

extensions from both v  and v′  and v′  is added to the roadmap. If the path segment is 

not collision-free, then it means the location of v  is near the surface of at least one 

obstacle. It is said that there is a failed extension from v. An RRT_connection 

function decides whether there exists a collision-free path segment connecting a 

vertex v  to another vertex v′  in a roadmap. If the path segment is collision-free, then 

a new edge is added to the roadmap to connect v  and v′ . If the length of the path 

segment is greater than a user-defined distance sucConDis , it is said there are 

successful connections from both v  and v′ . If there is no collision-free path segment 

to connect v  and v′ , it means there are obstacles between v  and v′ . A new vertex v ′′  

can be added to the roadmap if there is a longest collision-free path segment to 

connect v  and v ′′  in the direction from v  to v′  and the distance of the path segment 
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is greater than or equal to extendStep . If such a new vertex v ′′  can be added to the 

roadmap and the length of the new edge is greater than sucConDis , then it is said 

that there are successful connections from both v  and v ′′ . If the length of the new 

edge is smaller than sucConDis , it is said that there is a failed connection from v . If 

no such new vertex can be added to the roadmap, it is said there is a failed extension 

from v . As successful connections from a vertex are employed to show there is no 

obstacle existing within a certain distance sucConDis from the vertex along this 

connection, the value of sucConDis  should be higher than the value of v ′′ . 

sucConDis  can be set to be the value of freeDis  which is employed to identify free 

vertices as explained in section 4.2. 

 

The successful extensions and failed extensions from a vertex show whether there 

exist obstacles near the vertex in the direction of the tested extensions from the vertex. 

Therefore, the successful and failed extensions and connections from a vertex are able 

to indicate the obstacles location near the vertex. The number of successful and failed 

extensions and connections from a vertex can be counted while executing the 

functions of RRT_extension and RRT_connection and are called region information.  

 

As the extension and connection tests are applied in a number of directions from a 

vertex with executing the functions of RRT_extension and RRT_connection by an 

incremental path planner to answer path queries, the region information obtained can 

only partly reflect obstacle distribution near the vertex. The region information, 

stored in the neighbouring vertices of a vertex is required to identify the local 
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environment of the vertex and become the feature of the vertex to identify the 

category of the vertex. A set of neighbouring vertices, )(vSd , is identified for a given 

vertex v . )(vSd  is a set of vertices which connect to a vertex v  directly or indirectly 

in a roadmap within a certain distance d  from v . For example, )(vSd  of v  in Figure 

4.8 consists of all the solid vertices. 

 

 

Figure 4.8: The set of neighbouring vertices of vertex v 

 

The features of the vertices, which capture the characteristics of various vertex 

categories in a roadmap, can be extracted based on the region information of the 

vertices and their neighbouring vertices. All of the extracted features are listed below 

with user-defined values for extendStep  and sucConDis  such that 

sucConDisfreeDis =  and d  in )(vSd  is the sum of extendStep  and sucConDis .  

 

 

 

v

 

d 
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The failed extension ratio of a vertex v :  

The failed extension ratio of a vertex v , )(vioFailExtRat , is the ratio between the 

number of failed extensions from v  ( )(vN failExt ) and the sum of )(vN failExt  and the 

number of successful extension from v  ( )(vNsucExt ). 

 )()(
)(

)(
vNvN

vN
vioFailExtRat

sucExtfailExt

failExt

+
=

 
(4.1) 

The value of )(vioFailExtRat  is in the range [0, 1]. The default value of 

)(vioFailExtRat  for a newly initialised vertex is zero. The non-zero value of 

)(vioFailExtRat  means that v  is near the surface of obstacles and is not a free vertex. 

Such vertices are called near-obstacle-surface (NOS) vertices. 

 

The successful connection ratio of a vertex v : 

The successful connection ratio of a vertex v , )(voSucConRati , is the ratio between 

the number of successful connections from v  ( )(vNsucCon ) and the sum of )(vNsucCon  

and the number of failed connections from v  ( )(vN failCon ).  

 )()(
)(

)(
vNvN

vN
voSucConRati

sucConfailCon

sucCon

+
=  (4.2) 

The value of )(voSucConRati  is in the range [0, 1]. The default value of 

)(voSucConRati  for a newly initialised vertex is zero. If the value of 

)(voSucConRati  is relatively high, it is possible that the area around v  is relatively 

free. 
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The failed extension ratio of )(vSd : 

Let )(vSd  be a set such that }{ md vvvvS ,.....,)( 10=  and )(vSd  consists of a vertex v  

and all the vertices for which the distance from v  to these vertices is shorter than d   

in the same connected mini-roadmap. The failed extensions ratio for )(vSd , 

))(( vSFailExt d  , is the ratio between the total number of failed extensions 

(∑
=

m

i
ifailExt vN

0
)( ) from every vertex in )(vSd  and the sum of ∑

=

m

i
ifailExt vN

0
)(  and the 

total number of successful extensions (∑
=

m

i
isucExt vN

0
)( ) from every vertex in )(vSd . 
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∑

∑

=

=  (4.3) 

The value of ))(( vSFailExt d is in the range [0, 1]. The default value of 

))(( vSFailExt d  for a newly initialised vertex is zero. If the values of both 

)(viofailExtRat  and ))(( vSioFailExtRat d  are zero, v  must be a free vertex.  

 

The successful connection ratio of )(vSd  

Let )(vSd  be a set of the neighbouring vertices of v  such that }{ md vvvvS ,.....,)( 10= . 

The successful connection ratio for )(vSd , ))(( vSoSunConRati d , is the ratio between 

the total number of successful connections (∑
=

m

i
isucCon vN

0
)( ) from every vertex in 
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)(vSd  and the sum of ∑
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The value of ))(( vSoSunConRati d is in the range [0, 1]. The default value of 

))(( vSoSunConRati d for a newly initialised vertex is zero. If the value of 

))(( vSoSunConRati d  is large and the value of )(viofailExtRat  is not zero, then it is 

possible that v  is near-obstacle vertex.  

 

The free vertices ratio in )(vSd  

Let )(vSd  be a set of the neighbouring vertices of v  such that }{ md vvvvS ,.....,)( 10= . 

The free vertices ratio for )(vSd , ))(( vSesRatioFreeVertic d , is the ratio between the 

number of free vertices, ))(( vSN dfree , in )(vSn  and the total number of vertices, 

))(( vSN dtotal , in )(vSd  

 
)((
))((

))((
vSN
vSN

vSesRatioFreeVertic
dtotal

dfree
d =

 
(4.5) 

The value of ))(( vSesRatioFreeVertic d  is in the range [0, 1]. The default value of 

))(( vSesRatioFreeVertic d  for a newly initialised vertex is zero. If a vertex v  is not 

free vertex and the ))(( vSesRatioFreeVertic d  of v  is not zero, the vertex is a near-

obstacle vertex. 
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The NOS vertices ratio in )(vSd  

Let )(vSd  be a set of the neighbouring vertices of v  such that }{ md vvvvS ,.....,)( 10= . 

The free vertices ratio for )(vSd , ))(( vSsRatioNOSVertice d , is the ratio between the 

number of NOS vertices, ))(( vSN dNOS , in )(vSd  and the total number of vertices, 

))(( vSN dtotal , in )(vSd  

 )((
))(())((

vSN
vSNvSsRatioNOSVertice

dtotal

dNOS
d =

 
(4.6) 

The value of ))(( vSsRatioNOSVertice d  is in the range [0, 1]. The default value of 

))(( vSsRatioNOSVertice d  for a newly initialised vertex is zero. If the value of 

))(( vSsRatioNOSVertice d  for a vertex v  is high, it is possible that the local 

environment near v  contains many obstacles around v . 

 

All the extracted features are independent of the dimensionality and volume of the 

work space of a robot and the dofs of the robot. Although some features depend on 

the values of extendStep  and sucConDis , they are user-defined values to represent 

users expectations of the roadmap construction and vertex category classification. 

Therefore, these features can be employed to develop a vertex category classifier 

which is able to work for any robot moving in any work space. 

 

All the extracted features obtained are based on region information. All the region 

information such as the number of successful or failed extensions and connections 

from a vertex can be recorded and obtained from the functions of RRT_extension and 
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RRT_connection while an incremental path planner executes these functions to 

answer path queries. The features of a vertex can be calculated easily based on 

recorded region information when the vertex category classification is required. 

Therefore, the recording of the region information does not burden the path planner 

and heavily decrease the efficiency of the path planner to answer a path query. 

 

 

4.4 Vertex Category Classifier 

 

The decision tree method is selected to perform vertex classification as discussed in 

Section 4.4. Algorithm C5.0 (Quinlan, 2007) is a popular algorithm that builds a 

decision tree according to the feature values from a set of training data. The decision 

tree consists of a series of decisions which lead to a classification of test data based 

on the feature values.  

 

Algorithm C5.0 builds a decision tree based on a set of training data S  such that 

},,{ 21 nsssS =  and n ∈ N. Each training data is  in S  is a vector, such that 

},,,{ 21 jmi cfffs =  and Njm ∈, . Each element if  in is  is the value of a feature 

iF  for is  and c  is the classification of si. iF  belongs to a set  

},,{ 21 mFFFFeatures =  which is a set of extracted features. jc  belongs to a set 

},{ ,21 kcccC =  which is a set of the classifications for the set of training data. 

When building a decision tree, C5.0 adds a feature, which is the most useful to result 
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in the smallest expected size of the sub-trees rooted at its children, as a new node of 

the tree. The usefulness of a feature iF  can be measured by employing information 

theory to calculate the information gain )( iFEntropy  of the feature (Quinlan, 2007). 

The feature with the highest information gain becomes the tree node. The pseudo 

code of algorithm C5.0 is illustrated in Figure 4.9 

 

 

Figure 4.9: The pseudo-code for the algorithm C5.0  

 

To employ the algorithm C5.0 to develop a vertex category classifier, the set of 

classifications vertexC  and the set of features vertexFeatures  are defined as follows:  

},,,{ agenarrowPassclutteredlenearObstacfreeCvertex =  

Algorithm C5.0 
 

Input: A set of training data S  

Output: A decision tree 
 

 
Procedure: 
Begin )(0.5 SC  

if S  is empty  
return false 

 end if 
 if all the elements in S  have the same classification ic  

return a single node with the label ic  
 end if 
 Calculate )( iFEntropy  for each iF  in Features  

Let iF  be the feature with the highest )( iFEntropy  
Split S  into two sets 1S  and 2S  based on the values of iF  in each is  
such that Ssi ∈  
Add a node to the tree with label iF  
do )(0.5 1SC  
do )(0.5 2SC  

End )(0.5 SC  



 98 









=
(v))(S(v)), disnRatio(S(v), SucCoio(SFailExtRat

(v)), onRatio(S(v)), SucCRatio(S), FailExtConRatio(vio(v), SucFailExtRat
Features

nnn

dd
vertex

max

 

Every mathematic model is an approach and approximation of the real circumstance. 

More training data will probably increase the accuracy of the model. However, the 

aim of this research work is to provide a method rather than a working system which 

is suitable to every circumstance. Therefore, the training data are collected from three 

experimental environments which can be represented by the four types of vertices. 

The three experimental environments are i) simple environment, ii) cluttered 

environment and iii) narrow-passage environment. Since the environment is 

constructed in advance, the size of a robot and the values of extendStep  and 

sucConDis  can be set to make sure various categories of vertices employed to 

construct roadmaps by a path planner to represent these experimental environments. 

Figure 4.10 illustrates the simple environment. The distance between every two 

obstacles is set to be greater than )(2 extendStepsucConDis +×  in the simple 

environment. Therefore, all the vertices generated by a path planner to construct a 

roadmap are free vertices or near-obstacle vertices based on the definition of free 

vertices and near-obstacle vertices in Section 4.2. Figure 4.11 illustrates the cluttered 

environment. The distance between every pair of obstacles is shorter than 

)(2 extendStepsucConDis +×  to make sure that no free vertices can be generated 

inside of the obstacle sets in the middle of the environment. All of the vertices inside 

of the obstacle sets are cluttered vertices. Figure 4.12 illustrates the narrow-passage 

environment. The passage which goes past the inside of the obstacle is set to be a 

narrow passage. The value of passageH for the narrow passage is set to be smaller 
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than extendStep  and the value of passageL  for the passage is set to be greater than 

sucConDis  to ensure the passage is a narrow passage for the robot employed to 

obtain training data. All of the vertices inside of the passage in narrow-passage 

environment are narrow-passage vertices.  

 

Another complex experimental environment which requires to be represented by a 

roadmap with many different kinds of vertices is constructed and is illustrated in 

Figure 4.13. This environment is employed as an evaluation environment. All the 

testing data employed to evaluate the decision tree constructed are collected from the 

complex experimental environments. There are three groups of testing data that are 

generated for different robots with different user-defined extendStep  and sucConDis  

in the same complex experimental environment (work space). The value of 

extendStep  and sucConDis  are set to make sure all kind of vertices can be generated 

by the path planner to represent the environment. Therefore, although only one work 

space is constructed, the vertices from roadmaps to represent three C-spaces are 

employed to be test data to evaluate the decision tree. The evaluation experiments are 

employed to test that the vertex classifier can work in various C-spaces. 
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Figure 4.10: A simple environment 

 

 

Figure 4.11: A cluttered environment 
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Figure 4.12: A narrow-passage environment 

 

 

Figure 4.13: Evaluation experimental environment 

 

 

A simple incremental learning path planner which employs RRT_extension and 

RRT_connection functions to construct roadmaps while answering path queries. The 

 

  



 102 

path planner grows two trees, iT  and gT , from the initial and goal configurations of a 

path query and add these two trees as mini-roadmaps to the existing roadmap. The 

path planner then extends iT  and connects iT  to other mini-roadmaps (r1, r2,…, rn). 

Once iT  is connected to a mini-roadmap, the path planner merges the two trees as one 

mini-roadmap and checks that the mini-roadmap to which iT  connects is gT . If iT  and 

gT  are connected together, a path is obtained to answer the path query. Otherwise, the 

path planner extends gT  and connects gT  to other mini-roadmaps. Since, all the 

experimental environments are connected C-spaces of the robot, any path query 

)  qQ(q gi, is answerable and there exists at least one path to connect qi and qg. The 

whole process of extension and connection is repeated until a path is obtained to 

answer the raised path query.  

 

To ensure the training data and testing data are general, all the queries are generated 

randomly. The path planner constructs a roadmap while answering these randomly 

generated queries until the vertices of the roadmap are distributed across the whole 

environment. The distribution of the vertices of a roadmap in an environment can be 

checked by employing the user-defined parameter extendStep. The whole 

environment is divided into a grid of equal-sized cube cells with the edge 

length extendStep . If the robot is located in the mid-point of a cell without collision 

with obstacles, then the cell is a collision-free cell. If there is a vertex in the roadmap 

such that the distance between the mid-point of a cell and the vertex is equal to or 

shorter than extendStep , then the cell is covered by the roadmap. If all of the 
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collision-free cells are covered by the roadmap, the whole environment is covered by 

the roadmap and there is no need to increase the size of the roadmap. Therefore, after 

one hundred randomly generated queries are answered by the path planner, the 

distribution of the roadmap will be tested. Since the size of experimental environment 

and the robot is known in advance, one hundred queries with various initial and goal 

queries can cover most of the cells in the environment. If there are cells which are not 

covered by the roadmap, the middle points of these cells are employed as the initial 

and goal configurations of path queries to be answered by the path planner. Then the 

categories of vertices in the roadmap are identified according to the known 

experimental environment and all of the values of features for each vertex are 

calculated. All of the vertices with calculated feature values and categories are 

collected as training data. Therefore, training data is a set of matched input and output 

for the decision tree system. The input is a list of feature values of a vertex. The 

output is the categories of the vertex. With all the training data, the algorithm C5.0 is 

able to generate a decision tree with decision rules automatically. The decision tree 

constructed in this manner may be employed as a vertex category classifier to make 

classification (output) for any vertex with a list of feature values (input).  

 

The decision trees are built and evaluated by software See5 developed based on 

algorithm C5.0 by Quinlan (2007). The experiments and results are recorded in 

Appendix A. 
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The decision tree which is able to classify the training data is employed to build a 

vertex category classifier. The classifier is illustrated in Figure 4.14.  

 

 

Figure 4.14: Roadmap vertex classifier 

 

The decision tree evaluation results with various user-defined extendStep  and 

sucConDis  collected from the evaluation experimental environment (Figure 4.13) are 
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illustrated in Table 4.1. The high success ratio (≥ 80%) shows that the vertex category 

classifier is able to classify the vertices in a roadmap to represent the environment 

with various regions. It also shows that the classifier works well with various user-

defined value of extendStep  and sucConDis . This is because user-defined values 

represent the user’s expectation of the classification method for various categories of 

vertices. The classifier is able to normalise the classification features of each vertex in 

the roadmap using various user-defined values, and classify the vertices based on the 

definition of various categories of roadmap vertices which are introduced in Section 

4.2. 

 

Table 4.1: Decision tree evaluation result  

RobotSize extendStep  sucConDis  SuccesfulRatio 
5*5*7 5 3* extendStep =15 88.1% 

4.5*4.5*7 6 2.5* extendStep =15 89.0% 
3.5*3.5*7 7 2* extendStep =14 87.4% 

 

 

 

4.5 Summary 

 

This chapter proposed a vertex-based classification method to improve the quality of 

the SRs. Vertices are classified into four categories according to the local 

environment in which the vertices reside. The features for these categories are then 

defined base on region information stored in the vertices and their neighbouring 
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vertices. Finally, a decision tree is trained and employed to build vertex category 

classifier.  
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CHAPTER 5 

  

K-ORDER SURROUNDING ROADMAP PATH 

PLANNER 

 

 

This chapter presents a novel path planning algorithm called KSR path planner based 

on the novel roadmap construction concept proposed in Chapter 3. The KSR path 

planner constructs a roadmap in an incremental fashion as introduced in Chapter 2, 

while answering path queries. After answering a path query, the KSR path planner 

employs the roadmap vertex category classifier to understand the local environment 

of the vertices in the roadmap and select suitable strategies to improve the quality of 

the roadmap.  

 

Our approach differs from the traditional incremental learning algorithm that records 

all the vertices employed to answer a raised path query. The KSR path planner 

algorithm only records carefully selected useful vertices in the roadmap, which is 

constructed while answering path queries. The usefulness of vertices is decided by 
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analysing the local regional environment of the vertices. The roadmap vertex 

category classifier which was explained in Chapter 4 is employed to aid the 

recognition of the local region environment for the vertices. The KSR path planner 

adds new vertices and edges if the existing roadmap cannot answer a new path query 

in order to improve the roadmap connectivity, or to increase the roadmap coverage to 

find a path for the path query. If new vertices are added to the roadmap, the KSR path 

planner selects suitable strategies according to the local regional environments of the 

vertices to prune the roadmap in order to control the roadmap size and adds new 

edges to construct useful cycles. Therefore, the quality of the roadmap constructed by 

the KSR path planner is improved incrementally until the path planner is able to 

answer a path query and there is no need to add new vertices and edges to improve 

the quality of the roadmap in terms of connectivity, coverage or useful cycles based 

on the KSR path algorithm design; thus, a high quality KSR, which was explained in 

Chapter 3, is constructed.  

  

In section 5.1, the existing incremental path planning algorithms are explained and 

analysed. Section 5.2 describes the development of the KSR path planner in brief. 

Three key processing procedures employed by the KSR path planer, answering path 

queries, pruning roadmaps and adding useful cycles, are presented in sections 5.3, 5.4 

and 5.5 respectively. Finally, section 5.6 summarises the whole chapter. 
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5.1. Analysis of Incremental Path Planning Algorithms 

 

As incremental learning path planners construct roadmaps while answering path 

queries, they require an efficient local path planner which can answer a single path 

query without the need for pre-processing. Therefore, they employ tree-based path 

planners (introduced in Chapter 2) as local planners to answer a raised path query. 

Tree-based path planners initialise two trees with the initial and goal configurations 

of a query as roots and grow the two trees towards each other, as explained in Chapter 

2. If the two trees reach each other, then a path connecting the initial and goal 

configuration of the query is obtained. Incremental learning path planners record the 

trees grown for answering path queries in the form of a roadmap. Therefore, the 

functions of RRT_extension and RRT_connection, which construct trees in the tree-

based path planning methods, are employed by incremental learning path planners as 

roadmap construction functions. 

 

A user defined parameter ExtendStep and ExtensionTest function are required to 

execute the functions of RRT_extension and RRT_connection. ExtendStep is the 

minimum allowed distance between two vertices in a roadmap. The function 

ExtensionTest tests whether a roadmap can be extended from a vertex with the 

configuration vq  in the tree to a new configuration newq  by a collision-free path 

segment with the length of ExtendStep biasing to a given configuration q. The 

pseudo-code for the algorithm of ExtensionTest is displayed in Figure 5.1. The 

function NewConfig  makes a motion towards q  from vq  with a fixed distance 
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extendStep  to obtain a new configuration, newq , and checks for collisions. 

),( ba qqDis  is employed to represent the distance between two configurations ( aq and 

bq ). The three possible extension situations are: REACHED , in which the distance 

between vq  and newq , ),( newv qqDis , is greater than or equal to the distance between 

vq  and q , ),( qqDis v ; ADVANCED  in which ),( newv qqDis  is shorter than ),( qqDis v ; 

TRAPPED , in which ),( newv qqS  is a collision path segment or newq  is a collision 

configuration. 

 

 

Figure 5.1: The pseudo-code for the algorithm of function ExtensionTest  (LaValle, 1998) 

 

The function RRT_extension attempts to extend a roadmap T  biasing to a randomly 

selected configuration randomq  and returns the extension result. Figure 5.2 illustrates 

the pseudo-code for the algorithm RRT_extension. The NearestV function selects a 
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vertex v  with the configuration vq  which is the nearest vertex in T  to randomq . The 

function ExtensionTest tests the extension from vq  to randomq  and returns result. The 

three possible extension situations are: result  is REACHED , which means that T  is 

successfully extended to or past randomq ; result  is ADVANCED , which means that T  

is successfully extended biasing to randomq  but has not reached randomq ; result  is 

TRAPPED , which means that there is at least one obstacle within the distance 

extendStep  from v  towards randomq . 

 

 

Figure 5.2: The pseudo-code for the algorithm of function RRT_extension (LaValle, 1998) 

 

The function RRT_connection attempts to connect a vertex in a roadmap T  to a 

given configuration q . Figure 5.3 illustrates the pseudo-code of the  RRT_connection 

algorithm. Function NearestV selects a vertex v  with configuration vq  which is the 

nearest vertex in T  to q . Function ExtensionTest is employed to test the extension 
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from vq  iteratively until q  is reached or an obstacle is reached. Three possible 

connection results are: REACHED , which means that T  is successfully connected to 

q  without collision; ADVANCED , which means that there is at least one obstacle 

between v  and q  , and a new vertex newv  with the configuration newq  and an edge 

(the length of the edge is greater than or equal to extendStep ) connecting v  and newv  

are added to T ; TRAPPED , in which there is at least one obstacle within the distance 

extendStep  from v  towards q . 

 

 

Figure 5.3: The pseudo-code for the algorithm of RRT_connection function (LaValle, 1998) 
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There is currently only one incremental learning path planning algorithm, the 

Reconfigurable Random Forest (RRF), proposed by Liang and Shie (2007). The RRF 

path planner employs a data structure called forest F such that },{ 2,1 nTTTF =  to 

store a list of the currently maintained trees which are obtained by answering path 

queries. The RRF path planner answers a path query by adding two trees iT  and gT  

with the initial and goal configurations of the query as the roots to F  and attempts to 

merge iT  and gT  to other mini-roadmaps in F  until they are connected to each other. 

The merging process is explained as follows. The RRF path planner employs function 

RRT_extension to extend iT   randomly and connects iT  to other trees nT  such that 

in TT ≠  in F  by employing the function RRT_connection. If function 

RRT_connection returns REACHED , then nT  and iT  are merged into a single tree 

and a path is obtained. Otherwise, the RRF path planner extends gT  randomly and 

connects gT  to the other trees in .F  The whole process will be executed iteratively 

until iT  and gT  are merged or the number of repetitions reaches a user-defined value.  

 

The RRF path planner prunes trees in F  after answering a certain number of path 

queries in order to decrease the size of F. The pruning rules include a vertical pruning 

rule and a horizontal pruning rule. The vertical pruning rule is that a vertex v  will be 

removed from a tree by connecting its parent vertex pv  to all the child vertices of v  if 

pv  resides too close to all these child vertices and there are collision-free path 
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segments to connect pv  and every child of v . The horizontal pruning rule is that a 

vertex v  will be pruned if it resides too close to a sibling vertex sv  of v  and there are 

collision free path segments to connect sv  to all the child vertices of v . 

 

Due to the usage of incremental learning, the RRF path planner does not require a 

roadmap prior to answering any path query, but is able to build up a roadmap 

incrementally while answering path queries. However, not every vertex obtained to 

construct the trees is a useful vertex. Adding useless vertices to increase the size of 

F  can burden the path planner and require it to spend more time to finding a path to 

answer a new path query. Although the pruning rules are applied to reduce the size of 

F , the rules only consider tree structure and delete the vertices which reside too 

close to other vertices. Therefore, the RRF path planner constructs a big tree structure 

roadmap with the vertices which reside within a freeC . However, there exist a large 

number of vertices which can be deleted from such a roadmap without reducing the 

connectivity and the coverage of the roadmap. In addition, since there are no cycles in 

a tree structure roadmap, paths found could be tedious. Therefore, the roadmaps 

constructed by the RRF path planner are not high quality roadmaps. 
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5.2 K-order Surrounding Roadmap Planner Overview 

 

A K-order Surrounding Roadmap (KSR) path planner was developed to construct 

high quality roadmaps while answering path queries based on an incremental learning 

path planning method. 

 

In contrast to the RRF path planner which records every tree obtained by answering 

path queries, the KSR path planner only keeps useful vertices which are able to 

improve the quality of the existing roadmap. In addition, the KSR path planner adds 

new edges to construct useful cycles in order to create non-tree structure roadmaps 

after answering a path query. The KSR planner employs three essential functions to 

answer a path query ),( gi qqQ  and improve the quality of the existing roadmap R , 

namely function AnswerQuery, PruneRoadmap and AddUsefulCycles, explained 

below: 

 

a) Function AnswerQuery 

Function AnswerQuery attempts to answer ),( gi qqQ . It evaluates the quality of the 

existing roadmap R  in terms of the coverage and the connectivity of R  while 

answering ),( gi qqQ . Function AnswerQuery connects iq  and gq  to R . If both iq  

and gq  are successfully connected to R  and a path connecting iq  and gq  can be 

identified in R , it means the coverage and the connectivity of R  can answer 

),( gi qqQ  without the requirement of adding additional vertices and edges, and 
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function AnswerQuery returns GOOD . Otherwise, function AnswerQuery grows two 

tress from iq  and gq  and adds these two trees to R . These two trees are merged with 

other mini-roadmaps in R  until they are connected and a path is obtained, or the 

times of merge reaches a user-defined value. In the process of merging these two 

trees, function AnswerQuery adds new vertices and edges to R  to improve the 

coverage and the connectivity of R  in order to obtain a path connecting iq  and gq  

and returns POOR . Section 5.3 explains function AnswerQuery in detail. 

b) Function PruneRoadmap 

Function PruneRoadmap, which is explained in section 5.4, attempts to prune a 

roadmap in order to reduce the size of the roadmap without affecting the quality of 

the roadmap in terms of the coverage and the connectivity of the roadmap. It 

calculates the classification feature values for all the newly added vertices in R and 

the vertices whose classification feature values are changed by these newly added 

vertices. It then employs the vertex category classifier, presented in Chapter 4, to 

classify these vertices and analyses the local environments of these vertices.  Finally, 

it selects suitable strategies to identify the usefulness of these vertices according to 

the local environments where the vertices reside and deletes useless vertices.  

c) Function AddUsefulCycles 

Function AddUsefulCycles attempts to construct useful cycles by adding new edges to 

connect newly added vertices in R  to other vertices, as explained in Section 5.5. The 

useful cycles are non-first-order deformation cycles and do not contain redundant 

paths in R. Function AddUsefulCycles returns SUCCESS if useful cycles are 

constructed. Otherwise it returns FAIL. Although edges are added between some 
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vertices in R , the KSR path planner still keeps the tree relationship which is the 

relation between parents and children and is obtained by executing function 

AnswerQuery for the vertices in R .  

 

The pseudo-code for the algorithm of function KSR_planner is displayed in Figure 

5.4. The process by which the KSR path planner answers a path query is explained as 

follows. For answering a raised path query ),( gi qqQ , the KSR path planner employs 

function AnswerQuery to answer ),( gi qqQ . If the function AnswerQuery returns 

good it means that the existing roadmap is able to answer ),( gi qqQ  and iq  and gq are 

added to R  and the function AddingUsefulCycles checks whether useful cycles can 

be constructed by connecting iq  or gq  to other vertices. If iq  or gq  can not be 

employed to construct useful cycles, then the correspondence vertex is deleted from 

R . If the existing roadmap is not able to answer ),( gi qqQ , function AnswerQuery 

increases the coverage and the connectivity of R  by extending existing trees and 

connecting these trees in order to add new vertices and edges to R  in order to find a 

path connecting iq  and .gq  Then, the KSR path planner employs function 

PruneRoadmap to classify the category of each of the vertices in R  and selects 

suitable strategies to prune R  according to the local environment of the vertices. If 

there are still newly added vertices generated to answer ),( gi qqQ  after the pruning 

process, function AddingUsefulCycles is employed to add new edges to connect these 

newly added vertices to other vertices in R  to construct useful cycles. The whole 
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process of answering a new path query by the KSR path planner is illustrated in 

Figure 5.5. 

 

 

Figure 5.4: The pseudo-code for the algorithm of function KSR_planner  
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Figure 5.5: The process of answering a new path query by KSR path planner  

 

Every path query can be employed to check the coverage and the connectivity of the 

existing roadmap. If the initial or goal configurations ( iq  or gq ) cannot be connected 

to the existing roadmap, it means the coverage of the roadmap can be improved by 

adding more vertices to cover the area in which iq  or gq  resides. If no path can be 

found in the roadmap to connect iq  or gq when both iq  and gq  can be connected to 

the roadmap without obstacle collision, the roadmap does not achieve maximal 

connectivity. In either case, the KSR path planner increases the coverage and the 

connectivity of the roadmap while searching and building a path to answer the newly 

raised path query. After answering each query, the KSR path planner prunes the 

roadmap in order to minimise the roadmap size without affecting the quality of the 

roadmap in terms of decreasing the coverage and the connectivity of the roadmap and 

breaking constructed useful cycles in the roadmap. The newly added vertices in the 

roadmap, obtained by answering the path query, are employed to check whether non-

first-order cycles containing no redundant paths can be constructed. Since all the 
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useful cycles in the roadmap are connected to each other if the roadmap achieves 

maximal connectivity, a K-order surrounding roadmap is constructed after a certain 

number of path queries are answered with the trade-off between the criteria size and 

other criteria listed in Chapter 3. The trade-off is that only the vertices which improve 

the connectivity or coverage of the existing roadmap, or increase number of useful 

cycles are allowed to construct the roadmap. Once the roadmap is able to answer any 

path queries without adding more vertices and edges to the roadmap and no useful 

cycles can be constructed by employing the initial and goal configurations of the 

newly raised path query, the roadmap becomes a high quality KSR. Therefore, the 

KSR path planner is able to construct a high quality KSR incrementally while 

answering path queries. 

 

As the region information of vertices is required by the vertex category classifier for 

classification as explained in Chapter 4, the KSR path planner must record the region 

information (four values) of every vertex while constructing a roadmap. The region 

information can be stored in the variables sucExtv. , failExtv. , sucConv.  and 

failConv.  of every vertex v . sucExtv. , failExtv. , sucConv.  and failConv.  serve as 

counters to record the number of successful extensions from v , the number of failed 

extensions from v , the number of successful connections from v, and the number of 

failed connections from v , respectively. The initial value of these variables is set to 

zero.  
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The functions KSR_extension and KSR_connection are developed to serve the KSR 

path planner as basic functions to construct a roadmap with the ability to record the 

region information for every vertex in the roadmap. 

 

Function KSR_extension attempts to extend a connected roadmap r  biasing to a 

randomly selected configuration randomq  from a vertex v  which is the nearest vertex in 

r  from randomq  and returns the extension result, which is similar to function 

RRT_extension. The difference is that the function RRT_extension records region 

information for the vertices. If a new vertex newv  is added to r  and a new edge is 

added to connect newv  and v , which means that there are successful extensions from 

newv  and r , the function KSR_extension increments sucExtvnew.  and sucExtv.  by one 

respectively. If no new vertex can be added to r , which means that there is a failed 

extension from v , function KSR_extension increments failExtv.  by one. Figure 5.6 

illustrates the pseudo-code for the algorithm of function KSR_extension.  

 



 122 

 

Figure 5.6: The pseudo-code for the algorithm of function KSR_extension  

 

Function KSR_connection attempts to connect a connected roadmap r  to a given 

vertex v  from a vertex nearv  which is the nearest vertex in r  from q  and returns the 

connection result, which is similar to function RRT_connection. The difference is 

that function RRT_connection records the region information of vertices. If the 

connection result is TRAPPED  which means that there is a failed extension from 

nearv  towards q , function KSR_connection increments failExtvnear .  by one. If the 

connection result is ADVANCED  which means a new vertex newv  is added to r  and 

there is a failed extension from newv  towards q , function KSR_connection increments 

failExtvnew.  by one. If the distance ),( newnear vvDis  is greater than sucConDis , which 

means there are successful connections from newv  and nearv , function 

Algorithm KSR_extension 
Input: A connected roadmap r  
 A randomly selected configuration randomq  
Output: Extension result result  
Procedure: 
Begin ),,(_ newrandom qqrextensionKSR  

),( randomqrNearestVv ←  
←q the configuration of v  

),( , newrandom qqqestExtensionTresult ←  
if TRAPPEDresult ≠  then 

  add a new vertex newv  with the configuration newq  to r  
              add a new edge connecting newv  and v  to r 
               ++SucExtv.  
               ++sucExtvnew.  

else 
                ++failExtv.  
 end if 

return result  
End ),,(_ newrandom qqrextensionKSR  



 123 

KSR_connection increments sucConvnear .  and sucConvnew.  by one respectively. 

Otherwise, it means there is a failed connection from nearv  and function 

KSR_connection increments failConvnear .  by one. If the connection result is 

REACHED  and the distance ),( vvDis near  is greater than sucConDis , which means 

there are successful connections from nearv  and v , the function KSR_connection 

increments failConvnear .  and failConv.  by one respectively. Figure 5.7 illustrates the 

pseudo-code for the algorithm of function KSR_connection.  
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Figure 5.7: The pseudo-code for the algorithm of KSR_connection function 

 

 

Algorithm KSR_connection 
Input: A roadmap r  
 A vertex v  
Output: A connection result result  
Procedure: 
Begin ),,(_ newqvrconnectionRRT  
 ←q the configuration of v  

),( qrNearestVvnear ←  

nearvv ←′  
repeat  

             ),,( newqvvestExtensionTresult ′=  
              if ADVANCEDresult =  then 
                        newqv =′  
              end if 

until ADVANCEDresult ≠  
if extendStepqvDis newnear =),(  then 

              TRAPPEDresult =  
               ++failExtvnear .  

else  
             if TRAPPEDresult =  then 
                        ADVANCEDresult =  
                        Add a new vertex newv  with the configuration newq  to r  
                        Add a new edge connecting newv  and nearv  to r  
                        ++failExtvnew.  
                         If sucConDisvvDis newnear ≥),(  then 
                                     ++sucConvnear .  
                                     ++sucConvnew.  
                         else 
                                     ++failConvnear .  
             else 
                         REACHEDresult =  
                          If sucConDisvVDis near ≥),(  then 
                                     ++SucConvnear .  
                                     ++sucConV .  
                          end if 
 
             end if 

end if 
return result  

End ),,(_ newqqrconnectionRRT  
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5.3 Answering Path Queries 

 

Function AnswerQuery is employed by the KSR path planner to answer a query, 

),( gi qqQuery . It can evaluate the quality of the existing roadmap R  and increase the 

coverage and the connectivity of R  according to the evaluation result besides 

producing a path to answer ),( gi qqQuery  

 

Figure 5.8 illustrates the pseudo-code for the algorithm of function AnswerQuery. 

There are two evaluation results: GOOD  and POOR . The KSR path planner 

evaluates the existing roadmap by connecting iq  and gq  to every mini-roadmap r  in 

R . If both iq  and gq  are connected to the same r , a path is obtained and it shows 

that the existing roadmap is able to answer ),( gi qqQuery  without the requirement to 

increase the size of R . Then, the evaluation result is GOOD . Otherwise the 

evaluation result is POOR , which means that the KSR path planner needs to add 

more vertices and edges in R  to increase the coverage and connectivity of the existing 

roadmap in order to find a path connecting iq  and gq . Therefore, the KSR path 

planner grows two trees iT  from iq  and gT  from gq and adds iT  and gT  into R . If iq  

and gq  can not be connected to any mini-roadmap in R  before adding iT  and gT  to 

R , it means that iq  and gq  are not in the visibility domain of R . The process of 

adding iT  and gT  to R  improves the coverage of R . Then iT  or gT  is merged with 

other mini-roadmaps in R  repeatedly by executing function MergeTrees until iT  and 
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gT  connect to each other and a path is found, or the number of repetitions reaches a 

user-specified value repeatN .  

 

Figure 5.8: The pseudo-code for the algorithm of function AnswerQuery  

Algorithm AnswerQuery 

Input: 
The initial and goal configurations of a query iq , gq  
A roadmap R  

Output: A evaluation result result  
Procedure: 

Begin ),,( RqqyAnswerQuer gi  
If R  is not empty then  

            for every mini-roadmap r  in R  do 
                   Connect iq  and gq  to r  
                    if a path is obtained then 
    Add a vertex iv  with the configuration iq  to r  

Add a vertex gv  with the configuration gq  to r  
                                 GOODresult ←  
                                 return result  
                    end if 
             end for 

end if 
)( ii qTreeT ←  
)( gg qTreeT ←  

 0←n  
POORresult ←  

repeat  
           n++ 
            if SUCCESSRTMergeTrees i =),(  then 

if iT  and gT  are merged then 
                                               A path is obtained 
                                               return result  
                                       end if 
             end if 
                             if SUCCESSRTMergeTrees g =),(  then 

                                      if iT  and gT  are merged then 
                                               A path is obtained 
                                                return result  
                                       end if 
                            end if 

until repeatNn <  
End ),,( RqqyAnswerQuer gi  
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Function MergeTrees attempts to merge a tree T  to other mini-roadmaps in R  and 

returns the merging result. Figure 5.9 illustrates the pseudo-code for the algorithm of 

function MergeTrees. Function KSR_extension is employed to extend T biasing to a 

randomly selected configuration. If a new vertex Tnewv  is added to T  after the 

extension, then function MergeTrees attempts to connect other mini-roadmaps r  in 

R  such that Tr ≠  to Tnewv  by employing RRT_connection. If r  is connected to Tnewv , 

then r  and T  are merged, r  is deleted from R  and the merging result SUCCESS  is 

returned. Otherwise, the function MergeTrees provides another chance to merge r  

and T  by extending r  biasing to a randomly selected configuration and connecting 

T  to r  again. If the connection succeeds, then r  is merged with T , r  is deleted 

from R  and the merging result SUCCESS  is returned. If no r  in R  can be merged 

with T  the function MergeTrees returns FAIL . 

 

Repeatedly executing the function MergeTrees connects dis-connected mini-

roadmaps in R , which decreases the number of mini-roadmaps. Function 

AnswerQuery executes function MergeTrees iteratively until a path is obtained. 

Therefore, the connectivity of the existing roadmap can be improved. In addition, the 

coverage of the roadmap can be increased with more vertices and edges added to R  

and the region information of vertices in the roadmap are recorded by executing the 

functions KSR_connection and KSR_extension in function MergeTrees. 

 



 128 

 

Figure 5.9: The pseudo-code for the algorithm of MergeTrees function 

 

 

5.4 Pruning Roadmaps 

 

The pruning process aims to minimise the size of a roadmap. A smaller roadmap 

consumes less memory space and enables a path planner to spend less time searching 

Algorithm MergeTrees 
Input: A tree T  
Output: Merging result result  
Procedure: 
Begin ),( RTMergeTrees  

←randomq a randomly generated configuration 
 if TRAPPEDqqTextensionKSR newTrandom ≠),,(_  then 
  ←Tnewv the new vertex with the configuration Tnewq  added to T  

for every mini-roadmap r  in R do 
             if r  is not T  then 
    if REACHEDqvrconnectionKSR newTnew =),,(_  then 
                                SUCCESSresult ←  
          Merge r  and T as T  and delete r  from R  
                                return result  
                      end if 
                               ←randomq a randomly generated configuration 
                               if TRAPPEDqqrextensionKSR newrandom ≠),,(_  then 

←newv the new vertex with the configuration newq  
added to r  

                                           if REACHEDqvTconnectionKSR newnew =′ ),,(_  then 
                                                       SUCCESSresult ←  
      Merge r  and T  as T  and delete r  from R  
                                                      return result 
                                          end if 
                               end if  

end for 
end if 

FAILresult ←  
return result  

end ),( RTMergeTrees  
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for a path. However, tradeoffs must be made between size and other high quality 

roadmap criteria as explained in Chapter 3. The trade-off is that the deletion of 

vertices in order to improve the quality of the roadmap in terms of decreasing the size 

of the roadmap can not decrease the quality of the roadmap in terms of coverage, 

connectivity and number of useful cycles. Therefore, the pruning process should not 

break the roadmap connectivity and the existing useful cycles in the roadmap or 

decrease the coverage of the roadmap. Therefore, function PruneRoadmap only 

deletes useless vertices which do not contribute to the coverage and the connectivity 

of the roadmap and do not construct the existing cycles in the roadmap. The 

usefulness of a vertex depends on its local environment. Function PruneRoadmap 

employs a vertex category classifier to classify the vertices in a roadmap and analyses 

the local environment of the vertices. Then function PruneRoadmap selects suitable 

strategies for the vertices in various environments to identify the usefulness of the 

vertices and deletes useless vertices.  Figure 5.10 presents the pseudo-code for the 

algorithm of function PruneRoadmap.  
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Figure 5.10: The pseudo-code for the algorithm of function PruneRoadmap  

 

Function PruneRoadmap is executed after function AnswerQuery adds vertices and 

edges to a roadmap R  in order answer a query and returns POOR . Some part of R  

may exist and be classified already when the last path query is answered and the 

classification feature values of the vertices in this part are not changed by the newly 

added vertices obtained when the new path query is answered. Therefore, function 

PruneRoadmap only prunes that part of R which is constructed by the newly added 

Algorithm PruneRoadmap 
 

Input: A roadmap R  
Output:  
 
Procedure: 

Begin )(RneRoadmapPru  
←vertexList a list of vertices which are newly added to R  or whose classification 

features are changed by newly added vertices 
for every vertex v  in vertexList  do 

              Calculate the classification features of v  
              Employ vertex category classifier to do classification for v  

end for 
Group the vertices in vertexList  based on the categories of the vertices listed in 

Chapter 4 and mark group connector vertices 
for each group do 

              switch group type 
                          case free group (all the vertices are free vertices) 
                                  1_Strategy  
                          end case 
                          case cluttered group (all the vertices are cluttered vertices) 
                                  2_Strategy  
                          end case 
                         case narrow-passage group (all the vertices are narrow-passage 
vertices) 
                                  3Strategy  
                          end case 
                          case near-obstacle group (all the vertices are near-obstacle vertices) 
                                  4Strategy  
                          end case 

end for 
)(vertexListicesDeleteVert  
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vertices and the vertices whose classification feature values are changed by the newly 

added vertices. A list of such vertices, vertexList , is constructed. The classification 

features of every vertex in vertexList  are calculated according to the region 

information in each vertex and its neighbouring vertices. The vertex category 

classifier is then employed to classify all the vertices in vertexList  into the categories. 

After the classification, function PruneRoadmap groups the vertices in vertexList  

according to their categories. All the vertices in a group are connected with each other 

and in the same category. The groups can be classified into free groups, cluttered 

groups, narrow-passage groups and near-obstacle groups according to the category of 

vertices in the groups. Therefore, a group is a connected mini-roadmap containing the 

vertices with similar characteristics. The vertices connecting to other vertices which 

are not in the same group are marked as group connector vertices. All the group 

connector vertices are marked as useful vertices, as keeping them retains the 

connectivity of the existing roadmap. Figure 5.11 illustrates various groups; all the 

vertices in hollow points in each group are group connector vertices. After the 

classification and grouping of the vertices, function PruneRoadmap selects suitable 

strategies to check the usefulness of each vertex in various groups. Then, function 

DeleteVertices stores the region information of useless vertices to one of its 

neighbouring vertices and deletes all useless vertices. Figure 5.12 shows the pseudo-

code for the algorithm DeleteVertices. Function DeleteVertices checks every vertex v  

in vertexList . If v  is useless and v  is a leaf vertex or root vertex with only one child, 

v  is deleted. If the distance between v  and its neighbouring vertex is equal to or less 

than extendStep , the region information of v  will be moved to the neighbouring 
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vertex before the deletion. This process will be repeated until there are no useless 

vertices in vertexList .  

 

 

 

Figure5.11: Groups of vertices 

Narrow-passage 

 

Near-obstacle group 

Free 

 

Cluttered group 
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Figure 5.12: The pseudo-code for the algorithm of function DeleteVertices  

 

 

 

Algorithm DeleteVertices 
Input: A list of vertices vertexList  
Output:  
Procedure: 
Begin )(vertexListicesDeleteVert  

falseertexhasDeleteV ←  
falsedeletion ←  

        for every v in vertexList  do 
                 if v is a usefulness vertex then 
                           if v  is a leaf vertex then  
                                    trueertexhasDeleteV ←  
                                   truedeletion ←  
                                   ←vNeighbor the parent of v  
                           else 
                                  if v  is a roof vertex and v  has only one child then 
                                              trueertexhasDeleteV ←  
                                              truedeletion ←  
                                              ←vNeighbor one child of v  
                                  end if 
                           end if 
                           if truedeletion =  then 
                                   if  extendStepvvNeighborDis ≤),(  then 
                                            failExtvfailExtvNeighborfailExtvNeighbor ... +=  
                                             failExtvfailExtvNeighborfailExtvNeighbor ... +=  
                                            failExtvfailExtvNeighborfailExtvNeighbor ... +=  
                                            failExtvfailExtvNeighborfailExtvNeighbor ... +=  
                                    end if 
                                   Delete v  from vertexList  
                                   falsedeletion ←  
                            end if 
                  end if 

end for 
if trueertexhasDeleteV ←  then 

             )(vertexListicesDeleteVert  
end if 

End )(vertexListicesDeleteVert  
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There are four strategies developed to check the usefulness of the vertices in various 

groups according to the types of vertices. They are explained as follows: 

a) 1_Strategy  

1_Strategy  is applied in a free group. All the group connector vertices and the 

vertices which are employed to construct useful cycles are marked as useful vertices. 

Keeping these vertices retains the connectivity between the group and the remainder 

of the roadmap and dose not break existing useful cycles. As the vertices on the path 

connecting these useful vertices retain the connectivity of these useful vertices in the 

group, they are marked as useful vertices as well. As the local environment where the 

group resides is a free region, it does not require more vertices to represent the region. 

Therefore, other vertices which have not been marked can be marked as useless 

vertices and deleted from the group. Figure 5.13 illustrates the roadmaps before and 

after pruning based on 1_Strategy  for the free group of the roadmap in Figure 5.11.  

 

 

Figure 5.13: The roadmaps before and after pruning for free group 

 

 

Free 

 

Free 

 

(a) Before deleting useless vertices (b) After deleting useless vertices 
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b) 2_Strategy   

2_Strategy  is applied in a cluttered group. All the group connector vertices and the 

vertices which are employed to construct useful cycles are marked as useful vertices. 

All the vertices on the path connecting these useful vertices are marked as useful 

vertices. As the environment where the cluttered group resides is complex with many 

obstacles, the roadmap in this environment should contain long paths around each 

obstacle and avoid useless leaf vertices on the path. If a leaf vertex has sibling 

vertices where the distance between the vertices and one of its sibling vertices is 

shorter than extendStep , that means the distance between these two sibling vertices is 

small and one vertex is enough to represent the area surrounding these two sibling 

vertices. Such a vertex is considered as a useless leaf vertex and marked as useless 

vertex. If a leaf vertex has a distance between the leaf vertex and its ancestor vertices 

shorter than extendStep×2 , that means the distance between the leaf vertex and its 

ancestor vertex is small and the ancestor itself can represent the area surrounding the 

leaf vertex, the vertex is considered as a useless leaf vertex and marked as useless 

vertices. Then, all the other vertices which have not been marked are marked as 

useful vertices. Figure 5.14 illustrates the roadmaps before and after pruning based on 

2_Strategy  for the cluttered group of the roadmap in Figure 5.11. 
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Figure 5.14: The roadmaps before and after pruning for cluttered group 

 

c) 3_Strategy  

3_Strategy  is applied in a narrow-passage group. All the group connector vertices 

and the vertices which are employed to construct useful cycles are marked as useful 

vertices. All the vertices on the path connecting these useful vertices are marked as 

useful vertices. As the environment region where the narrow-passage group resides is 

a narrow-passage region, the longest path which goes through the passage should be 

kept. If there is only one connector, the vertex which is the furthest vertex from the 

connector vertex and the vertices on the path to connect the group connector vertex 

and the vertex are marked as useful vertices. If there are no connector vertices in the 

narrow-passage group, the pair of vertices with the longest distance between them 

among all pairs of vertices in the group is selected. The pair of vertices and all the 

vertices on the path to connect them are marked as useful vertices. Figure 5.15 

illustrates the roadmaps before and after pruning based on 3_Strategy  for the 

narrow-passage group of the roadmap in Figure 5.11. 

Cluttered group Cluttered group 

(a) Before deleting useless vertices (b) After deleting useless vertices 
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Figure 5.15: The roadmaps before and after pruning for narrow-passage group 

 

d) 4_Strategy  

4_Strategy  is applied in a near-obstacle group. All the group connector vertices and 

the vertices which are employed to construct useful cycles are marked as useful 

vertices. All the vertices on the path connecting these useful cycles are marked as 

useful vertices. As the environment region where the near-obstacle group resides is a 

region which contains an area close to obstacles and a relatively free area, the 

roadmap in this region must pass along the obstacles which are close to this region to 

represent the region environment. All the vertices whose failExt  are not zero are 

marked as useful vertices. The vertices on the path connecting these useful vertices 

are marked as useful vertices as well. Then all the other vertices which have not been 

marked are marked as useless vertices. Figure 5.16 illustrates the roadmaps before 

and after pruning based on 4_Strategy  for the near-obstacle group of the roadmap in 

Figure 5.11. 

 

Narrow-passage 
group 

(a) Before deleting useless vertices 

Narrow-passage 
group 

(b) After deleting useless vertices 
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Figure 5.16: The roadmaps before and after pruning for near-obstacle group 

 

The function PruneRoadmap is able to prune a roadmap without breaking the 

connectivity of the roadmap and the existing cycles in the roadmap by employing 

various pruning strategies. Figure 5.17 illustrates the roadmap obtained after 

executing the function PruneRoadmap for the roadmap in Figure 5.11 by applying 

suitable strategies in various environment regions.  

 

 

Figure 5.17: The roadmaps obtained after pruning for the roadmap in Figure 5.10 

Near-obstacle 
group 

(a) Before deleting useless vertices (b) After deleting useless vertices 

Near-obstacle 
group 
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5.5 Adding Useful Cycles 

 

The process of adding useful cycles aims to add new edges between pairs of vertices 

in the same mini-roadmap r  in order to construct useful cycles. An edge connecting 

two vertices in the same mini-roadmap can be added to r  if the edge cannot be 

deformed into any paths connecting the vertices in r . This means that all the cycles 

in the roadmap are non-first-order cycles. If the edge can be visibly deformed into a 

path in r , the edge is a redundant path. Therefore, the redundancy test should be 

carried out before adding any edge. Searching for a valid path in the visibility 

diagram (Leonard and Thierry, 2006) of the edge and a path that connects the same 

two vertices can be employed to check the redundancy of the edge. If a path is 

searched out from the visibility diagram, it means the edge can be visibly deformed 

into the path and the edge is redundant. Otherwise, the edge is not a redundant edge.  

 

As the redundancy test is time consuming, not all edges connecting every pair of 

vertices in r  are checked when constructing useful cycles. The candidate vertices 

which are employed to add edges between them are selected before conducting the 

redundancy test. Figure 5.18 displays the pseudo-code for the algorithm of function 

GenerateCandidatesList. Function GenerateCandidatesList attempts to generate a list 

of candidate vertices Listcandidates  from a connected roadmap r . All the vertices in 

r  are grouped according to the categories of the vertices as discussed in section 5.4. 

As a group connector vertex of a free group resides far from the connected vertices 

which are not in the free group, they are most possibly the vertices to construct useful 
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cycles and are added to Listcandidates . In a cluttered group, the group connector 

vertices and the vertices are added to Listcandidates . The group connector vertices 

are marked as group candidates vertices because only group candidates are employed 

to connect to vertices in other groups in order to construct useful cycles to surround 

the cluttered regions. The candidate vertices in the cluttered group can be connected 

to each other to construct useful cycles to surround the obstacles inside the region. In 

a narrow-passage group, only the connector vertices and leaf vertices are added to 

Listcandidates . Because they reside at the end of the passage and are much more 

likely to be employed to construct useful cycles than the other vertices in the narrow-

passage region. In a near-obstacle region, all the group connector vertices and leaf 

vertices are added to Listcandidates  because they can be representative vertices in 

the group to construct useful cycles to surround the obstacles which the group is near 

to.  

 

Function AddUsefulCycles attempts to add edges on each mini-roadmap r  in R  to 

construct useful cycles. Figure 5.19 displays the pseudo-code for the algorithm of 

function AddUsefulCycles. A list of candidate vertices Listcandidates  is generated 

for each r . For every newly added vertex v  in Listcandidates , if v  is a cluttered 

vertex and has not been marked as a group candidate vertex, function 

AddUsefulCycles only tries to add edges between v  to other candidate vertices in the 

same cluttered group. This is because more useful cycles are required inside a 

cluttered region containing many obstacles, compared to other regions. Otherwise, 

function AddUsefulCycles tries to add edges between v  and other candidate vertices 
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in the different groups to construct useful cycles to surround the regions. Function 

AddUsefulCycles tests whether the path segment between two candidates is collision-

free or not. If it is a collision-free path segment, function AddUsefulCycles checks the 

redundancy of the path segment. If the path segment is not redundant with respect to 

any paths connecting these two candidate vertices in r , a new edge connecting these 

two candidate vertices is added to the roadmap. Then function AddUsefulCycles 

removes these two candidate vertices from Listcandidates  to avoid additional 

redundancy tests being performed. 
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Figure 5.18: The pseudo-code for the algorithm of GenerateCandidatesList function 

 

Algorithm GenerateCandidatesList 
Input: A connected roadmap r  
Output: A list of vertices Listcandidates  
Procedure: 
Begin )(RstndidatesLiGenerateCa  
 ←Listcandidates a list to store vertices  

Group all the vertices in r  
        for every group do 
  case free group 
    for every vertex v  in the group do 

if v  is a group connecter vertex and the distance between v  
and its connected vertices which is not in the group is greater 
than or equal to sucConDis  then 

     Add v  to Listcandidates  
    end if 
   end for 
  end case 
                 case cluttered group 
   for every vertex v  in the group do 
                            if v  is a connector then  
     Mark v  as a group candidate 
    end if 

Add v  to Listcandidates  
   end for 
  end case 
  case narrow-passage group 
   for every vertex v  in the group do 
                            if v  is a connector or v  is a leaf vertex then  
     Add v  to Listcandidates  
    end if 
   end for 
  end case 
  case near-obstacle group 
   for every vertex v  in the group do 
                            if v  is a connector or v  is a leaf vertex then  
     Add v  to Listcandidates  
    end if 
   end for 
  end case 
 end for 
 return Listcandidates  
End )(RstndidatesLiGenerateCa  
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Figure 5.19: The pseudo-code for the algorithm of AddUsefulCycles function 

Algorithm AddUsefulCycles 
Input: A roadmap R  
Output: None 
 
Procedure: 
Begin )(RyclesAddUsefulC  
 ←Listcandidates a list of vertices  

for every r  in R  do 
 )(rstndidatesLiGenerateCaListcandidates ←  
 for every vertex v  in Listcandidates  do 
        if v  is the newly added vertex when the query is answered then 
  for every vertex v′  such that vv ′≠ in Listcandidates  do 
   falsetaddEdgeTes ←  

if v is a cluttered vertex and v  is not marked as a group 
candidate then 

    if v′  and v  in the same group then 
     truetaddEdgeTes ←  
    end if 
   else 
    if v′  and v  are not in the same group then 
     truetaddEdgeTes ←  
    end if 
   end if 
   if truetaddEdgeTes  is  then 
    if ),( vvS ′  is a collision-free path segment then 

if ),( vvS ′  is not redundant to any paths in r                   
connecting v′  and v  then 
        Add a new edge connecting v′  and v  

to r 
        Remove v′  and v  from Listcandidates  

      end if 
     end if 
    end if 
   end for 
                                   end if 
  end for 
 end for 
End )(RyclesAddUsefulC  
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5.6 Summary  

 

This chapter has presented a developed incremental leaning path planner, which is a 

K-order Surrounding Roadmap (KSR) path planner. The KSR path planner constructs 

a roadmap while answering path queries. A newly raised path query is employed to 

evaluate the connectivity and the coverage of the existing roadmap. The KSR path 

planner generates new vertices and edges to increase the coverage and the 

connectivity of the existing roadmap, if the existing roadmap is not able to answer the 

query. If new vertices are added to the roadmap, the KSR path planner selects 

suitable strategies to prune the roadmap according to the local environments where 

the vertices reside in order to control the roadmap size and adds new edges to connect 

the newly added vertices to other vertices. This process helps to construct useful 

cycles in the roadmap. Therefore, the quality of the roadmap constructed by the KSR 

path planner is improved incrementally. If the number of path queries is infinite, the 

roadmap becomes a high quality KSR when the roadmap is able to answer any path 

query and no useful cycles can be constructed by the initial and goal configurations of 

the newly raised query. 
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CHAPTER 6  

 

EXPERIMENTS RESULTS AND EVALUATION 

 

 

This chapter presents the experiments conducted in order to evaluate the KSR path 

planer proposed in this research.  

 

Section 6.1 describes a simulation system and various experimental scenarios which 

were used to carry out the experiments. Vertex category classification and pruning of 

a KSR according to various strategies are two essential models employed by the KSR 

path planner. Section 6.2 and Section 6.3 present and analyse the results obtained 

from the experiments to evaluate these two processes. In each experimental scenario, 

the KSR path planner was employed to construct roadmaps. The performance of the 

KSR path planner is evaluated by employing the KSR path planner to construct the 

roadmaps in various experimental scenarios. The discussion of the evaluation is 

presented in Section 6.4. In Section 6.5, the KSR path planner is compared with a 
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PRM path planner and a RRF path planner, and the experimental results are analysed 

and evaluated. 

 

6.1 Experimental Settings and Evaluation Method 

 

6.1.1 Experimental settings 

 

A simulation system was developed using C++ language and implemented in Visual 

C++ 6.0 under Windows XP in order to carry out the experiments. The system 

consisted of a collision detection package, a random number generator, a scenario 

loader, a roadmap cache and path planners. 

 

a) Collision detection package 

The simulation system employs a collision detection package named SOLID 

(Version3.5.6) to perform collision detection. SOLID is a free software library 

designed and developed by Bergen (1999) for collision detections of three 

dimensional objects. 

b) Random number generator 

The simulation system employs a model called Random to generate random numbers. 

The Random model is developed based on the Mersenne twister pseudo random 

number generating algorithm (Matsumoto and Nishimura, 1997), and it is  part of the 

Motion Strategy Library (LaValle et al, 2000), which is an open source library. The 

http://en.wikipedia.org/w/index.php?title=Makoto_Matsumoto&action=edit&redlink=1�
http://en.wikipedia.org/w/index.php?title=Takuji_Nishimura&action=edit&redlink=1�
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generated random numbers from Random are used to construct robot configurations 

in order to sample a C-space uniformly. 

c) Scenario loader 

A scenario loader in the simulation system was developed to load experimental 

scenarios into the system. Each experimental scenario consists of a robot and several 

obstacle models. All of the models are represented by XML files which are created 

based on a list of XML document type definitions provided by the MOVIE project 

(Overmars et al, 2003). 

 

d) Roadmap data structure 

A roadmap data structure in the simulation system was developed to store roadmaps 

which are tree structure roadmaps or non-tree structure roadmaps. The roadmap cache 

is able to store the relationships between children and parents for every vertex in a 

tree structure roadmap. The tree structure roadmap is constructed by employing the 

KSR_extension and KSR_connection functions and the links which are added to the 

roadmap for constructing cycles. Therefore, a path planner is able to traverse such a 

non-tree structure roadmap according to tree traversal methods (pre-order method, in-

order method and post-order method). 

e) Path planners 

Three path planners were developed for the simulation system: KSR path planner, 

PRM path planner and RRF path planner. The KSR path planner contains a vertex 

category classifier and was developed based on the algorithm proposed in Chapter 5. 

The PRM path planner was developed based on the basic PRM path planning method 

mailto:markov@cs.uu.nl�
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(Kavraki and Latombe, 1994). Although several variants or extensions of this basic 

scheme have been proposed in recent years in order to improve the roadmap quality 

in terms of a certain high quality roadmap criterion, sacrifices were made on the other 

high quality roadmap criteria or roadmap-construction time. Therefore, a basic PRM 

path planner was employed to allow a comparison with the KSR path planner. The 

PRM path planner in the following sections refers to the basic PRM path planner. The 

RRF path planner in the simulation system was developed based on the only existing 

incremental path planning algorithm, proposed by Li and Shie (2002). 

 

The algorithm (KSR) proposed in this work aims to solve path planning problems for 

robots within environments containing a variety of different environment regions 

presented in Chapter 4. Roadmaps to represent these environments contain vertices 

which belong to various vertex categories. Therefore, the KSR path planner was 

evaluated in various experimental scenarios to solve the path planning problems for 

different robots with high dof ( 3≥ ). The experimental scenarios are as follows: 

 

a) Simple scenario 

The simple scenario describes a box robot with three dofs that moves in an 

environment consisting of nine cubical obstacles, which is illustrated in Figure 6.1. 

The distance between each pair of obstacles is relatively large, compared to the size 

of the robot. Therefore, the roadmap representing this environment contains free 

vertices and near-obstacle vertices.  
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Figure 6.1: Simple scenario 

 

b) Clutter scenario 

The clutter scenario describes a box robot with three dofs that moves in an 

environment consisting of five hundred uniformly distributed tetrahedral obstacles 

(see Figure 6.2). The roadmap representing this environment contains cluttered 

vertices only. 

 

 
Figure 6.2: Clutter scenario 

 

 

 

 

robot 

 

robot 
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c) Wrench scenario 

The wrench scenario describes a wrench robot with six dofs that moves in an 

environment consisting of twelve obstacles, as shown in Figure 6.3. The size of the 

robot is relatively large compared to the spaces between the obstacles. The 

movements of the robot are constrained in such an environment. Therefore, the 

roadmap representing this environment contains cluttered vertices.  

 

 
Figure 6.3: Wrench scenario 

 
d) Room scenario 

The room scenario describes a table robot with six dofs that moves in an environment 

consisting of eight rooms, which is represented in Figure 6.4. The width of the doors 

and the corridor connecting the rooms are narrow compared to the size of the robot. 

The table robot is required to rotate in order to pass through doors and move along 

the corridor. However, since the depth of the door is thin and the length of the 

corridor between doors is short, the vertices in the roadmap to represent these areas 

are cluttered vertices. Therefore, the roadmap representing the environment contains 

free vertices, cluttered vertices and near-obstacle vertices. 

robot 
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Figure 6.4: Room scenario 

 

e) Tube scenario 

The tube scenario describes a box robot with three dofs that moves in an environment 

consisting of a tube obstacle, which is shown in Figure 6.5. The tube connects two 

obstacle free areas. There is a narrow passage inside the tube. This narrow passage is 

not straight which means that it is more difficult for the robot to travel through the 

tube. The roadmap representing this environment contains free vertices, narrow-

passage vertices and near-obstacle vertices. 

 
Figure 6.5: Tube scenario 

robot 

 
(a) View of the tube from upper right (b) Cross-section of the tube  

 

robot 
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f) House scenario 

The house scenario describes a bird robot with six dofs that moves in a house 

environment, an example of which is shown in Figure 6.5. There are rooms and 

narrow corridors in the house. One room contains more pieces of furniture to 

construct a cluttered environment. The roadmap representing this environment 

contains all categories of vertices. 

 

 
Figure 6.6: House type scenarios 

 

 

6.1.2 Evaluation method 

 

The KSR path planer constructs roadmaps while answering path queries in all 

experimental environmental scenarios. All the path queries employed in each 

experiment were generated randomly. The experimented results show that the 

roadmaps constructed by the KSR path planner to answer 100 path queries in all the 

.  

robot 
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experimental environments achieves total coverage and maximal connectivity and 

contains useful cycles. Although it is possible to add more links to construct useful 

cycles by answering more queries, the performance of the KSR path planner can be 

explored by evaluating the roadmaps constructed by the KSR path planner to answer 

100 path queries. The quality improvement trend of roadmaps constructed in various 

experimental environments can be shown during the process of answering 100 path 

queries. Therefore, number of randomly generated path queries employed in each 

experiment was set to be 100. 

 

Since the KSR path planner is an incremental path planning algorithm, the quality of 

the roadmaps improve markedly during the first few path queries, and the quality of 

the roadmaps are changed slightly when the roadmaps are able to answer most of the 

path queries. Therefore, the performance of the KSR path planner is recorded after 

the KSR path planner answers 5, 10, 20, 50, 80, 100 path queries in each experiment.  

 

The performance of path planners can be measured and compared based on the 

quality of the roadmaps constructed by these path planners and the time required to 

construct the roadmaps and answer path queries. The quality of a roadmap can be 

measured in terms of coverage by calculating the CCR; connectivity by counting the 

number of mini-roadmaps; useful cycles by counting the number of useful cycles and 

the roadmap size by calculating the number of vertices in the roadmap, as explained 

in Chapter 3. There are two commonly used methods to measure the efficiency of a 

path planner for constructing a roadmap and answering path queries. One is to 
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compute the CPU running time. The other one is to calculate the number of collision 

detections employed by a path planner. This is because implementing collision 

detection is the most time-consuming (CPU time-consuming) process as explained in 

Chapter 2. Therefore, the fewer the collision detections or the less CPU time required 

by a path planner to construct roadmaps and answer path queries, the more efficient 

the path planner is. The higher quality of the roadmap constructed by a path planner, 

the more effective the path planner is. 

 

As all path planners investigated in this research are sampling-based path planners, 

the roadmaps constructed (even the same path planner) may vary. Even when the 

same 100 path queries are employed to construct roadmaps by the same incremental 

path planner, the roadmaps produced can vary. Therefore, each path planner was 

executed ten times with the same experimental settings to capture the general 

performance of the path planner and the average (over all runs) is calculated in order 

to evaluate the performance of the path planners. 

 

 

6.2 Evaluation of Vertex Category Classification  

 

Vertex category classification is an essential function in a KSR path planner. The 

vertex category classifier proposed in Chapter 4 is employed by the KSR path planner 

to classify vertices of a roadmap in order to check the local environment of the 

vertices and subsequently to select suitable strategies to improve the quality of the 
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roadmap. The experiments presented in this section show the performance of the 

classifier when it works with a KSR path planner in various experimental scenarios. 

 

The vertex category classifier developed in Chapter 4 is generated from training data 

sets collected while constructing a roadmap by employing the RRT_extension and 

RRT_connection functions to answer path queries incrementally. The classifier is 

able to classify vertices based on analysing the region information stored in the 

vertices and their neighbouring vertices. As explained in Chapter 4, region 

information of a vertex refers to the number of successful and failed extensions and 

connections from the vertex and obtained by executing only the RRT_extension and 

RRT_connection functions. However, the KSR path planner utilises a pruning 

function and adding-useful-cycles function in addition to employing KSR_extension 

and KSR_connection to construct a roadmap (the functions of KSR_extension and 

KSR_connection are similar to the functions of RRT_extension and RRT_connection, 

which is explained in Chapter 5). The pruning function deletes useless vertices in 

order to keep the roadmap compact. The adding-useful-cycles function invokes 

KSR_connection functions to test whether a useful cycle can be constructed in the 

existing roadmap by connecting two vertices in a tree, which will produce new region 

information.  

 

In the experiments, 100 path queries were randomly generated for each of the six 

environmental scenarios. Table 6.1 gives the successful classification rate achieved 

by the vertex category classifier, and the size of the roadmaps constructed by the KSR 
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path planner after 5, 10, 20, 50, 80, 100 queries were answered. To calculate the 

successful classification rate, all vertices were labelled with correct categories 

manually in an off-line manner based on the known environmental scenario. The 

categories of each vertex determined by the vertex category classifier were then 

compared with the correct classification. The successful classification rate was 

calculated using the formula 6.1:  

 

 
eRoadmapSiz

ficationrectClassicesWithCornumOfVertiesuccessRat =
 

(6.1) 

 

 

Table 6.1: Success classification rate of the vertex category classifier  

Environment  
Simple  Clutter  Wrench Room  Tube  House  Query 

num 
KSR Size & 
Success rate 

5 size 34 119 145 134 160 224 
Success rate 90.0.3% 80.7% 82.8% 81.5% 80.4% 76.1% 

10 size 87 299 369 236 239 364 
Success rate 95.5% 82.3% 83.2% 84.9% 88.1% 78.1% 

20 size 135 661 711 375 276 514 
Success rate 96.1% 83.5% 84.4% 85.3% 88.7% 80.4% 

50 size 261 997 883 411 296 632 
Success rate 96.6% 84.1% 85.1% 86.5% 88.7% 83.1% 

80 size 261 1241 956 462 305 710 
Success rate 96.6% 85.8% 85.1% 86.5% 88.7% 83.9% 

100 size 261 1304 992 487 305 713 
Success rate 96.6% 85.8% 85.1% 86.5% 98.7% 83.9% 

 

 

The following conclusions are drawn from Table 6.1:  

a) The high success rate (above 80%) shows that the vertex category classifier 

can be used together with a KSR path planner (which includes the functions of 
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pruning and adding useful cycles). This is because although some useless vertices 

were deleted in the pruning function, the region information in these vertices was 

retained by their ancestor vertices and is still available to the classifier to perform 

classification in the future. All of the new region information obtained from 

adding cycle functions was also recorded and can be used to update the 

classification result. Therefore, the employment of the additional pruning function 

and adding cycle function by the KSR path planner does not affect the accuracy 

of the vertex category classifier. 

b) The successful classification rate increases as the KSR path planner answers a 

small number of initial path queries. As the KSR path planner is an incremental 

path planner, the region information stored in a vertex may be insufficient to 

reflect the characteristics of the environment surrounding the vertex at the 

beginning, which leads to incorrect classification. However, the classifier will 

update the classification results and correct the incorrect classification with more 

region information of vertices obtained when more vertices are added by the KSR 

path planner. 
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6.3 Evaluation of KSR Pruning  

 

Pruning roadmaps is a process of deleting useless vertices of the existing roadmap to 

ensure that the roadmap is compact in size. A path planner will spend less time in 

discovering a path from the compact roadmap and adding useful cycles to the 

compact roadmap. The process of pruning roadmaps employed by the KSR path 

planner is called KSR pruning and was described in Chapter 5.  

 

The first batch of experiments presented in this section evaluates whether the KSR 

pruning algorithm is able to improve the quality of the roadmap. The experiments 

were set up to compare the quality of the roadmaps that were constructed by a path 

planner with and without using KSR pruning.  

 

For each type of experimental scenario, ten groups of queries were answered by the 

KSR path planner. Each group of queries consisted of 100 randomly generated 

queries. The same group of queries were answered by the KSR path planner firstly 

with the pruning process and then without. The quality of the roadmaps produced, 

and the average CPU time spent in discovering paths in these roadmaps to answer a 

query are shown in Table 6.2. 

 

 

 

 



 159 

Table 6.2: The performance of the KSR path planner with and without pruning 

Env Pruning size Connectivity Coverage Useful 
cycles 

Collision 
Detection 

Search  
Roadmap 
(seconds) 

Simple no 772 1 100% 13 149 5.14 
yes  261 1 100% 12 33 1.72 

Clutter no 2929 1 100% 47 387 19.31 
yes 1304 1 100% 43 158 8.37 

Wrench no 2528 1 100% 17 313 18.84 
yes 992 1 100% 16 122 4.89 

Room no 1652 1 100% 3 184 8.92 
yes 487 1 100% 3 109 2.55 

Tube no 2532 1 100% 0 247 18.99 
yes 305 1 100% 0 89 2.47 

House no 1783 1 100% 25 201 7.93 
yes 713 1 100% 22 123 3.24 

 

The experimental results in Table 6.2 show that: 

a) There are large reductions in terms of size in all scenarios when the pruning 

process was performed. This means that the pruning function was properly 

functioning in the experiments.  

b) The pruning process does not affect the quality of the roadmap in terms of 

connectivity or coverage. The reason is that the pruning function only deletes 

those useless vertices which do not contribute to improving the roadmap quality 

in terms of connectivity and coverage.  

c) The number of collision detections employed by the KSR path planner with 

the pruning process is much smaller than without the pruning. Collision detection 

is employed in the process of adding useful cycles where it checks the possibility 

of adding a link for all vertices. As the KSR pruning process removes useless 

vertices, the time required for collision detection is then reduced significantly.  

d) Searching for paths becomes more efficient when KSR pruning is employed. 

The path planner checks all vertices in the paths relevant to a query to decide the 
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shortest one in the searching process. A compact roadmap ensures that less 

redundant paths are searched and therefore less searching time is used. 

 

The second batch of experiments presented in this section compares the KSR pruning 

with the pruning process (RRF pruning) employed by the RRF path planer (Li and 

Shie, 2002). The roadmaps were constructed by employing the function AnswerQuery 

(explained in Chapter 5) to answer ten path queries without any pruning process in all 

experimental scenarios. The roadmaps were then pruned by the KSR pruning method 

and the RRF pruning method. Figure 6.7 illustrates an example of this experiment in 

using a tube scenario. Figure 6.7a presents a roadmap constructed by the function 

AnswerQuery. The roadmaps obtained by applying the RRF pruning and the KSR 

pruning are shown in Figure 6.7b and Figure 6.7c, respectively.  
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Figure 6.7: The roadmaps obtained for comparing FFR pruning and KSR pruning 

 

 
(a) The roadmap before pruning process 

  
(b) The roadmap after RRF pruning process 

  
(c) The roadmap after KSR pruning process 
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The process of constructing a roadmap and applying KSR pruning and RRF pruning 

in each scenario was repeated ten times. Table 6.3 shows the mean values to evaluate 

the qualities of the roadmaps and the CPU time consumed by applying the KSR 

pruning method and RRF pruning methods. 

 

Table 6.3: Comparing KSR pruning and RRF pruning 

Env 
Size Connectivity Coverage CPU Time 

BP 
 

AP BP 
 

AP BP AP KSR RRF KSR RRF KSR RRF KSR RRF 
Simple 312 72 41 1 1 1 97.3% 97.3% 97.3% 1.2 10.7 
Clutter 473 293 360 2 2 2 60.2% 60.2% 60.2% 2.3 29.2 
Wrench 683 352 498 1 1 1 86.4% 86.4% 86.4% 1.6 15.3 
Room 305 197 249 1 2 2 71.5% 71.5% 71.5% 1.8 19.9 
Tube 772 272 583 1 1 1 90.2% 90.2% 90.2% 2.7 32.1 
House 524 324 448 3 3 2 69.1% 69.1% 69.1% 3.5 30.8 

(BP: before pruning; AP: after pruning) 

 

The following conclusions can be drawn by comparing the KSR and the RRF pruning 

methods:  

a) Neither pruning process method affects the quality of a roadmap in terms of 

connectivity and coverage. The KSR pruning consists of deleting useless vertices 

which do not contribute to improvement of the roadmap quality in terms of 

coverage and connectivity. The RRF pruning approach consists of deleting a 

vertex if the distance between it and the vertices near it is shorter than a pre-

defined value. As the pre-defined value should be defined as a very short distance 

and all of the children of the deleted vertex will be merged with the trees after it is 

deleted, the coverage and connectivity of the roadmap does not change. 

b) The KSR pruning method is able to reduce the size of a roadmap more 

effectively. This is because KSR pruning takes the region information of vertices 
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into account and employs the most suitable pruning strategies accordingly. These 

strategies allow only those vertices that are necessary for representing the 

corresponding regions to be kept. However, the RRF pruning method only deletes 

a vertex if there is another vertex such that the distance between the two vertices 

is shorter than a pre-defined value. If there is no such vertex in the constructed 

roadmap, no vertices will be deleted.  

c) The RRF pruning method is much more time-consuming. The reason is that 

this method employs collision detections while merging vertices and the collision 

detections are the most time-consuming processes in path planning. On the other 

hand, the KSR pruning method does not require any collision detection, which is 

quite efficient when deleting useless vertices. 

 

 

6.4 Performance Evaluation of the KSR Path Planner 

 

To evaluate the performance of the KSR path planner, 10 groups of queries were 

answered in each scenario. Each query group consisted of 100 randomly generated 

queries. The quality of the roadmaps constructed by the KSR path planner was 

measured against the quality criteria, namely, size, connectivity, coverage and useful 

cycles. The efficiency of the KSR path planner to construct roadmaps is measured by 

the number of collision detections. The number of collision detections is recorded 

after 5, 10, 20, 50, 80, 100 queries were answered since the last iteration. The average 

number of collision detections per path query is calculated. The examples of 
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roadmaps constructed by the KSR path planner in every experimental scenario are 

presented in Appendix B. The mean performance values of the KSR path planner to 

construct roadmaps while answering the ten groups of queries in each scenario are 

given in Table 6.4 to Table 6.9.  

 

Table 6.4: The performance of the KSR path planner in the simple scenario 

Quality 
 

Env 

Num of 
query Size Connectivity Coverage Useful 

cycles 
Collision 

detections/query 

Simple 

5 34 1 93.2% 3 76 
10 87 1 98.3% 9 36 
20 135 1 98.3% 10 40 
50 261 1 100.0% 12 24 
80 261 1 100.0% 12 12 

100 261 1 100.0% 12 10 
 

Table 6.5: The performance of the KSR path planner in the clutter scenario 

Quality 
 

Env 

Num of 
query Size Connectivity Coverage Useful 

cycles 
Collision 

detections/query 

Clutter  

5 119 3 45.5% 1 288 
10 299 2 63.2% 5 245 
20 661 1 82.8% 16 192 
50 997 1 95.6% 35 131 
80 1241 1 100.0% 39 81 

100 1304 1 100.0% 43 11 
 

Table 6.6: The performance of the KSR path planner in the wrench scenario 

Quality 
 

Env 

Num of 
query Size 

 
Connectivity 

 
Coverage Useful 

cycles 
Collision 

detections/query 

Wrench 

5 145 1 73.2% 0 210 
10 369 1 89.4% 2 187 
20 711 2 96.1% 4 167 
50 883 1 100.0% 6 98 
80 956 1 100.0% 13 54 

100 992 1 100.0% 16 14 
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Table 6.7: The performance of the KSR path planner in the room scenario 

  Quality 
 

Env  

Num of 
query Size 

 
Connectivity 

 
Coverage Useful 

cycles 
Collision 

detections/query 

Room 

5 134 4 43.9% 0 183 
10 236 2 74.8% 0 164 
20 375 2 87.3% 2 150 
50 411 1 100.0% 2 98 
80 462 1 100.0% 3 45 

100 487 1 100.0% 3 13 
 

Table 6.8: The performance of the KSR path planner in the tube scenario 

  Quality 
 

Env  

Num of 
query Size 

 
Connectivity 

 
Coverage Useful 

cycles 
Collision 

detections/query 

Tube 

5 160 2 56.7% 0 185 
10 239 2 91.2% 0 136 
20 376 1 100.0% 0 111 
50 296 1 100.0% 0 45 
80 305 1 100.0% 0 31 

100 305 1 100.0% 0 24 
 

Table 6.9: The performance of the KSR path planner in the house scenario 

  Quality 
 

Env  

Num of 
query Size Connectivity 

 
Coverage Useful 

cycles 
Collision 

detections/query 

House 

5 224 3 36.7% 0 265 
10 364 2 56.8% 3 210 
20 514 1 77.6% 6 138 
50 632 1 92.3% 14 81 
80 710 1 100.0% 20 27 

100 713 1 100.0% 22 16 
 

The following conclusions can be drawn from these tables: 

a) The trend of roadmap quality constructed by the KSR path planner, in terms 

of connectivity, coverage, and useful cycles if upwards as more queries are 

answered in each experimental scenario.  
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b) The number of collision detections required to answer a query decreases as 

more queries were answered.  The efficiency of the KSR path planner to answer 

path queries trends to be higher and higher.  

 

To further explore the quality of the roadmaps constructed by the KSR path planner 

in various experimental scenarios, experimental results of each individual criterion 

given in the tables 6.4 to 6.9 were also plotted in figures 6.8 to 6.12.  

 

 
Figure 6.8: Roadmap quality versus size  

 

Figure 6.8 shows the changes in size of the all roadmaps developed in various 

scenarios. The increase in size can be neglected after a number of queries were 

answered. This is because the roadmaps constructed after these queries were 

answered were able to represent the environments and there is no need to add more 

vertices to the roadmaps.  
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Figure 6.9: Roadmap quality versus connectivity  

 

Figure 6.9 gives the changes in connectivity of all the roadmaps. The number of mini-

roadmaps of each scenario was different at the beginning, converging to one at the 

end, which means that the roadmap eventually achieves maximal connectivity. This is 

because queries may be spread over different parts of the environment at the 

beginning in a scenario. These mini-roadmaps represented these parts independently. 

When more vertices were generated, these mini-roadmaps became more likely to be 

connected.  

 

 
Figure 6.10: Roadmap quality versus CCR 
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Figure 6.10 shows the coverage of all the roadmaps. The CCR of the roadmaps 

increased as more queries were answered until the roadmaps achieved total coverage. 

This is because the size of the roadmaps increased and only the vertices that can 

contribute to the quality of a roadmap, including coverage, were kept, while 

answering queries. Therefore the CCR of the roadmaps increased as progressively 

more vertices were added to the roadmap.  

 

 
Figure 6.11: Roadmap quality versus useful cycles 

 

Figure 6.11 shows the number of useful cycles contained in each roadmap.  It can be 

observed that the numbers of the useful cycles increased in all scenarios. As more 

vertices were added in the roadmaps, there were more opportunities for the KSR path 

planner to construct useful cycles. More useful cycles were able to be added to the 

complex environment consisting of a large number of obstacles, such as house and 

clutter scenarios.  
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 Figure 6.12: The efficiency of the KSR path planner 

 

Figure 6.12 shows the efficiency of the KSR path planner in answering queries. The 

efficiency is measured by the number of collision detections as described in 6.1. The 

KSR path planner became more efficient as the quality of a roadmap improved. The 

KSR path planner usually requires a large number of collision detections at the early 

stage of the roadmap construction when the roadmaps are not able to answer a newly 

raised query. Once the roadmap becomes good enough to answer queries, the planner 

will only employ collision detection during the process of connecting the initial and 

the goal configurations of queries to the roadmaps. Since collision detection is the 

most time-consuming function of a path planner, the ability to answer queries of the 

roadmap increases as the number of collision detections required to answer queries 

decreases.  
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6.5 Comparative Evaluation of the KSR Path Planner 

 

6.5.1 Comparison of the KSR path planner with the PRM path planner 

 

Both the KSR path planner and the PRM path planner aim to construct a roadmap to 

represent the same environment. The KSR path planner constructs a roadmap while 

answering queries. The PRM path planner constructs a roadmap of user specified size 

before answering any query. The proposed KSR path planner was compared with the 

PRM path planner to show that the KSR path planner is able to perform better than 

the PRM path planner in both constructing high quality roadmaps and answering 

multiple queries in various environmental scenarios.  

 

To compare the quality of the roadmaps constructed by the KSR path planner and by 

the PRM path planner, experiments were designed with the following stages. Firstly, 

the KSR path planner was used to construct roadmaps in each scenario while 

answering 100 randomly generated queries. Then the PRM path planner constructed a 

roadmap with the same size as the roadmap constructed by the KSR path planner in 

each scenario. The quality of these roadmaps was measured in terms of connectivity 

and CCR. Finally, the roadmaps were employed to answer another 100 randomly 

generated queries in each experimental scenario in order to compare the ability of 

both path planners to answer multiple queries. The experiments recorded the number 

of queries which were answered successfully in each scenario. The process described 

above was repeated ten times in each scenario. The examples of roadmaps 



 171 

constructed by the PRM path planner are presented in Appendix C. The average 

results were calculated and are presented in Table 6.10. 

 

Table 6.10: Comparative evaluation of the KSR path planner and the PRM path planner 

Scenario  Path 
planner Size Connectivity 

 CCR Number of the 
answered queries 

Simple PRM 261 23 100% 25 
KSR 261 1 100% 100 

Clutter PRM 1304 42 100% 37 
KSR 1304 1 100% 100 

Wrench PRM 992 57 100% 31 
KSR 992 1 100% 100 

Room PRM 487 26 100% 42 
KSR 487 1 100% 100 

Tube PRM 305 45 100% 24 
KSR 305 1 100% 100 

House PRM 713 28 100% 38 
KSR 713 1 100% 100 

 

From Table 6.10, it can be observed that:  

a) The connectivity of the roadmaps constructed by the KSR path planner is 

better than that of the roadmaps constructed by the PRM path planner. This is 

because the KSR path planner, when developing a roadmap while answering 

queries, initialises two trees Ti and Tg using the initial and the goal configurations 

as roots and connects Ti and Tg to the mini-roadmaps in the existing roadmap, and 

then merges the Ti and Tg into one mini-roadmap in order to find a path. This 

merging process increases connectivity. Unlike the KSR path planner, the PRM 

path planner constructs a roadmap by adding a new vertex to an existing roadmap 

and connecting the vertex to neighbouring vertices which are within a certain 

distance from the new vertex. As the new vertex is generated randomly, it may be 
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far from the existing roadmaps. In this case, several disconnected mini-roadmaps 

may be generated. Therefore the connectivity of the entire roadmap is guaranteed. 

b) The coverage ratios of the roadmaps constructed by the KSR path planner and 

the PRM path planner are similar. The reason is that the vertices in the roadmaps 

constructed by the PRM path planner are generated randomly. The randomly 

generated vertices can exist anywhere in a Cfree. Statistically, the roadmaps 

constructed by the PRM path planner are able to achieve high CCR as long as an 

appropriate number of vertices are generated randomly. The vertices in the 

roadmap constructed by the KSR path planner are generated using a “query-

driven” approach. It is possible that queries are located in a certain region of the 

Cfree and a roadmap constructed by the KSR path planner may only cover this 

certain region. However, the queries were generated randomly in this experiment 

and the vertices in the roadmap could be distributed over the whole Cfree when 

further queries were answered. Therefore, the roadmap constructed by the KSR 

planner achieves high CCR after plenty of queries were answered.  

c) With the same number of vertices, the roadmaps constructed by the KSR path 

planner are able to answer more queries successfully than the roadmaps 

constructed by the PRM path planner. Although all of the roadmaps achieved 

total coverage in the experiment, the roadmaps constructed by the PRM path 

planner contained many mini-roadmaps, which caused poor connectivity of the 

roadmaps. Therefore, even though the initial and goal configurations of queries 

were connected to the roadmaps, they could be connected to different mini-

roadmaps, which caused failure in answering queries. 
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In addition to the above points, the roadmaps constructed by the PRM path planner 

contain a large number of redundant vertices, cycles and links (Kavraki and Latombe, 

1994), and the roadmap constructed by the KSR path planner contains no redundant 

cycles and vertices, taking advantage of various roadmap quality improvement 

strategies. The PRM path planner generates vertices anywhere without considering 

the local environment and can create redundant cycles and links by connecting new 

vertices to neighbouring vertices. For example, the PRM path planner can create a 

large roadmap even in a relatively free region which does not require such a large 

number of vertices as discussed in Chapter 4. The KSR path planner only adds non-

first-order cycles to the roadmap and will prune a large number of useless vertices to 

ensure that the roadmap is compact in size, as described in Chapter 5. 

 

 

6.5.2 Comparison of the KSR path planner with the RRF path planner 

 

The KSR path planner was also compared with the RRF planner as both of them are 

incremental path planners.  

 

For each experimental scenario, 100 queries are generated randomly. Both the KSR 

path planner and the RRF planner in the simulation system constructed roadmaps 

along with answering these queries. The examples of roadmaps constructed by the 

RRF path planner are presented in Appendix D. The quality of the roadmaps was 

recorded after certain numbers of queries were answered. This process was repeated 
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10 times and the mean measure values of the roadmap quality were calculated, as 

shown in Table 6.11. 

 

Table 6.11: Comparative evaluation of the KSR path planner and the RRF planner  

Scenario  Path 
planner Size 

 
Connectivity 

 
Coverage Useful 

cycles 
Collision 

detections/query 

Simple RRF 537 1 100% 0 103 
KSR 261 1 100% 12 22 

Clutter RRF 2119 1 100% 0 237 
KSR 1304 1 100% 43 111 

Wrench RRF 1617 1 100% 0 203 
KSR 992 1 100% 16 82 

Room RRF 1095 1 100% 0 185 
KSR 487 1 100% 3 77 

Tube RRF 2053 1 100% 0 137 
KSR 305 1 100% 0 54 

House RRF 1324 1 100% 0 136 
KSR 713 1 100% 22 73 

 

The following conclusions can be drawn from the comparative evaluation results in 

table 6.1: 

a) The roadmaps constructed by the KSR path planner are more compact in size 

than those constructed by the RRF planner. The reason is that the pruning method 

employed by the KSR path planer is able to prune the roadmap more effectively 

as discussed in section 6.3. 

b) The roadmaps constructed by both planners have the same or similar coverage 

ratio and connectivity. This is because they are both incremental path planners 

which construct roadmaps along with answering the same set of queries. 

c) The KSR path planner is able to add useful cycles to provide alternative paths 

for answering queries. The roadmaps constructed by the RRF path planner are 

form a forest structure and therefore do not contain any cycles. 
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d) The RRF path planner requires more collision detections to construct a 

roadmap than the KSR path planner, which means that the KSR path planner is 

more efficient than the RRF planner when constructing roadmaps. This is because 

the KSR path planner employs the KSR pruning method which is much more 

efficient than RRF pruning method employed by the RRF planner to delete 

useless vertices, as analysed in section 6.3.  

 

6.5 Summary 

 

This chapter focused on experiments conducted on the proposed KSR path planner. 

Experiments were carried out in various experimental scenarios. It is obvious that the 

proposed vertex category classifier is able to work well in the KSR path planner to 

classify roadmap vertices. As the classifier does not require additional collision 

detections, the KSR path planner spends less time on classification. The KSR path 

planner is also able to prune an existing roadmap and construct useful cycles by 

employing suitable roadmap quality improvement strategies based on various 

environment regions. The comparison between the KSR path planner and other 

planners showed that the KSR path planner is better in building a high quality 

roadmap incrementally while answering queries in terms of connectivity, coverage, 

roadmap size and useful cycles.  
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CHAPTER 7 

 

CONCLUSIONS AND FUTURE WORK 

 

This chapter presents the conclusion of the research and the proposed future work. 

 

The aim of this research was to develop a sampling-based path planning algorithm, 

which is able to construct a high quality roadmap for robots with many ( 3≥ ) dofs. 

This has been achieved using the proposed K-order surrounding roadmaps (KSR) 

concept and KSR path planner. The concept of the KSR was proposed based on an 

investigation of the quality of roadmaps. A novel KSR path planner was developed 

based on the analysis of the quality problems of existing roadmap construction 

algorithms, and different environment types. The KSR path planner is an incremental 

learning path planning algorithm. It consists of the following main modules: 

answering path queries, vertex category classifier, pruning KSR and adding useful 

cycles. The KSR path planner constructs a KSR while answering path queries. Once a 

path query is raised, the KSR path planner answers the query by connecting the initial 

tree (takes the initial configuration of the query as the root) and goal tree (takes the 
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goal configuration of the query as the root) to the existing roadmap in order to find a 

path to answer the path query. The connectivity and the freeC  coverage ratio are 

improved and the region information of the vertices in the existing roadmap is 

recorded in the process of answering path queries. After the query is answered, the 

KSR path planner employs the vertex category classifier to identify various local 

environments where the vertices reside by analysing the region information stored in 

the vertices and their neighbours. The KSR path planner then selects suitable 

strategies to prune the roadmap in order to control the roadmap size and add useful 

cycles according to the local environment. The quality of KSR can be improved 

incrementally while answering more and more path queries until it can answer any 

path query and no useful cycles can be added to the roadmap.  

 

 

7.1 Conclusions 

 

The conclusions are summarised as follows: 

a) It is essential to consider all the criteria of high quality roadmaps, namely, 

coverage, connectivity, the number of useful cycles and roadmap size, together in 

order to construct high quality roadmaps. 

b) All 2-D SRs with small size are high quality roadmaps to solve 2-D path 

planning problems.  
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c) A 3-D KSR is a high quality roadmap, when K is large enough to achieve high 

CCR and there are a few or even no duplicated cycles in the roadmap, to solve 3-

D path planning problems. 

d) The proposed vertex category classifier is able to classify the vertices based 

on the region information obtained as the roadmap is constructed and does not 

require additional collision detection (which could burden the path planner). 

e) With knowledge of the local environments of vertices, a path planner is able 

to improve the quality of the roadmap by employing suitable roadmap quality 

improvement strategies.  

f) The KSR pruning method is a powerful pruning method to make a roadmap 

compact in size efficiently without affecting the connectivity and the coverage of 

a roadmap. 

g) The KSR path planner algorithm is able to build up high quality KSRs 

incrementally, in terms of constructing the KSRs and improving the quality of the 

KSRs while answering path queries for robots with many dofs. 

 

 

7.2 Contributions 

 

7.2.1 K-order surrounding roadmaps 

 

Most path planners aim to construct roadmaps as soon as possible before extracting 

the optimal paths for given queries. The roadmaps constructed in this way usually are 
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poor in quality. Even though some path planners have been proposed to construct 

roadmaps considering roadmap quality, they focus on maximising a certain criterion 

and neglect other criteria. In addition they are usually time-consuming in terms of 

roadmap construction. The concept of KSR was proposed to solve the problems 

based on summarising a list of criteria high quality roadmaps, analysing the 

relationships and making tradeoffs between size and other criteria. A KSR is defined 

as a roadmap constructed by adding useful cycles which are connected to each other. 

Therefore, it achieves maximal connectivity and contains useful cycles. The KSR is a 

high quality roadmap, when an optimal value of K  is employed as explained in 

Chapter 3. 

 

 

7.2.2 Vertex category classifier 

 

An environment can be classified into various regions which include free regions, 

clutter regions, narrow passage regions and blocked regions. The constructions of 

high quality KSRs located in each region are different from each other as discussed in 

Chapter 4. However, classifying an environment into regions with exact boundaries 

can consume large amounts of time. As the roadmap quality improvement strategies 

will be applied to the vertices of a roadmap, a vertex category classifier is proposed to 

identify the categories of the vertices by analysing the region information stored in 

the vertices and their neighbouring vertices. All the region information is obtained 

from the roadmap construction functions while answering path queries, which does 



 180 

not require much execution time to gather the region information. Therefore, vertex 

category classifier does not consume a significant overhead.  

 

7.2.3 KSR path planner  

 

A KSR path planner was designed to construct high quality KSRs incrementally 

while answering path queries. The KSR path planner records the region information 

of each vertex when answering a path query and employs a vertex category classifier 

to learn the environment in order to selects suitable strategies to improve the quality 

of the existing roadmap after answering a path query. As the KSR path planner is an 

incremental path planner, it does not require pre-processing and is able to answer path 

queries even though no roadmap is constructed. The experiments in chapter 6 showed 

that the quality of the roadmaps constructed by the KSR path planner is improved 

incrementally. The roadmap constructed by the KSR path planner then achieves 

better quality than the roadmaps constructed by the Reconfigurable Random Forest 

(RRF) path planner and the traditional probabilistic roadmap (PRM) path planner. 
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7.3 Future Work 

 

Additional work may focus upon improving the performance of the proposed KSR 

path planner and to extend the scope of this research. Therefore, further work is 

proposed in this section. 

 

 

7.3.1 Parallelisation of the KSR path planner 

 

Since the structure of a roadmap can be divided into several parts and some execution 

processes of a path planner can be adjusted and applied to all parts at the same time 

without affecting the executions in other parts, parallel application is an effective and 

commonly used method (Isto, 2001) to improve the performance of a path planner. 

The KSR constructed by the KSR path planner can be divided into several parts. Also 

there are some processes of the KSR path planner that can be executed on all parts in 

parallel, such as the vertex classification process, KSR pruning and adding useful 

cycles. 

 

7.3.2 Novel strategies based on various experimental regions  

 

With the knowledge of the environment gained by employing the vertex category 

classifier, more sophisticated strategies can be created to improve the quality of the 
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roadmaps more efficiently and effectively, such as new sampling strategies to 

generate more samples in complex and difficult environmental regions, adding cycle 

strategies based on various environment regions in order to reduce the required 

number of collision detections.  

 

7.3.3 Extending the KSR path planner to perform path planning in dynamic 

environments 

 

A dynamic environment is an environment with moving obstacles. A KSR 

constructed by the KSR path planner is a roadmap with a structure which allows the 

existence of several mini-roadmaps. With moving obstacles, some existing vertices of 

a KSR may not be collision free and need to be deleted from the existing roadmap. A 

mini-roadmap may be split into two or more mini-roadmaps. However, this 

modification of the existing roadmap does not change the structure of the KSR. The 

KSR path planner is still able to answer new queries and improve the quality of the 

existing roadmap after the movement of obstacles. Therefore, the KSR path planner 

can be further developed to suit dynamic environments in the future.  

 

7.3.4 Applications of the vertex category classifier  

 

The vertex category classifier is able to classify vertices in the roadmaps based on 

gathering region information of the vertices. The region information of a vertex refers 

to the number of successful and failed extension and connection from the vertex and 
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is obtained by executing the functions of RRT_extension and RRT_connection. The 

RRT-extension function checks whether there exist short links from a vertex to other 

vertices to construct short edges or not. The RRT-connection function checks whether 

there exist long links from a vertex to other vertices to construct long edges or not. 

Any roadmap is constructed through adding collision free configurations to the 

roadmap as vertices and adding edges between the vertices to the roadmap even 

though the roadmap is not constructed by employing functions of RRT-extension and 

RRT-connection. All the edges can be classified into short edges and long edges 

based on their length. Therefore, it is possible to employ the vertex category classifier 

to classify vertices of the roadmaps which are constructed by other methods. 

However, further research must be carried out to prove this. 
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APPENDIX A  

 

DECISION TREE CONSTRUCTION AND EVALUATION 

 

 

The software See Release 2.06 is employed to construct decision tree and to do 

evaluations of the decision tree.  

 

Figure A.1 illustrates the decision tree is obtained based on 1202 training data from 

three scenarios explained in Chapter 4 by running software See Release 2.06. The tree 

is pruned with confidence level 5% and is able to classify the cases with 3.7% errors.  

 

Figure A.2 illustrates the decision tree evaluation result for the roadmap with 

5=extendStep  

 

Figure A.3 illustrates the decision tree evaluation result for the roadmap with 

6=extendStep  

 

Figure A.4 illustrates the decision tree evaluation result for the roadmap with 

7=extendStep  
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Figure A.1: Decision tree obtained based on 1202 cases from three scenarios 

 

 

 

FigureA.2: extendStep=5 
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FigureA.3: extendStep=6 

 

 

FigureA.4: extendStep=7 
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APPENDIX B  

 

KSR PATH PLANNER 

 

Figure B.1: The roadmap constructed in simple scenario 

(e) 80 path queries (f) 100 path queries 

(d) 50 path queries (c) 20 path queries 

(b) 10 path queries (a) 5 path queries 
 

  

  

 



 188 

 

 

Figure B.2: The roadmap constructed in clutter scenario 

 

  

  

(a) 5 path queries (b) 10 path queries 

(c) 20 path queries (d) 50 path queries 

(e) 80 path queries (f) 100 path queries 
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Figure B.3: The roadmap constructed in wrench scenario 

 

  

  

(a) 5 path queries (b) 10 path queries 

(c) 20 path queries (d) 50 path queries 

(e) 80 path queries (f) 100 path queries 

 



 190 

 

 

Figure B.4: The roadmap constructed in room scenario 

 

  

  

(a) 5 path queries (b) 10 path queries 

(c) 20 path queries (d) 50 path queries 

(e) 80 path queries (f) 100 path queries 
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Figure B.5: The roadmap constructed in tube scenario 

 
  

  

(a) 5 path queries (both sides) 

(b) 20 path queries (both sides) 

(c) 50 path queries (both sides) 
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Figure B.6: The roadmap constructed in house scenario 

 

 
 

  

(a) 5 path queries (b) 10 path queries 

(c) 20 path queries (d) 50 path queries 

(e) 80 path queries (f) 100 path queries 
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APPENDIX C  

 

PRM PATH PLANNER 

 

 

 

 

 

 

Figure C.1: The roadmap constructed in simple scenario 
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Figure C.2: The roadmap constructed in clutter scenario 

 

 

 

 

Figure C.3: The roadmap constructed in wrench scenario 
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Figure C.4: The roadmap constructed in room scenario 
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Figure C.5: The roadmap constructed in tube scenario 
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Figure C.6: The roadmap constructed in house scenario 
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APPENDIX D 

 

RRF PATH PLANNER 

 

 

 

Figure D.1: The roadmap constructed in simple scenario 

 



 199 

 

 

Figure D.2: The roadmap constructed in clutter scenario 

 

 

 

 

Figure D.3: The roadmap constructed in wrench scenario 
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Figure D.4: The roadmap constructed in tube scenario 
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Figure D.5: The roadmap constructed in room scenario 

 

 

 

 

Figure D.6: The roadmap constructed in house scenario 
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